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Fuzzy fiber reinforced composite
This paper deals with the investigation of the effect of carbon nanotube (CNT) waviness on the effective
coefficient of thermal expansion (CTE) of a novel continuous fuzzy fiber reinforced composite (FFRC). This
novel FFRC is composed of carbon fibers, sinusoidally wavy CNTs and epoxy matrix. The sinusoidally
wavy CNTs are radially grown on the circumferential surfaces of the carbon fibers. Analytical microme-
chanics model based on the method of cells (MOC) approach is derived to investigate the influence of the
waviness of CNTs on the effective CTEs of the FFRC. The present study reveals that if the amplitudes of the
radially grown sinusoidally wavy CNTs are parallel to the axis of the carbon fiber then the thermoelastic
properties of the FFRC are significantly improved over those of the FFRC being composed of straight CNTs.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction structural/multifunctional benefits from CNTs. Further research
The identification of CNTs [1] has stimulated a great deal of re-
search on the prediction of their remarkable mechanical and ther-
mal properties [2–11]. The quest for utilizing such remarkable
mechanical and thermal properties of CNTs and their high aspect
ratio led to the opening of an emerging area of research on the
development of CNT-reinforced composites [12–22]. These studies
indicate that the addition of CNTs into matrix causes significant
improvement in the thermoelastic response of the CNT-reinforced
composite as compared to that of the base composite (i.e., without
CNTs). However, the waviness of CNTs is intrinsic to many manu-
facturing processes and plays an important role in the mechanical
behavior of CNT-reinforced composites [23–27]. Conjointly, with
the waviness of CNTs, the issues such as the agglomeration of
CNTs, the misalignment and the difficulty in manufacturing very
long CNTs are inherent to manufacturing of unidirectional contin-
uous CNT-reinforced composites in large scale [28,29].

CNT-reinforced composites those have been developed so far can
improve the thermo-mechanical properties of the matrix and open a
whole range of multifunctional applications for the thin nanocom-
posite films. However, in terms of structural applications these
CNT-based composites cannot compete with the traditional
continuous fiber composite materials. The combination of CNTs,
polymer matrix and advanced fibers to create so-called hybrid
composites is found to be a practical approach to acquire
on improving the out-of-plane multifunctional properties of
composites and the better use of short CNTs led to the growth of
CNTs on the circumferential surfaces of the advanced fibers. For
example, Veedu et al. [30] demonstrated that the remarkable
improvements in the multifunctional properties of the laminated
composite can be obtained by growing multi-walled CNTs on the cir-
cumferential surfaces of the fibers. They reported that the presence
of CNTs on the circumferential surfaces of the fibers reduces the
effective CTE of the multifunctional composite up to 62% compared
to that of the base composite. Qiu et al. [31] fabricated the multifunc-
tional composite through an effective infiltration-based vacuum-as-
sisted resin transfer molding process and reported that the CTE of
the functionalized nanocomposite is reduced up to 25.2% as com-
pared to that of the composite without CNTs. Qian et al. [32] grafted
CNTs on the circumferential surfaces of the carbon fiber reinforce-
ments by using chemical vapor deposition method and found that
the interfacial shear strength of the hybrid composite is improved
over that of the base composite by 26%. Ray [33] developed a shear
lag model of a novel hybrid smart composite to analyze the load
transferred to the piezoelectric fibers from the CNT-reinforced ma-
trix in the absence and the presence of the electric field. Such a fiber
augmented with radially grown CNTs on its circumferential surface
is being called as ‘‘fuzzy fiber’’ [34–36] and the resulting composite
may be called as fuzzy fiber reinforced composite (FFRC). Recently,
the thermoelastic response of the FFRC in which a carbon fiber is
coated with radially aligned straight CNTs have been independently
investigated by Chatzigeorgiou et al. [36] and Kundalwal and Ray
[37]. Most recently, Kundalwal and Ray [38] and Kundalwal [39]
reported that the wavy CNTs can be properly grown on the
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circumferential surfaces of the carbon fibers to improve the in-plane
effective elastic properties of the continuous FFRC and the load
transfer characteristics of the short SFFRC. Since the waviness of
CNTs influences the effective elastic properties of the CNT-rein-
forced composite, the waviness of CNTs may also affect the effective
CTEs of the FFRC. Therefore, in the present study an attempt has been
made to investigate the effect of waviness of CNTs on the effective
CTEs of the FFRC.
Fig. 2. Fuzzy fiber with wavy CNTs radially grown on its circumferential surface.
2. Thermal expansion coefficients of the FFRC containing wavy
CNTs

The schematic diagram illustrated in Fig. 1 represents a lamina
of the FFRC being studied here. In this novel composite, the wavy
CNTs are radially grown on the circumferential surfaces of the car-
bon fiber reinforcements while they are uniformly spaced on the
circumferential surfaces of the carbon fibers. Such a resulting fuzzy
fiber coated with the wavy CNTs is shown in Fig. 2. In the present
study, the wavy CNTs are modeled as sinusoidal solid CNT fibers
[23–25,27] while at any location along the length of the CNT, the
CNT is considered as transversely isotropic [6,9]. The polymer ma-
trix is reinforced by the fuzzy fiber coated with the wavy CNTs and
such combination can be viewed as a circular cylindrical composite
fuzzy fiber (CFF) in which the carbon fiber is embedded in the
wavy CNT-reinforced polymer matrix nanocomposite (PMNC). It
may be noted that the variations of the constructional feature of
the CFF can be such that the wavy CNTs are coplanar with the 2–
3 (20–30) plane or the 1–3 (10–30) plane as shown in Fig. 3(a) and
(b), respectively. In case of the wavy CNTs being coplanar with
the 2–3 (20–30) plane, the amplitudes of the CNT waves are trans-
verse to the axes of carbon fibers (i.e., 1-direction) while the ampli-
tudes of the wavy CNTs being coplanar with the 1–3 (10–30) plane
are parallel to the axes of carbon fibers. The representative volume
element (RVE) of the FFRC can be treated as being composed of the
two phases wherein the reinforcement is the CFF and the matrix is
the monolithic polymer material. Thus the analytical procedure for
estimating the effective CTEs of the FFRC starts with the estimation
of the effective thermoelastic properties of the PMNC containing
wavy CNTs. Subsequently, considering the PMNC material as the
matrix phase and the carbon fiber as the reinforcement, effective
thermoelastic properties of the CFF are to be computed. Finally,
using the thermoelastic properties of the CFF and the monolithic
polymer matrix, the effective CTEs of the FFRC can be estimated.
2.1. Models of the wavy CNTs

Considering a carbon fiber and an unwound lamina while this
lamina is composed of the sinusoidally wavy CNTs which are
Fig. 1. Schematic diagram of a lamina made of the FFRC containing wavy CNTs
(adapted with permission from [38]).
coplanar with either the 2–3 (20–30) plane or the 1–3 (10–30) plane
as shown in Fig. 4, the CFF can be viewed to be formed by wrapping
the carbon fiber with the unwound lamina of the PMNC as shown
in Fig. 5. The RVE of the unwound PMNC material containing a
wavy CNT has been illustrated in Fig. 6. As shown in Fig. 6, the
RVE is divided into infinitesimally thin slices of thickness dy. Aver-
aging the effective thermoelastic properties of these slices over the
length (Ln) of the RVE (i.e., the thickness of the unwound lamina of
the PMNC), the homogenized effective thermoelastic properties of
the unwound PMNC can be estimated. Each slice can be treated as
an off-axis unidirectional lamina and its thermoelastic coefficients
can be determined by transforming the thermoelastic coefficients
of the corresponding specially orthotropic lamina. Now, these
wavy CNTs are characterized by

z ¼ AsinðxyÞ or x ¼ AsinðxyÞ; x ¼ np=Ln ð1Þ

according as the wavy CNTs are coplanar with the 2–3 (20–30) plane
or the 1–3 (10–30) plane, respectively. In Eq. (1), A and Ln are the
amplitude of the CNT wave and the linear distance between the
CNT ends, respectively, and n represents the number of waves of
the CNT. The running length (Lnr) of the CNT can be expressed in
the following form:

Lnr ¼
Z Ln

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2x2 cos2ðxyÞ

q
dy ð2Þ

in which the angle h shown in Fig. 6 is given by

tanh ¼ dz=dy ¼ Ax cosðxyÞ or tan h ¼ dx=dy ¼ Ax cosðxyÞ ð3Þ

according as the wavy CNT is coplanar with the 2–3 (20–30) or the 1–
3 (10–30) plane, respectively. Note that for a particular value of x,
the value of h varies with the amplitude of the CNT wave.

2.2. Method of cells (MOC) approach

This Section presents the micromechanics model based on the
MOC approach to estimate the effective thermoelastic properties
of the PMNC containing sinusoidally wavy CNTs surrounding the
carbon fiber. It may be noted that the effective thermoelastic prop-
erties at any point in the unwound lamina of the PMNC containing
sinusoidally wavy CNTs where the CNT axis makes an angle h with
the 3 (30)-axis can be approximated by transforming the effective
thermoelastic properties of the unwound lamina of the PMNC
containing straight CNTs. Hence, in what follows the method of
deriving the MOC model for predicting the effective thermoelastic



(a) Cross sections of the CFF with wavy CNTs being coplanar with the 2–3 plane 

(b) Cross sections of the CFF with wavy CNTs being coplanar with the 1–3 plane 

Fig. 3. Transverse and longitudinal cross sections of the CFF in which wavy CNTs are coplanar with either the 2–3 (20–30) or the 1–3 (10–30) plane (adapted with permission
from [38]).
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properties of the unwound lamina of the PMNC containing straight
CNTs will be presented first. Assuming that CNTs are equivalent so-
lid fibers [9,12,13,23–25,27] uniformly spaced in the polymer ma-
trix and aligned along the 3-axis, the unwound PMNC can be
viewed to be composed of cells forming doubly periodic arrays
along the 1- and the 2-directions. Such an arrangement of cells
consisting of subcells has been illustrated in Fig. 7. Each rectangu-
lar parallelepiped subcell is labeled by b c, with b and c denoting
the location of the subcell along the 1-and the 2-directions, respec-
tively. The numbers of subcells present in the cell along the 1- and
the 2-directions are M and N, respectively. Here, each cell repre-
sents the RVE and the subcell can be either a CNT or the matrix.
Modeling the perfectly bonding condition at the interface between
the subcells is the basis for deriving the micromechanics model
using the MOC approach [40,41]. It may be noted that such per-
fectly bonding conditions between the subcells can be established
by satisfying the compatibility of displacements and continuities of
tractions at the interfaces between the subcells of the cell. The vol-
ume Vbc of each subcell is

Vbc ¼ lbbhc ð4Þ

where bb, hc and l denote the width, the height and the length of the
subcell, respectively, while the volume (V) of the cell is

V ¼ lbh ð5Þ

with

b ¼
XM

b¼1

bb and h ¼
XN

c¼1

hc

Based on the principal material coordinate (1–2–3) axes, the consti-
tutive relations for the medium of a subcell under thermal environ-
ment are given by
frbcg ¼ ½Cbc�ðf�bcg � fabcgDTÞ ð6Þ

where {rbc}, {�bc}, {abc} and [Cbc] represent the stress vector, the
strain vector, the thermal expansion coefficient vector and the elas-
tic coefficient matrix of the subcell, respectively, represented by the
superscript bc. Also, in Eq. (6) DT is the temperature deviation from
a reference temperature. It should be noted that in order to utilize
the constituent material properties during computation, the super-
script bc denoting the location of the subcell in the cell should be
replaced by n or p according as the medium of the subcell is the
CNT or the polymer, respectively, such that the constitutive
equations for the CNT and the polymer can be used. In the MOC
approach, the effective thermoelastic properties are determined
by evaluating the thermoelastic properties of the repeating cells
filled up with the equivalent homogeneous materials. This amounts
to volume averaging of the field variable in concern. Thus the
volume averaged strain and stress in the unwound PMNC can be
expressed as follows

f�ncg ¼ 1
V

XM

b¼1

XN

c¼1

Vbcf�bcg and frncg ¼ 1
V

XM

b¼1

XN

c¼1

Vbcfrbcg ð7Þ

Here, the superscript nc designates the unwound PMNC. Imposition
of the interfacial displacement continuities provides the following
2(M + N) + MN + 1 number of relations between the volume aver-
aged subcell strains and the unwound PMNC strains:

XM

b¼1

bb�
bc
1 ¼ b�nc

1 ; c ¼ 1;2; . . . ;N ð8Þ

XN

c¼1

hc�
bc
2 ¼ h�nc

2 ; b ¼ 1;2; . . . ;M ð9Þ



 (a) Wavy CNTs are coplanar with 2–3 (2’–3’) plane    

(b) Wavy CNTs are coplanar with 1–3 (1’–3’) plane    

Fig. 4. Unwound lamina of the PMNC containing wavy CNTs (adapted with permission from [39]).

Fig. 5. Transverse cross-sections of the CFF with unwound and wound PMNC.
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(a) Wavy CNT is coplanar with the 2–3 plane  

(b) Wavy CNT is coplanar with the 1–3 plane  

Fig. 6. RVEs of the unwound PMNC material containing a wavy CNT radially grown on the carbon fiber (adapted with permission from [38]).

Fig. 7. Representative unit cell of the PMNC.
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�bc
3 ¼ �nc

3 ; b ¼ 1;2; . . . ;M; c ¼ 1;2; . . . ;N ð10Þ
XM

b¼1

XN

c¼1

bbhc�
bc
12 ¼ bh�nc

12; ð11Þ

XN

c¼1

hc�
bc
23 ¼ h�nc

23; b ¼ 1;2; . . . ;M ð12Þ

XM

b¼1

bb�
bc
13 ¼ b�nc

13; c ¼ 1;2; . . . ;N ð13Þ

Imposition of the interfacial traction continuity conditions between
the adjacent subcells yields the following 5MN � 2(M + N) � 1 num-
ber of relations between the volume averaged subcell stresses:

rbc
1 ¼ rðbþ1Þc

1 ; b ¼ 1;2; . . . ;M � 1; c ¼ 1;2; . . . ;N ð14Þ
rbc

2 ¼ rbðcþ1Þ
2 ; b ¼ 1;2; . . . ;M; c ¼ 1;2; . . . ;N � 1 ð15Þ

rbc
13 ¼ rðbþ1Þc

13 ; b ¼ 1;2; . . . ;M � 1; c ¼ 1;2; . . . ;N ð16Þ
rbc

23 ¼ rbðcþ1Þ
23 ; b ¼ 1;2; . . . ;M; c ¼ 1;2; . . . ;N � 1 ð17Þ

rbc
12 ¼ rðbþ1Þc

12 ; b ¼ 1;2; . . . ;M � 1; c ¼ 1;2; . . . ;N ð18Þ
rbc

21 ¼ rbðcþ1Þ
21 ; b ¼ 1; c ¼ 1;2; . . . ;N � 1 ð19Þ
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Eqs. (8)–(13) form a set of 2(M + N) + MN + 1 number of relations
and can be arranged in a matrix form as follows:

½AG�f�sg ¼ ½B�f�ncg ð20Þ

in which {�s} is the (6MN � 1) vector of subcell strains assembled
together and {�nc} is the (6 � 1) vector of composite strains; [AG]
is the [(2(M + N) + MN + 1) � (6MN)] matrix formed by the geomet-
rical parameters of the subcells; [B] matrix is constructed by the
geometrical parameters of the cell.

Using the constitutive equations given by Eq. (6), the
(5MN � 2(M + N) � 1) number of traction continuity conditions
can be expressed in the following matrix form:

½AM�ðf�sg � fasgDTÞ ¼ 0 ð21Þ

in which {as} is the (6MN � 1) thermal expansion coefficient vector
of subcells assembled together and [AM] is the [(5MN � 2(M + N)
� 1) � (6MN)] matrix containing the elastic properties of the
subcells. Combination of Eqs. (20) and (21) leads to

½A�f�sg ¼ ½K�f�ncg þ ½D�fasgDT ð22Þ

where

½A� ¼
½AM�
½AG�

� �
; ½K� ¼

�0
½B�

" #
and ½D� ¼

½AM�
��0

" #

with �0 and ��0 being [(5MN � 2(M + N) � 1) � (6)] and
[(2(M + N) + MN + 1) � (6MN)] null vectors, respectively. From Eq.
(22), the subcell strains can be expressed in terms of the composite
strains as follows:

f�sg ¼ ½Ac�f�ncg þ ½Dc�fasgDT ð23Þ

where [Ac] = [A]�1[K] and [Dc] = [A]�1[D]. The matrices [Ac] and [Dc]
can be treated as the mechanical concentration matrix and the ther-
mal concentration matrix, respectively. It is now possible to extract
the matrices ½Abc

c � and ½Dbc
c � of strain concentration factors for each

subcell from the matrices [Ac] and [Dc], respectively, such that each
subcell strains can be expressed in terms of the composite strains
and the thermal strains as follows:

f�bcg ¼ ½Abc
c �f�ncg þ ½Dbc

c �fasgDT ð24Þ

Substituting Eq. (24) into Eq. (6) yields

frbcg ¼ ½Cbc� Abc
c

h i
f�ncg þ Dbc

c

h i
fasgDT � fabcgDT

� �
ð25Þ

Using Eq. (25) in Eq. (7), the constitutive relations for the unwound
PMNC can be derived as

frncg ¼ ½Cnc�ðf�ncg � fancgDTÞ ð26Þ

in which the effective elastic coefficient matrix [Cnc] and the effec-
tive thermal expansion coefficient vector {anc} of the unwound
PMNC are given by

½Cnc� ¼ 1
V

XM

b¼1

XN

c¼1

Vbc½Cbc�½Abc
c � and fancg

¼ � ½C
nc��1

V

XM

b¼1

XN

c¼1

Vbc½Cbc� Dbc
c

h i
fasg � fabcg

� �
ð27Þ

The effective elastic coefficients ðCNC
ij Þ and the effective thermal

expansion coefficients ðaNC
ij Þ at any point in the unwound lamina

of the PMNC where the CNT is inclined at an angle h with the 3
(30)-axis can be derived in a straightforward manner by employing
the appropriate transformation law. Thus if the plane of the CNT
waviness is coplanar with the 2–3 (20–30) plane, the effective elastic
ðCNC

ij Þ and thermal expansion ðaNC
ij Þ coefficients at any point in the

unwound lamina of the PMNC are given by
CNC
11 ¼ Cnc

11; CNC
12 ¼ Cnc

12k2 þ Cnc
13l2

; CNC
13 ¼ Cnc

12l2 þ Cnc
13k2

;

CNC
22 ¼ Cnc

22k4 þ Cnc
33l4 þ 2 Cnc

23 þ 2Cnc
44

� �
k2l2

;

CNC
23 ¼ Cnc

22 þ Cnc
33 � 4Cnc

44

� �
k2l2 þ Cnc

23ðk
4 þ l4Þ;

CNC
33 ¼ Cnc

22l4 þ Cnc
33k4 þ 2 Cnc

23 þ 2Cnc
44

� �
k2l2

;

CNC
44 ¼ Cnc

22 þ Cnc
33 � 2Cnc

23 � 2Cnc
44

� �
k2l2 þ Cnc

44 k4 þ l4
� �

;

CNC
55 ¼ Cnc

55k2 þ Cnc
66l2

; CNC
66 ¼ Cnc

55l2 þ Cnc
66k2

;

aNC
11 ¼ anc

11; aNC
22 ¼ anc

22k2 þ anc
33l2 and aNC

33 ¼ anc
22l2 þ anc

33k2

ð28Þ

in which

k ¼ cos h ¼ ½1þ fnpA=Ln cosðnpy=LnÞg2�
�1=2

and

l ¼ sin h ¼ npA=Ln cosðnpy=LnÞ½1þ fnpA=Ln cosðnpy=LnÞg2�
�1=2

Similarly, if the plane of the CNT waviness is coplanar with the 1–3
(10–30) plane, then the effective elastic ðCNC

ij Þ and thermal expansion
ðaNC

ij Þ coefficients at any point of the unwound PMNC lamina where
the CNT is inclined at an angle h with the 3 (30) -axis are given by

CNC
11 ¼ Cnc

11k4 þ Cnc
33l4 þ 2 Cnc

13 þ 2Cnc
55

� �
k2l2

; CNC
12 ¼ Cnc

12k2 þ Cnc
23l2;

CNC
13 ¼ Cnc

11 þ Cnc
33 � 4Cnc

55

� �
k2l2 þ Cnc

13 k4 þ l4
� �

; CNC
22 ¼ Cnc

22;

CNC
23 ¼ Cnc

12l2 þ Cnc
23k2

; CNC
33 ¼ Cnc

11l4 þ Cnc
33k4 þ 2 Cnc

13 þ 2Cnc
55

� �
k2l2;

CNC
44 ¼ Cnc

44k2 þ Cnc
66l2

; CNC
55 ¼ Cnc

11 þ Cnc
33 � 2Cnc

13 � 2Cnc
55

� �
k2l2

þ Cnc
55 k4 þ l4
� �

;

CNC
66 ¼ Cnc

44l2 þ Cnc
66k2

; aNC
11 ¼ anc

11k2 þ anc
33l2

;

aNC
22 ¼ anc

22 and aNC
33 ¼ anc

11l2 þ anc
33k2

ð29Þ
It is now obvious that the effective thermoelastic properties of

the unwound PMNC lamina with the wavy CNTs vary along the
length of the CNT as the value of h vary over the length of
the CNT. The average effective elastic coefficient matrix ½CNC � and
the average thermal expansion coefficient vector fancg of the lam-
ina of such unwound PMNC material containing wavy CNTs can be

obtained by averaging the transformed elastic CNC
ij

� �
and thermal

expansion aNC
ij

� �
coefficients over the linear distance between

the CNT ends as follows [42]:

½CNC � ¼ 1
Ln

Z Ln

0
½CNC �dy and faNCg ¼ 1

Ln

Z Ln

0
faNCg dy ð30Þ

It may also be noted that when the carbon fiber is viewed to be
wrapped by such unwound lamina of the PMNC, the matrix ½C

�
NC �

and the vector f�aNCg provides the effective properties at a point lo-
cated in the PMNC where the CNT axis (30-axis) is oriented at an an-
gle U with the 3-axis in the 2–3 plane as shown in Fig. 3 and 4.
Hence, at any point in the PMNC surrounding the carbon fiber,
the effective elastic coefficient matrix ½C

�
PMNC� and the effective ther-

mal expansion coefficient vector f�aPMNCg of the PMNC with respect
to the 1–2–3 coordinate system turns out to be location dependant
and can be determined by the following transformations:

½CPMNC� ¼ ½T��T ½CNC �½T��1 and faPMNCg ¼ ½T��TfaNCg ð31Þ

where

½T� ¼

1 0 0 0 0 0
0 m2 n2 mn 0 0
0 n2 m2 �mn 0 0
0 �2mn 2mn m2 � n2 0 0
0 0 0 0 m �n

0 0 0 0 n m

2
666666664

3
777777775
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with m = cosU and n = sinU
From Eq. (31) it is obvious that the effective thermoelastic prop-

erties at any point of the PMNC surrounding the carbon fiber with
respect to the principle material coordinate (1–2–3) axes of the
FFRC vary over an annular cross section of the PMNC phase of
the RVE of the CFF. However, without loss of generality, it may
be considered that the volume average of these effective thermo-
elastic properties over the volume of the PMNC can be treated as
the constant effective elastic coefficient matrix [CPMNC] and the
constant effective thermal expansion coefficient vector {aPMNC} of
the PMNC containing sinusoidally wavy CNTs surrounding the car-
bon fiber with respect to the 1–2–3 coordinate axes of the FFRC
and are given by

½CPMNC� ¼ 1
pðR2 � a2Þ

Z 2p

0

Z R

a
½CPMNC� r dr dU and

faPMNCg ¼ 1
pðR2 � a2Þ

Z 2p

0

Z R

a
f�aPMNCg r dr dU ð32Þ

Next, utilizing the thermoelastic properties of the PMNC as the
matrix material properties and the carbon fiber being aligned along
the 1-direction as the reinforcement, the MOC model presented
above for the unwound PMNC is suitably augmented to derive
the effective thermoelastic properties of the CFF. Finally, the
MOC model for the CFF is augmented in a straightforward manner
to estimate the effective thermoelastic properties of the FFRC in
which the monolithic polymer is the matrix material and the CFF
is the reinforcement aligned along the 1-direction.

3. Results and discussion

In this Section, numerical values of the effective CTEs of the
FFRC containing wavy CNTs are evaluated by using the microme-
chanics model derived in the previous Section. Armchair single-
walled CNTs, carbon fiber and polymer matrix are considered for
evaluating the numerical results. Their material properties, avail-
able in Ref. [43–45] are listed in Table 1. Since the investigations
by the earlier researchers [5,7] revealed the strong temperature
dependence of the CTEs of CNTs, the variation of CTEs of the arm-
chair (10,10) CNT with the temperature deviation is considered
here. But, the elastic properties of the CNTs and the polymer are re-
ported to be marginally dependent on the temperature deviation
[46–49]. Hence, the temperature dependence of the elastic proper-
ties of the constituent phases of the FFRC is neglected. Performing
molecular dynamics simulations, Kwon et al. [7] reported that the
axial and the transverse CTEs of the armchair (10,10) CNT are non-
linear functions of change in temperature as demonstrated in
Fig. 8. The relationships between the axial CTE an

3

� �
and the

transverse CTE an
1

� �
of the armchair (10,10) CNT with that of the

temperature deviation (DT) are given by [7]:

an
1 ¼ an

2 ¼ 3:7601� 10�10DT2 � 3:2189� 10�7DT

� 3:2429� 10�8 K�1 ð33Þ
an

3 ¼ 6:4851� 10�11DT2 � 5:8038� 10�8DT

þ 9:0295� 10�8 K�1 ð34Þ
Table 1
Material properties of the constituent phases of the FFRC.

Material C11 (GPa) C12 (GPa) C13 (GPa) C23 (GPa)

(10,10) CNT [6] 288 254 88 88
Carbon fiber [43,44] 236 10.6 10.6 10.7
Polymer [45] 4.1 1.6 1.6 1.6

a The values of a1 and a2 of the armchair (10,10) CNT and are cited from Ref. [7].
Volume fraction of CNTs (VCNT) in the FFRC depends on the CNT
waviness, the carbon fiber diameter and the surface to surface dis-
tance between two adjacent radially aligned CNTs at their roots.
Based on the surface to surface distance at the roots of two adja-
cent CNTs as 0.0017 lm, the CNT diameter (dn) and the running
length of the sinusoidally wavy CNT (Lnr), the maximum value of
the CNT volume fraction in the FFRC can be determined as follows
[38]:

ðVCNTÞmax ¼
pd2

nLnr

dðdn þ 0:0017Þ2
v f ð35Þ

Fig. 9 illustrates the variation of the maximum value of the CNT
volume fraction in the FFRC with the carbon fiber volume fraction
(vf) for different values of the CNT wave frequency (x). As ex-
pected, the maximum value of the CNT volume fraction in the FFRC
increases with the increase in the values of vf and x. The values of
vf are varied from 0.1 to 0.9 while computing the maximum CNT
volume fraction in the FFRC but practically, the values of vf in com-
posites vary typically from 0.3 to 0.7. Hence, three discrete values
of vf are considered as 0.3, 0.4 and 0.6 to analyze the effect of wav-
iness of CNTs on the effective CTEs of the FFRC. If the values of vf

are 0.3, 0.4 and 0.6 then the diameters of the CFF (2b) turn out
to be 17.3868 lm, 15.0574 lm and 12.2943 lm, respectively, and
the corresponding values of the straight CNT lengths (Ln) in the
CFF are 3.6934 lm, 2.5287 lm and 1.1472 lm, respectively. The
degree of waviness of the CNT is defined by the waviness factor
(A/Ln). It should be noted that for the straight CNT, the value of
A/Ln is zero. The maximum amplitude (A) for the armchair
(10,10) CNT is considered as A = 100dn which yields the upper limit
for the values of A/Ln as 0.037, 0.0538 and 0.117, respectively, for
the values of vf as 0.3, 0.4 and 0.6.

In order to verify the validity of the micromechanics model
based on the MOC approach developed in Section 2.2, the effective
C33 (GPa) C66 (GPa) a1 (10�6 K�1) a2 (10�6 K�1) (lm)

1088 17 a a dn = 0.00136
24.8 25 1.1 6.8 d = 10
4.1 1.3 66 66 –
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CTEs of the unwound PMNC containing straight CNTs estimated by
the MOC model are compared with those of the similar CNT-rein-
forced composite containing straight CNTs studied by Kirtania and
Chakraborty [17]. Table 2 illustrates this comparison and it is
observed that the two sets of results are in excellent agreement
validating the micromechanics model developed in this study. This
agreement also ensures the validity of the assumptions adopted in
the MOC approach.

First, the effective thermoelastic coefficients of the PMNC for
different values of x are computed by employing the MOC
approach. Subsequently, the estimated effective thermoelastic
coefficients of the PMNC are used to compute the effective thermo-
elastic coefficients of the CFF in which the carbon fiber is the
reinforcement and the matrix phase is the PMNC material. How-
ever, for the sake of brevity, the effective CTEs of the PMNC and
the CFF are not presented here. Unless otherwise mentioned, the
variations of the amplitudes of CNT waves are considered for the
two particular values of x (i.e., 12p/Ln and 24p/Ln). Figs. 10–12
illustrate the variations of the effective axial CTE (a1) of the FFRC
when the values of vf are 0.3, 0.4 and 0.6, respectively. From these
figures it may be observed that the effective values of a1 of the
FFRC are not affected by the variations of the amplitudes of the
wavy CNTs which are coplanar with the 2–3 plane whereas
the effective values of a1 initially increase and then significantly
decrease when the CNT waviness is coplanar with the 1–3 plane.
It is to be noted from Eq. (27) that the CTEs of the unwound PMNC
are dependent on the elastic coefficients of the unwound PMNC.
Hence, with the increase in the value of A/Ln up to 0.015, the axial
Table 2
Comparisons of the effective CTEs of the unwound PMNC material with straight CNTs.

vn a1 (�10�6 K�1) a2(�10�6 K�1)

FE model [17] MOC FE model [17] MOC

0.5 25.2030 24.4850 69.7540 69.9030
1 15.3020 15.0720 72.8670 72.8790
3 5.0978 5.1820 74.7155 74.5120
5.45 2.2670 2.2978 73.5434 73.1220
7.9 1.0643 1.1170 71.7165 71.1300
10.3 0.4253 0.4847 69.7879 69.0140
15.77 �0.3201 �0.2560 65.1728 64.0370

En = 1000 GPa, mn = 0.2, Ep = 3.89 GPa, mp = 0.37, an = � 1.5 � 10�6 K�1 and ap = 58 -
� 10�6 K�1; where En and Ep are the Young’s moduli of the CNT and the polymer
matrix, respectively; mn and mp are the Poisson’s ratios of the CNT and the polymer
matrix, respectively; a1 and a2 are the axial CTE and the transverse CTE of the
unwound PMNC with the straight CNTs, respectively; an and ap are the CTEs of the
CNT and the polymer matrix, respectively.
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elastic coefficients of the unwound PMNC are increased which
eventually influence the axial CTEs of the unwound PMNC when
the CNT waviness is coplanar with the 1–3 plane and therefore,
the effective values of a1 of the FFRC are initially increased for
the lower values of A/Ln. When the value of A/Ln P 0.015, the effec-
tive values of a1 of the FFRC with the wavy CNTs being coplanar
with the 1–3 plane start to decrease. This is attributed to the fact
that the negative CTEs of the CNTs as shown in Fig. 8 significantly
suppress the positive CTE of the polymer matrix which eventually
lowers the effective values of a1 of the FFRC. Such effect becomes
more pronounced for the large values of A/Ln and x as the CNT vol-
ume fraction in the FFRC increases with the increase in the values
of A/Ln and x as depicted in Fig. 9. Fig. 11 reveals that if the values
of vf, A/Ln and x are 0.4, �0.047 and 24p/Ln, respectively, the value
of a1 becomes zero when the wavy CNTs are coplanar with the 1–3
plane. It is also important to note from Fig. 12 that the effective
values of a1 can be zero for the values of A/Ln as 0.05 and 0.1 with
the values of x as 24p/Ln and 12p/Ln, respectively, when the wavy
CNTs are coplanar with the 1–3 plane. These results signify the fact
that the axial dimensional stability of the FFRC structures can be
achieved by optimizing the values of vf, A/Ln and x for the ad-
vanced technological applications.

The variations of the transverse CTE (a2) of the FFRC are illus-
trated in Figs. 13–15 when the values of vf are 0.3, 0.4 and 0.6,
respectively. These figures demonstrate that the effective values
of a2 of the FFRC containing wavy CNTs being coplanar with the
2–3 plane are less than those of the FFRC with the straight CNTs
(x = 0). It may also be observed from these figures that the wavi-
ness of CNTs being coplanar with the 1–3 plane also causes
improvement of the effective values of a2 of the FFRC over those
of the FFRC with the straight CNTs for large values of A/Ln. For
example, it can be noted from Fig. 15 that the effective values of
a2 becomes zero for the values of A/Ln as 0.0845 and 0.101 when
the wavy CNTs are coplanar with the 2–3 plane and the 1–3 plane,
respectively, and the value of x is 24p/Ln. This is due to the fact
that the negative CTEs of the CNTs significantly suppress the posi-
tive CTE of the polymer matrix which eventually lowers the effec-
tive values of a2 of the FFRC and this effect becomes more
pronounced for the value of vf = 0.6 because the CNT volume frac-
tion in the FFRC increases with the increase in the values of A/Ln

and x as shown in Fig. 9. Although not presented here, the com-
puted effective transverse CTE (a3) of the FFRC are found to match
identically with those of the values of a2 corroborating the fact that
the FFRC is transversely isotropic material.
So far, the effect of wavy CNTs on the effective CTEs of the FFRC
has been studied by using the value of DT as 300 K. However, the
change in temperature gradient may influence the effective CTEs
of the FFRC since the CTEs of the CNTs vary with the temperature
as shown in Fig. 8. Since the wavy CNTs being coplanar with the 1–
3 plane significantly improve both the effective axial (a 1) and
transverse (a2) CTEs of the FFRC over those of the FFRC containing
either the wavy CNTs being coplanar with the 2–3 plane or the
straight CNTs, the effect of the temperature deviation (DT) on the
effective CTEs of the FFRC is studied in case of the FFRC containing
wavy CNTs which are coplanar with the 1–3 plane. It is to be noted
that for the values of vf, A/Ln and x as 0.6, 0.05 and 24p/Ln, respec-
tively, the effective axial (a1) CTE of the FFRC becomes zero when
the wavy CNTs are coplanar with the 1–3 plane as shown in Fig. 12.
The maximum amplitude of the CNT wave corresponding to these
values is 0.057 lm. Hence, the maximum amplitude of the CNT
wave is considered as 0.057 lm to investigate the effect of the
temperature deviation (DT) on the effective CTEs of the FFRC.
Figs. 16 and 17 illustrate the variations of the effective values of
a1 and a2 of the FFRC with the temperature deviation, respectively,
for the two particular values (0.3 and 0.6) of vf. Fig. 16 reveals that
the effective values of a1 of the FFRC with the straight CNTs (x = 0)
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do not vary with the temperature deviation whereas the effective
values of a1 of the FFRC with the wavy CNTs (x – 0) are slightly
improved with the temperature deviation for both the values of
vf. On the other hand, the effective values of a2 of the FFRC contain-
ing straight or wavy CNTs are also slightly improved with the var-
iation of the temperature as illustrated in Fig. 17. This may be
attributed to the fact that the elastic properties of the CNT and
the polymer matrix are not much sensitive to the variation of tem-
perature gradient [46–49].
4. Conclusions

In this article, the effect of waviness of CNTs on the thermoelas-
tic properties of a novel continuous FFRC has been investigated.
The constructional feature of this novel FFRC is that the amplitudes
of the sinusoidally wavy CNTs radially grown on the circumferen-
tial surfaces of the carbon fibers are either parallel or transverse to
the axes of the carbon fibers. An analytical micromechanics model
based on the method of cells approach is developed to investigate
the thermoelastic properties of this novel composite. If the
amplitudes of the sinusoidally wavy CNTs are parallel to the axes
of the carbon fibers, the effective values of both the axial (a1)
and the transverse (a2) CTEs of the FFRC are significantly improved
(i.e., a1 ? 0 and a2 ? 0) over those of the FFRC containing straight
CNTs. For example, if the values of the carbon fiber volume frac-
tion, the CNT wave frequency, the waviness factor and the temper-
ature deviation be 0.6, 24p/Ln, 0.05 and 300 K, respectively, the
value of a1 becomes zero. On the other hand, the waviness of CNTs
does not affect the effective value of a1 if the amplitudes of CNT
waves are transverse to the axes of the carbon fibers. The effective
CTEs of the FFRC are marginally influenced by the variation of the
temperature gradient. Since the effective CTEs of the FFRC contain-
ing sinusoidally wavy CNTs can become zero for the particular val-
ues of the carbon fiber volume fraction, the wave frequency of CNT
waves and the waviness factor, the FFRC composed of radially
grown sinusoidally wavy CNTs may be used for developing high-
performance light weight structures which require stringent con-
straint on the dimensional stability. The present investigation also
provides the scope for further research on optimizing the different
parameters of wavy CNTs for designing a novel multifunctional
composite.
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