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Highlights


Electromechanical behavior of graphene-based composite (GRNC) beams with
flexoelectric and surface effects were studied.



First, the modified strength of materials and FE models were developed to determine
the properties of GRNC.



Second, analytical and FE models were developed to investigate the static response of
flexoelectric GRNC nanobeams.



Cantilever, simply-supported and clamped-clamped boundary conditions were
considered to study the response of GRNC beams.



Flexoelectric and surface effects on the static response of nanobeams are found to be
significant and cannot be ignored.
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Abstract

In this novel work, the electromechanical behavior of graphene-based nanocomposite (GNC)
beams with flexoelectric and surface effects were investigated using size-dependent EulerBernoulli theory, linear piezoelectricity and Galerkin‟s weighted residual method along with
modified strength of materials and finite element (FE) approaches. In addition, analytical and
FE models were developed to study the static response of flexoelectric GNC nanobeams with
various boundary conditions: cantilever, simply-supported and clamped-clamped. The
developed models predict that the effective piezoelectric coefficients of GNC are responsible
for the actuation capability of a graphene layer in the transverse direction due to the applied
field in its axial direction and the predictions by both the models are found to be in good
agreement. Results reveal that the flexoelectric and surface effects on the static response of
GNC nanobeams are significant and should be taken into account. The electromechanical
response of GNC nanobeams can be tailored to achieve the required coupled
electromechanical characteristics of a vast range of NEMS using various boundary conditions
and thickness of nanobeam as well as volume fraction of graphene. Our fundamental study
sheds a light on the possibility of developing high-performance and lightweight graphenebased NEMS such as nanosensors, nanogenerators and nanoresonators using nonpiezoelectric graphene.

Keyword: Graphene; Nanocomposite; Flexoelectricity; Surface effect; Strength of materials;
Finite element; NEMS.

1 Introduction
Over the last two decades, the flexoelectric and surface effects have attracted great
interest from fundamental as well as from a practical point of view with an emphasis on

developing thin nanoelectromechanical systems (NEMS) on the order of nanometer (nm).
Flexoelectric phenomenon−nonlocal piezoelectric effect−is the result of an impulsive electric
polarization induced due to the presence of non-homogenous strains (strain gradients) which
becomes more significant at nanoscale level. The interfaces in the nonpolar material and
breaking of symmetry at surfaces allow unique forms of electro-mechanical couplings such as
flexoelectric and surface piezoelectric effects, which exist only in nanomaterials.
Specifically, in the last few decades, piezoelectric nanostructured materials have captivated
momentous attention for developing numerous energy harvesters to produce the electric field
when they deformed mechanically. In contrast to the piezoelectricity, flexoelectricity
phenomenon presents in nanomaterial having inversion symmetry and even the
centrosymmetric crystal can also be polarized by breaking its inversion symmetry and
applying nonuniform strain gradient. Unlike, piezoelectricity phenomenon which can be
found only in 20 non-centrosymmetric point groups, the flexoelectricity exists in all
dielectrics with 32 crystallographic point groups and the electromechanical coupling can be
generated in non-piezoelectric materials [1]. The flexoelectric phenomenon was first found in
the 1950s [2], but received less attention in the past due to its weak effect at bulk level. In the
2000s, flexoelectricity has fascinated intense research at nanoscale applications point of view.
For instance, Ma and Cross [3] experimentally calculated the flexoelectric coefficients of
ferroelectric and dielectrics materials and found that the measured quantities are significantly
greater than expected estimates. Their outcomes confirmed the estimations provided by
Tagantsev [4] indicating that the flexoelectric coefficients of a material are dependent on the
dielectric constants. Since the strain gradient becomes prominent at the nanoscale structure,
therefore, the flexoelectric phenomena is also known as size-dependent property. According
to variational principle for dielectrics, Maranganti et al. [5] established a comprehensive
framework considering the flexoelectric effect and provided solutions for the governing
equations of an isotropic centrosymmetric material using Green's function. Using combined
atomistic and theoretical methods, Majdoub et al. [6] studied the “effective” size-dependent
piezoelastic response of piezoelectric and non-piezoelectric nanoscale cantilever beams
subjected to inhomogeneous strain. Wang and Wang [7] developed a theoretical model for
the micro/nanoscale beam considering the flexoelectric effect. Their outcomes revealed that
the flexoelectric effect significantly enhances the piezoelectric response of cantilever beams
which can be used in the energy harvesting application.
Piezoelectric NEMS such as beams, plates, and cylindrical shells have found
enormous multifarious energy harvesting and structural health monitoring (SHM) based

applications such as sensors, actuators, nanogenerators, electric switches, and distributors. In
recent years, apart from flexoelectric effect, it has been broadly acknowledged that the
surface conditioned contributions exist at a nanoscale level in various solid nanomaterials.
The surface effects are mainly responsible to generate the size-dependent electromechanical
properties of the bulk material because of its geometrical dimensions are reduced to the
nanoscale. As size of material decreases, its surface area and volume decrease as the square
and cube of the length dimension, respectively. Due to this "square/cube law" the surfacearea-to-volume ratio of nanomaterials is three orders of magnitude larger than that of
microscale materials. Therefore, a much more dramatic enhancement in the surface energy is
expected as a result of decreasing the material size that can be obtained by tailoring the
shapes of bulk/parent material. Therefore, surface effects can contribute extensively to the
flexoelectric response when the size of the structure scaled down. For instance, the surface
energy effect on the static and dynamic response of elastic and piezoelectric nanomaterials
have been examined by various researchers [8–11], and they found that the surface effect
influences the performance of energy harvester as its size gets reduced to the nanoscale.
Izumi et al. [12] performed the molecular dynamic simulations for calculating the surface
elastic constant and stresses for differentiating the crystal and amorphous structures. Ru [13]
predicted the surface elastic constant by taking the thickness of surface layer into account to
analyze the nanowire by considering thermoelastic dissipation factor. In recent years, beam
and plate structural elements have fascinated a lot of interest in NEMS applications, and the
former has great advantages over the latter due to its high sensitivity and linear behavior. Liu
and Rajapkse [14] and Liu et al. [15] developed the continuum and finite element models to
demonstrate the influence of surface effects accounting the parameters like residual surface
stresses and lame constants on the static/dynamic behavior of nanobeams. Using sizedependent Euler-Bernoulli theory, Yan and Jiang [11] determined the static response of the
piezoelectric cantilever nanobeam accounting the residual surface effects and neglecting the
flexoelectric effect. According to the state-space formulation, Chen [16] studied the influence
of surface effect on a thin piezoelectric body and demonstrated the relationship between the
surface piezoelectric constant and the thickness of surface layer. Based on the theory
developed by Hadjesfandiari [17], Li et al. [18] studied the three-layer microbeam comprised
of a flexoelectric dielectric layer using the size-dependent model.
The ground-breaking discovery of an atomic-thick 2D graphene layer by Novoselov
et al. [19] has captivated massive response from researchers due to its exceptional properties
such as Young‟s modulus

, ultimate tensile strength (130 GPa), thermal

conductivity

, electrical conductivity

, and scale-dependent

electronic properties [20–27]. Therefore, graphene is extensively considered as one of the
most remarkable materials in 21st century and has distinct properties from its parent/bulk
graphite form. Graphene is a zero-bandgap semiconductor with tunable electrical properties
and hence it is more suitable candidate for NEMS applications. Apart from the abovementioned unique properties, few recent attempts have been made to show piezoelectric
activity in non-piezoelectric graphene layer that increased its multifunctionality. For instance,
Zelisko et al. [28] examined the influence of shape and size of pores on the 2D graphene
nitride sheets to generate piezoelectricity in them using first principle calculations.
Chandratre et al. [29] confirmed mathematically that the piezoelectric activity can be
artificially exhibited in non-piezoelectric material like graphene in the form of nanoribbon
incorporated with the defected holes. Using density functional theory calculations, Kundalwal
et al. [25] reported the existence of polarization in non-piezoelectric graphene sheet using
flexoelectricity concept.. They determined the respective axial and normal piezoelectric
coefficients of a graphene layer using two loading conditions: (i) an axial stress applied on a
graphene sheet with a non-centrosymmetric pore, and (ii) a bending moment applied on
pristine graphene sheet. Their study showed the piezoelectric properties of graphene sheet
can be altered by varying the size and shape of non-centrosymmetric defects and radius of
curvature. This novel on existence of flexoelectricity in non-piezoelectric graphene layer
could be used to develop graphene-based energy harvesters for next-generation NEMS
applications.
The derivatives of graphene (i.e., graphite oxide and graphene oxide), due to their
cost-effective chemical reduction techniques, show promising ways towards the bulk
fabrication and use of graphene with good electro-thermo-mechanical and gas barrier
properties for the commercial as well as NEMS applications [26]. Tripathi et al. [30]
introduced reduced GO as a nanofiller to enhance the physico-mechanical properties of
polyolefin-based nanocomposites. Using experimental approach, Kandpal at al. [31] found
the improvement of piezopotential characteristics such as output voltage in energy harvester
made of piezoelectric nanocomposite containing graphene nanoplatelets (GNPs). GarciaMacias et al. [32] found that the performance of GNP reinforcements in the composite is
superior as compared to CNTs in terms of stiffening effect and load-bearing capacity.
Findings from the above literature indicate that the use of graphene and its derivatives, as
reinforcements, significantly enhance the overall properties and response of resulting
nanocomposites. Rafiee et al. [33] studied the buckling behavior of graphene-reinforced

epoxy nanocomposite (GNC) beam and they found that the addition of 0.1% weight fraction
of graphene fillers into the epoxy results in ~52% enhancement of buckling property of GNC
beam. Many researchers studied the functionally graded GNC laminated beams supported by
elastic foundations to investigate their nonlinear bending and buckling, thermal postbuckling
as well as dynamic instability under the consideration of thermal environment [34–36]. With
the application of the Ritz method and algebraic polynomials, thermal postbuckling analysis
was performed to study the nonlinear thermal stability of GNC laminated beams under
uniform temperature rise [37,38]. Using the first-order shear deformation theory, Zhang et al.
[38] analyzed the bending, buckling, and vibration behaviors of functionally graded multilayered GO-reinforced composite beams. They also obtained effective mechanical properties
of GNC using the modified Halpin-Tsai approach. Kundalwal at al. [39] studied the
electromechanical response of multilayer GNC beams by accounting the flexoelectric effect
and neglecting the surface effect. Wang et al. [40] developed a two-dimensional elasticity
model considering uniform dispersion of graphene in each layer of laminated graphene
composite beam to study its free vibration and bending behaviors. The current authors
recently investigated the static and dynamic behavior of simply supported GRNC nanoplates
subjected to the various types of loads such as point, line, hydrostatic and uniformly
distributed considering the flexoelectric effect and ignoring the surface effect [41]. The
electromechanical behaviors of GRNC plates with flexoelectric effect were studied using
Kirchhoff's plate theory, Navier's solution and extended linear piezoelectricity theory in
conjunction with the mechanics of materials (MOM) and FE models. They also estimated the
elastic properties of pristine and defective graphene sheets using molecular dynamics (MD)
simulations [41].
From the literature review presented herein it can be concluded that a GNC nanobeam
accounting the flexoelectric and surface effects has not been studied yet that offers various
possibilities to develop next generation NEMS. This is indeed motivation for the novel work.
Specifically, the current novel work is concerned with the development of (i) a modified
micromechanics model based on Hill‟s average concentration factor and FE model to
estimate the elastic, dielectric and piezoelectric properties of GNC, (ii) a theoretical model
considering the flexoelectric and surface effects based on the size-dependent Euler-Bernoulli
and linear piezoelectricity theories, and (iii) Galerkin‟s weighted residual method based
inhouse FE code for GNC nanobeam to study its electromechanical response for different
boundary conditions: cantilever, simply-supported and clamped-clamped. Most importantly,
the current results reveal that the incorporation of surface effect dominantly influences the

electromechanical response of nanobeams compared to that of flexoelectric effect and both
the effects should be considered to study the static and dynamic response of any
nanostructure. This has been clearly demonstrated by comparing different sets of results such
as (i) conventional nanobeam (without flexoelectric and surface effects), (ii) with
flexoelectric effect, and (iii) with flexoelectric and surface effects herein. In conclusion, this
study completes a gap in our knowledge about the consideration of flexoelectric/surface
effects.

2 Effective Properties of GNC
The piezoelectric and elastic (piezoelastic) as well as dielectric properties of GNC
were estimated in this section assuming graphene layer/s as piezoelectric continuum medium.
According to the theory of continuum elasticity, several researchers developed analytical and
numerical models of graphene considering it as a continuum medium [23,27,42,43]. This
implies that the deformation of a continuum plate up on which carbon atoms exist in form of
hexagonal array provides the deformation all carbon atoms in a homogeneously strained
graphene. The top and bottom surfaces of the GNC lamina are electroded which eventually
characterizes the converse piezoelectric effect and can be used as a capacitor with two
parallel plates in which the graphene layers separated by the polyimide matrix act as the
dielectric mediums. Therefore, an attempt was made to develop analytical as well as
numerical models to determine the properties of GNC lamina.

2.1 Modified Strength of Materials (SOM) Approach. Figure 1 depicts a
constructional representation of a representative unit cell (RUC) picked from the continuum
of GNC in which the graphene reinforcement is in the 1–3 plane. The problem coordinate and
principal material coordinate systems are represented by 1-2-3 and x-y-z, respectively, and
Fig. 1(b) demonstrates the RUC of GNC. We have not performed any transformation and the
principal material coordinates of Fig. 1(b) is exactly coincide with the problem coordinate
system of Fig. 1(a). The RUC is comprised of graphene sheet and polyimide matrix, and here
we restricted our micromechanical analysis to a single RUC. Considering the graphene layer
as a continuum plate, the SOM approach derived in Ref. [44] was modified by incorporating
the Hill‟s average concentration factor for point-wise analysis of local structure of GNC to
estimate its effective piezoelastic properties.

Fig. 1 (a) Representation of a GNC lamina, (b) FE mesh of RUC of GNC, and (c) crosssections of RUC of GNC
The constitutive relations for the different phases of a GNC with respect to the principal
coordinate system (1–2–3) of material can be written as follows:
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The superscript r indicates the corresponding constituent phase.
Note that the thickness of GNC lamina is assumed to be very small, and hence the
constant electric field

acts across its thickness. Thus, the constitutive relations for the
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The superscripts g, m, and nc in Eqs. (1–3) represent the graphene, polyimide polymer
matrix, and GNC, respectively.
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electric fields of the corresponding phases.
We assumed that the GNC lamina is homogeneous in which fibers and matrix are
linearly elastic [44–48]. The rules of mixture (ROM) and iso-field conditions can be used to
model the condition of perfect bonding between a fiber and the surrounding matrix [44,49–
52]. The iso-strain condition permits us to consider the normal strains in homogenized
composite and its constituents are the same along the fiber while the iso-stress condition
indicates that the transverse stresses in the respective constituents are same along the
transverse direction of the fiber. The ROM permits us to define the normal stress and the
transverse as well as shear strains of the phases with respect to their volume fractions. Using
ROM, we can write:

(4a)
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and using iso-field conditions, the following relations can be obtained:
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is the volume fraction of matrix.

Note that the GNC is considered as a transversely isotropic material with 3–axis as
the symmetry axis, and accordingly, the above relations were written. Making use of Eqs. (1)
to (4) and the stress as well as strain vectors of constituent phases, the stress and strain

vectors of GNC can be expressed as:
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Using the ROM and considering the equal electric fields in the constituent phases
(

), we can obtain the relation for

(electric displacement in the GNC lamina along

its thickness); as follows:
(7)
In order to derive the constitutive relations for the GNC lamina which characterizes the
inverse piezoelectric effect, average strain vector of GNC { } and the average electric field
in the 3–direction need to be correlated with the average stress vector { } generated in the
GNC. This can be obtained in terms of the average strains in GNC and the electric fields in
the constituents by evaluating the local strain fields in the constituent phases of GNC, that is,
graphene and matrix. Based on Hill‟s average concentration approach [53], the average strain
fields in the constituent phases can be derived as:
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]). Thus, a total

42 concentration factors of each fiber and matrix phases are to be estimated for evaluating the
effective properties of the GNC. The detailed procedure for estimating 84 constants is
discussed below.
According to the iso-strain conditions (Eq. 4b), applied electric field (
composite strain { }, the factor

) and

becomes unity and some of them vanish as below:
,
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,

g and m.
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and composite strain { }, the following

According to the ROM (Eq. 4a), electric field
relations can be obtained:
,
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,
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is the Kronecker delta:
{

Finally, using the iso-stress condition given by Eq. (4a), we can obtain the following
relations:
∑

∑

It may be noted from Eqs. (10) and (11) that there are 48 concentration factors which can be
obtained from simple solutions of 48 homogeneous equations. For example, using Eqs. (10a)
and (11a), one can obtain the following expressions:

Note that the determinant of the matrix obtained from the coefficients appeared in Eqs. (12a)
and (12b) is nonsingular. Thus, it can be concluded that only straight-forward solutions of
these factors are plausible, i.e.,

Similarly, other concentration factors will become zero and the concentration matrix with all
nonzero elements can be obtained as:
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Subsequently, non-zero concentration factors of fiber and matrix phases appeared in Eq. (14)
can be exclusively computed for a specific graphene volume fraction by making use of
remaining 11 non-homogeneous relations (Eqs. 10-11). Finally, non-zero concentration
factors related to the graphene phase { } can be obtained as follows:
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Using the following relation, we can determine the remaining three factors of graphene
layer/s:
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Eventually, by substituting Eqs. (8) and (14) in Eqs. (5) and (7), the constitutive expression
for the GNC lamina is obtained as:
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Subsequently, the effective dielectric coefficient (

) of the GNC can be obtained [54]:
(

)

(21

2.2 Finite Element (FE) Model. Note that the SOM model is based on the ROM and isofield conditions in which a single reinforcement is incorporated into a bulk matrix. For the
validation of these conditions, the FE analysis may be carried out because it does not need to
obey the assumptions were made to develop SOM model. Therefore, we developed FE
models to validate the predictions of SOM model in this section using the ANSYS 15.0
software. The FE simulations were carried out to evaluate the fully coupled
electromechanical problem and thus the piezoelastic properties of GNC can be obtained by
creating three-dimensional RUC using 20 node coupled field element “solid 226” having
displacement (Ux, Uy, Uz) as well as electric potential (volt.) degrees of freedom (DOF). FE
model of an RVE of GNC with its axis of symmetry aligned along the 3-axis was developed
eff
eff
to estimate the eight independent piezoelastic and dielectric constants of GNC: Ceff
11 , C12 , C23 ,
eff eff
eff
Ceff
33 , C44 , e31 , e33 , and

eff
33 .

These effective constants were calculated by incorporating the

proper boundary conditions to the RUC. The Eq. (22) gives the combined electromechanical
eff
relations for the various constants Ceff
ij , eij and
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̅
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The averaged stresses {̅ }, strains {̅ }, electrical displacements { ̅ } and the electric
field {̅ } in the FE model of GNC under electromechanical loads can be evaluated using the
following relations:
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∑{ }

{̅ }

∑{ }

in which V, Ve , and n indicate the volume of RUC, finite element volume and number of
finite elements, respectively, and the overbar denotes averaged quantity. Relation (22) reveals
that if only one normal strain is present at any point in the GNC then all other strain
components vanish and only three normal stresses are present. Then, one can determine the
required effective elastic coefficient using the ratio of any normal stress and the
corresponding strain component. Thus, three effective elastic constants of the GNC at a point
may be obtained using a single FE simulation. Hence, the estimation of all effective constants
of GNC using FE analysis requires appropriate boundary and loading conditions. The
detailed FE procedure is not shown here for the sake of brevity and readers are referred to
Ref. [39] for more details.

3 Beam Formulation
In this section, the governing equations considering the flexoelectric and surface
effects are obtained for GNC nanobeam under point load with different boundary conditions:
(a) simply-supported, (b) cantilever, and (c) clamped-clamped. Considering both the
flexoelectric and surface effects, the electric Gibbs internal energy density function can be
divided into two categories:(i) for bulk material and (ii) considering the surface effect.
Assuming infinitesimal deformation, the electric Gibbs free energy density function for bulk
material (Ub) can be expressed as follows [55]:

where
tensor,
tensor.

is the second order dielectric susceptibility tensor,
is the third order piezoelectric tensor and

is the fourth order elastic

is the fourth order flexoelectric

indicate the strain and strain gradient coupling tensor and

to the pure nonlocal elastic strain gradient terms. For the simplicity, the terms
with higher order gradients are neglected.
The strain components

can be expressed as:

is related
and

(

)

To simplify Eq. (25a), one can write

in which

and

are the components of the displacement vector and electric potential,

respectively. Thus, the constitutive relations for the material subjected to the small
deformation can be written as [56]:

By using Eqs. (26a–26c) into Eq. (24), we can rewrite the expression for bulk material as
follows:

in which

is the stress tensor,

is the strain tensor,

is the higher order stress gradient

tensor,

is the higher order strain gradient tensor, and

is the electric displacement

vector. For the piezoelectric body with surface effects, the internal energy density function
becomes:

where

,

,

,

and

denote the second order surface stress tensor, surface

moment stress, surface electric displacement, surface strain and electric field, respectively,
and they can be obtained as [57]:

in which

and

respectively.

indicate the surface displacement and surface electric potential vectors,

From Eq. (27), the linear constitutive equations can be determined considering the surface
effects as [57]:

The axial load in the beam (see Fig. 2) does not exists and the displacement fields using
Euler–Bernoulli beam theory can be written as

Fig. 2 Nanobeams under point load with different boundary conditions: (a) simplysupported, (b) cantilever, and (c) clamped-clamped
The horizontal and vertical deformations of the beam are denoted by

and

,

respectively. Using Eq. (25) and Eq. (32), the nonzero strain and strain gradients are obtained
as:

Note that the principal material and problem coordinate systems are aligned with each other
and the sub-indices x, y and z in Eq. (33) indicate the local deformation of a beam in the
respective 1, 2, and 3 directions. Making use of Eqs. (26) and (33) into Eq. (26d), the bulk
internal energy density function can be re-expressed as:
∫
∫

∫

∫

in which,
∫

∫

∫

Similarly, making the use of Eqs. (28–33) into Eq. (27), surface internal energy density
function is given by
∫

∫
∫

∫
∫

where the surface bending moment (

) and lateral loadings (

∫

∫

) can be expressed as

∫

is the beam cross-sectional perimeter, and superscripts „u‟ and „l‟ represent the top

where

and bottom surfaces of the beam, respectively; and

is the curvature and it can be

estimated by using the Euler‟s beam theory.
The virtual work done induced by the externally applied forces such as uniformly
, end point load , and end moment ̃ on the beam can be obtained as

distributed load

̃

∫

By using Eqs. (34-36), the principle of virtual displacement can be obtained as:

̃

∫
∫

(∫

∫

∫

∫

)

By applying integration by-parts, Eq. (37) is re-written as:

̃

|
∫ (

(

)

|

)

(
)
Due to the arbitrariness of
follows:

|
, the governing equation can be developed from Eq. (38) as

Using the boundary conditions given below at the ends of a beam (x = 0 and L):

where M is the classical bending moment, P is the higher order axial couple,
order bending moment, and

is the higher

is the bending moment in case of stress effect.

In the open circuit condition, electric displacement on the surface should be zero

.

Then, the electric field can be derived as:

By using Eqs. (26) (33) and (41) into Eq. (34b), the following relation can be obtained:
(

)
(

in which

)

denote the area of cross-section of GNC beam and

denotes the moment of

inertia of GNC beam.
Similarly, Eq. (35b) can be rewritten as:
(
where

)

is the perimeter moment of inertia.

Beam having a rectangular cross-section with height H and width B, the relation for

is

given by Liu and Rajapakse [14]:

On the upper and lower surfaces of the beam, the curvatures have the equivalent magnitudes
but reverse directions. Hence, lateral loading by ignoring the nonlinear term in Eq. (36) can
be again formulated as:
∫
in which,

∫

Making the use of Eq. (39), the governing equation considering the flexoelectric and surface
effects can be obtained as [57,58]:
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3.1 Static Loading on the Nanobeams
⁄ and ̅

For obtaining the results in terms of nondimensional quantities, ̅

⁄ ,

Eq. (46) can be re-written as follows:
̅

̅

where
For obtaining the general solution, Eq. (48) is further simplified for the applied load

; as

follows [14]:
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̅

where C1 to C4 are the arbitrary constants to be evaluated by using the boundary conditions.
In the case of cantilever beam subjected to an end-point load P (Fig. 2b), the necessary
boundary conditions ̅

̅

and

are used in Eq.

(49). Subsequently, the constants C1 to C4 can be evaluated as follows:
√

(
√

(
(

)

√

(

√

)

)
)

√

In case of simply-supported beam subjected to midpoint load P (Fig. 2c), the unknown
constants are evaluated using the following boundary conditions ̅
and

̅

in Eq. (49); as follows:

(

√ ⁄

√ ⁄

)

(

√ ⁄

√ ⁄

)

In case of clamped-clamped beam subjected to midpoint load P (Fig. 2a), the necessary
boundary conditions are ̅

̅

̅

and

, and we

can obtain the constants using Eq. (49); as follows:
√ ⁄

(

√ ⁄
√ ⁄

(
(

)

(

√ ⁄

)

)

√ ⁄

)

3.2 Determination of Effective Electromechanical Coupling (EMC) Coefficient
The actuation and sensing performance of the piezoelectric beam primarily depends
on the effective electromechanical coupling (EMC) coefficient. Particularly, the EMC
coefficient is used in various applications such as enhancement of active control authority,
vibration control, piezoelectric energy harvesting and detection of crack [59–62]. Assuming
the constant deformation throughout the piezoelectric structure, EMC can be defined as [63]:
(

)

The total internal energy

can be written as:
∫

where

∫

is the entire volume and a is the surface area of the beam.
Note that the electric displacement is zero

in case of open circuit condition.

The total internal energy stored in the piezoelectric structure

(

)∫

∫ (

(
*(
(

)
)∫

)(

)

)

+∫ (

(
∫ (

(

∫ (

)
)(

)

)∫

can be obtained as [11]:

)

)

In short circuit condition, an electric field is zero

. Similar to the open circuit

condition, the total internal energy can be determined as:
*

(

)

(

)+ ∫ (

)

The EMC coefficient can be determined using the same nonuniform strain

condition as

follows [63]:
√
{
}{
}
From this, it is revealed that the EMC coefficient is size-dependent when the flexoelectric
and surface effects are taken into account. If the flexoelectricity is ignored

, the

above expression for EMC coefficient [6], considering bulk and surface effects is reduced to

√
If both the flexoelectric and surface effects are eliminated

, the above

equation is deduced to the EMC coefficient of bulk piezoelectric materials (

) as follows:

√

3.3 Finite Element Formulation of Beam
In this section, FE model of the GNC beam subjected to the distributed load is
developed accounting both the flexoelectric and surface effects. Considering no axial force
acting along the length of a beam and neglecting inertial terms, Eq. (46) can be rewritten as:

Using Galerkin‟s weighted residual method for the formulation of FE procedure, Eq. (63) can
be reformulated as
∫ ,

-̅

̅ is the weight function and

is the length of a beam. By applying the integration by parts,

the Eq. (64) can be written in weak form; as follows:
̅

∫ ,

̅

̅-

̅

(

̅ )|

in which the bending moment (M) and shear force (Q) can be written as
(

)

(

)

Substituting the values of M and Q in Eq. (65), we can rewrite:
̅

∫ ,

̅
̅

,

̅(

)̅

̅ -|

Figure 3 demonstrates the two noded beam element considering the surface layer with two
degrees of freedom (i.e. translational

and rotational

)) at every single node.

Fig. 3 Beam element with two nodes
Consequently, the nodal displacement vector is written as follows:
[

]

The vertical displacement of a beam can be interpolated by using the shape function

as

follows:

,

,

, and

are termed as the shape functions or cubic interpolation functions for a

beam element. For the beam element,
respectively. A term

is related to

Similarly, shape functions

and

when calculated at nodes 1 and 2,
, and we have

when calculated at node 1.

have equivalent results for node 2. Using above

analogy, all the shape functions can be written as:

By substituting Eq. (68) into Eq. (66), we can write
∫ {

}

∫

The elemental stiffness matrix can be written as
∫ {{
∫ {

(

}
)

(

[

]

)

[

}
}

]

Observation of Eq. (72) reveals that it is divided into two parts. The first part is similar to the
modified stiffness matrix and the second part is related to the stiffness matrix considering the
surface effects. The value of the effective bending stiffness

is influenced by the

negative or positive value of the surface stress. Hence, the elemental nodal force vector can
be written as:
∫
The generalized nodal force vector includes the effect of uniformly distributed
load

as well as the concentrated point load (P). In case of cantilever beam, if the element

is subjected to the point load or uniformly distributed load, then the corresponding force
vector can be written as:
[
[

]
]

Similarly, we can determine the generalized nodal force vector for simply-supported and
clamped-clamped beams. Using the assemblage of element stiffness and nodal force matrix,
the equilibrium equation with global element stiffness and global force vectors are given by

in which, K, d, and f denote the global stiffness matrix, displacement and global force vector,
respectively.

4 Results and Discussion
First, the numerical outcomes of the effective piezoelastic and dielectric properties of
the GNC were obtained using two-phase SOM and FE models. The elastic (GPa),
piezoelectric (C/m2) and dielectric (F/m) properties of the pristine graphene and polyimide
are summarized in Table 1.

Table 1 Material properties of constituents of GNC
Material

Graphene

Polyimide

985

0.265

–0.221

0.221

1.106 x10–10

[25]

[25]

[25]

[25]

[64]

4.2
[65]

0.4
[65]

-

-

3.009 x 10-11
[66]

Theoretically, the volume fraction of a square fiber in the RUC with square crosssection can vary from 0 to 1, but we have considered the graphene volume fraction ( ) range
from 0.2 to 0.9. The effective properties of the GNC evaluated using both the models are
presented in Figs. 4–10. In case of FE simulations, the discretization of GNC RUC was done
in such a way that the volume fraction of graphene in each simulation is represented by a
specific number of FE elements. In FE analysis, the linear perturbation procedure and sparse
direct solver were used for piezoelectric and structural analysis, respectively, to solve the
governing equations. The FE mesh convergence analysis was carried out to obtain the reliable
results and the same is summarized in Table 2. This table clearly shows that after certain
number of elements the prediction of CNC
11 does not change and we carried out such
convergence study for estimating all other elastic constant considering the whole range of
from 0.2 to 0.9 with step size of 0.05.

Table 2 Convergence of elastic stiffness coefficients
(GPa)

Element type

Mesh level

Number of Elements

Number of Nodes

Solid 226

Coarse

8518

12975

33.58

Solid 226

Medium

33110

47785

33.51

Solid 226

Fine

55385

79412

33.47

Solid 226

Finer

90877

128948

33.42

Solid 226

Finest

112092

143886

33.42

Fig. 4 shows the comparison of values of CNC
11

CNC
22 against

of the GNC. Note

that the GNC is transversely isotropic material with the axis of symmetry being along the 3–
NC
axis and thus the numerical estimates of CNC
1 and C22 of the GNC are identical. It can be

observed from Fig. 4 that the values of CNC
11 obtained by SOM model are in good coherence
with the FE predictions at the lower values of
underestimates the predictions at higher values of

and the former model slightly
. The similar trends of results were

obtained for the values of CNC
12 and for the sake of brevity are not shown here; some
predictions of CNC
12 are listed in Table 3. The deviation between the set of results occurs
because the transverse elastic properties of GNC are mainly matrix dependent properties and
thus the good agreement is found between the predictions of both the models at lower values
of

.

Fig. 4 Comparison of values of

vs

Fig. 5 demonstrates the comparison of values of CNC
33 against

of the GNC. It can be noticed

that the values of CNC
33 vary almost linearly over the entire range of

. The results predicted

by both the models are indistinguishable and the earlier studies also found the same trends of
results for graphene-based nanocomposites [67–70]. This also confirms the validity of ROM
as well as the assumptions adopted for developing the SOM model. For instance, it is worth
to note that the effective elastic constant (CNC
33 ) was computed using the iso-strain condition
(Eq. 4b) and such approximation exactly fits with the Voigt-upper bound and experimental
linear estimates. Likewise, the good agreement is found between the predictions of values of
CNC
13

NC
CNC
23 by both the models, as shown in Fig. 6. The estimated values of C 3 by the

SOM approach are marginally lower than those predicted by FE model and this indicate that
the Poisson‟s effect in GNC is correctly modelled by the latter. The elastic constants CNC
13 and
CNC
23 represent the extension-extension coupling (i.e., Poisson‟s effect) which exists between
the different normal stress (σ33) and strains (

), due to an application of load in the

NC
3-direction and hence, the numerical estimates of CNC
13 and C23 of the GNC are exactly same.

Fig. 5 Comparison of values of

Fig. 6 Comparison of values of
Fig. 7 shows the comparison of values of CNC against

vs

vs
of the GNC. The values of CNC
44 are

purely based on the out-of-plane shear imposed to the RUC of GNC. It can be noticed that the

SOM model underestimates the values of CNC compared to the FE model, particularly for
higher values of

. It may be due to the fact that the square packing array of RUCs possesses

low transverse isotropy and in-plane behavior. The existing studies also report the same
trends of results [71,72]. Their results reveal that the analytical estimations of only the axial
shear modulus corresponding to the elastic behavior of composite can be altered compared to
the experimental estimates. Note that the use of maximum graphene volume fraction as 90%
was based on the fact that some researchers [73–76] fabricated nanocomposite samples with
0-90% volume fraction of graphene and its derivatives such as graphite oxide and graphene
oxide using unique nanofabrication methods: layer-by-layer (LbL) assembly, solution
blending route and method of dispersion [77].

Fig. 7 Comparison of values of

vs

Figs. 8–10 show the comparison of the effective piezoelectric and dielectric constants
(

NC

,

NC

and

NC

) of GNC against the values of

piezoelectric constants

NC

NC

. It is important to mention that the

indicate the normal stresses induced in the transverse and

longitudinal directions of fiber length, respectively, due to the electric field applied along the
3–axis. It can be noticed from Fig. 8 that the values of

NC

increase with the values of

and

the predictions by both the models agree well confirming the validity of assumptions adopted
for developing SOM model. Note that the values of

NC

of the GNC are found to be similar to

that of

NC

as the axis of symmetry of GNC coincides with the 3–direction. Likewise, the

predictions of values of

NC

of GNC by both the models are in excellent agreement, as

shown in Fig. 10. Note that the estimations of values of
linearly with the values of

NC

and

NC

of GNC, which vary

, are corresponding to the Voigt-upper bound estimates. It is

clearly seen from Fig. 9 that the predicted values of

NC

of GNC are less than the values of

of graphene when its volume fraction surpasses a particular limit. This phenomenon is
attributed to the effect of transverse stresses exerted by the matrix phase on the GNC and the
actual average electric field in graphene becomes equal to the applied electric field. The
comparisons shown in Figs. 8-10 conclude that the excellent agreement exist between the
predictions by both SOM and FE models. On the other hand, the former model yields
conservative estimates for the elastic constants of GNC (Figs. 4-7). Therefore, the numerical
predictions by the FE model were used in the subsequent sections for studying the
electromechanical behavior of GNC beam considering the flexoelectric and surface effects.

Fig. 8 Comparison of values of

vs

Fig. 9 Comparison of values of

Fig. 10 Comparison of values of

vs

vs

4.1 Electromechanical Behavior of GNC Beams.
In this section, the electromechanical behavior of GNC nanobeam, accounting the
flexoelectric and surface effects, subjected to the point load with different boundary
conditions is studied. The effective properties of GNC considering 60% graphene volume
fraction were considered and the same are summarized in Table 3.
Table 3 Properties of GNC (vg = 0.6)
(GPa)
33.42

(GPa)
8.44

(GPa)
12.49

(C/m2)
-0.0031

(C/m2)
0.20

(F/m)
7.82 x 10–11

In current study, the surface elastic modulus (C11s) and coefficient of surface
piezoelectricity (e31s) were determined by assuming the thickness of surface layer as 1 nm
[13,16,78–81]. These surface material properties (C11s and e31s) are equal to those of the bulk
properties of GNC multiplied by thickness of surface layer. It is experimentally observed that
for certain elastomers, crystals, ceramics and polymers, the flexoelectric coefficient (e/a) is in
the range of

; in which

is the electron charge and

is the lattice

parameter [3,82,83]. Using experimental approaches, this has been confirmed by Zubko et al.
[84] and to be more definite it is experimentally validated for polymers that the flexoelectric
coefficient (

) is ranges from

we have taken the value of

[85–87]. For further calculations herein,
. Piezoelectric nanobeams are basic building

blocks in the NEMS applications. Therefore, the GNC beam with different boundary
conditions such as cantilever, simply-supported and clamped-clamped was considered. The
respective width (b) and length (l) of piezoelectric GNC nanobeam are considered as
and

. It is considered that the GNC beam is subjected to a point load. Figures 11–13

illustrate that the flexoelectric and surface stress effects play a vital role in the elastic
behavior of the nanobeams. These figures also show the results for GNC nanobeams
neglecting flexoelectric and surface effects (i.e., conventional piezoelectric beam). It should
be noted that one half of the beam deflection is shown in case of simply-supported and
clamped-clamped beams by taking the advantage of symmetry. It is importantly noted that
the separate and combined flexoelectric and surface effects significantly improves the elastic
behavior of beams over that of conventional piezoelectric beams. For instance, the magnitude
of normalized deflections of cantilever beams (Fig. 11) are decreased by ~19% and ~86%
compared to that of conventional beam when only flexoelectric effect and combined

flexoelectric-surface effects are considered, respectively. Note that the elastic behavior of
beam totally depends on the sign of surface stress, that is, either positive or negative
. For example, the cantilever nanobeam shows a softer elastic behavior
compared to that of conventional nanobeam when

and the reverse is true when

. On the contrary, simply-supported and clamped-clamped nanobeams show stiffer
elastic behavior when

and vice versa. Our finding is coherent with the earlier results

for static bending of nanowires considering surface effect [8]. The demonstration of softer
elastic behavior of the beam is due to the fact that the magnitude of applied point load
becomes equal to the negative uniform transverse load in the same direction due to the
surface stress effect in case of cantilever nanobeam; else, the beams show stiffer elastic
behavior due to the positive uniform transverse load in case of simply-supported and
clamped-clamped nanobeams. When the load is applied downwards then the cantilever
nanobeam bent with concave curvature towards the negative z-axis. Hence, the additional
transverse load will be imposed due to the surface stress effect which counters the applied
mechanical load. Therefore, the additional uniform transverse load improves the elastic
behaviors of the simply-supported and clamped-clamped beams under applied downward
loads. Note that the clamped-clamped nanobeam shows stiffer behavior compared to simplysupported beam because the former exhibits both downward and upward curvatures. For
instance, the magnitude of normalized deflections of simply-supported beams (Fig. 12) are
decreased by ~19% and ~68% compared to that of conventional beams when only
flexoelectric effect and combined flexoelectric-surface effects are considered, respectively;
whereas as the corresponding reductions are ~19% and ~52% are found to be in case of
clamped-clamped beams (Fig. 13). This is attributed to the stiffening of the clamped-clamped
and simply-supported beams by a positive surface stress effect

. Our results clearly

indicate that the sign of surface stress plays a vital role in the softening and stiffening
behavior of nanobeams while flexoelectricity always stiffens the elastic behavior of
nanobeams irrespective of boundary conditions. It is attributed to the fact that the effective
bending rigidity of cantilever beam with effect of flexoelectricity is higher than the
conventional nanobeams (see Eq. 47). Surface stress softens the elastic behavior of cantilever
beam while the flexoelectricity contributes to overcome this softness. From Figs 11-13 it may
be observe that the predictions by both analytical and FE models are in excellent agreement
which provides strong evidence for the adequacy of the former method. Most importantly,
these results revealed that the incorporation of surface effect dominantly influences the

electromechanical response of nanobeams compared to that of flexoelectric effect and both
the effects should be considered to study the static and dynamic response of any
nanostructure.

Fig. 11 Variation of the normalized deflection of the cantilever beam along its length
under an end-point load P

Fig. 12 Variation of the normalized deflection of the simply-supported beam along its
length under a mid-point load P

Fig. 13 Variation of the normalized deflection of the clamped-clamped beam along its
length under a mid-point load P

4.2 Electromechanical Coupling (EMC) Coefficient.
The EMC coefficient is the measure of effectiveness of the electromechanical
coupling response which is used in various applications such as active control authority
enhancement, vibration control, piezoelectric energy harvester and detection of cracks in the
structure. Figure 14 demonstrates the flexoelectric and surface effects on the effective EMC
coefficient

against the thickness of GNC nanobeam. Here, the EMC coefficient of

nanobeams with the flexoelectric/surface effects
conventional beam

is normalized by EMC coefficient of

. From Fig. 14 it can be observed that the EMC coefficient

significantly enhances as the beam thickness reduces and hence it is also known as the sizedependent coefficient. Significant apparent piezoelectric effect is observed at the reduced
thickness of beam due to the consideration of flexoelectric effect. It may be observed that the
(i) EMC coefficient of nanobeams having a thickness less than 20 nm significantly increases
compared to that of nanobeams with surface effects and (ii) EMC coefficient of nanobeams
with only flexoelectric effect is enhanced by ~9% compared to that of nanobeams with

combined flexoelectric-surface effects. It can also be noticed that the EMC coefficient is
independent of the boundary conditions of beams and only depends on the size of
nanostructure. Due to the flexoelectric effect, the enormous rise in the EMC coefficient at
nanoscale level is likely to be beneficial for the enhancement of performance of NEMS
applications.

Fig. 14 Variation of the normalized electromechanical coefficient (

⁄

) against the

thickness of nanobeam

5 Conclusions
The electromechanical behavior of graphene-reinforced nanocomposite (GNC) beams with
various boundary conditions accounting the flexoelectric and surface effects were studied for
the first time in the literature. First, the strength of materials (SOM) model based on Hill‟s
average concentration factors and finite element (FE) models were developed to determine
the effective properties of GNC. The obtained results were found to be in good agreement for
small volume fractions of graphene. Then, the closed form solutions were developed for
GNC nanobeams based on the size-dependent Euler-Bernoulli and linear piezoelectricity
theory accounting the flexoelectric and surface effects. Furthermore, the FE models were
developed based on Galerkin‟s weighted residual method for validating the analytical results
of response of GNC beams with different boundary conditions. The respective static
deflections of GNC cantilever, simply-supported and clamped-clamped nanobeams are
reduced by (i) ~19% when only the flexoelectric effect was considered and (ii) ~86%, ~68%,

and ~52% when the combined flexoelectric-surface effects were considered compared to that
of corresponding cases of conventional beams. The numerical outcomes reveal that the sizedependent enhancement of the electromechanical coupling coefficient strongly depends on
the flexoelectric effect as the beam thickness reduces. Due to the incorporation of
flexoelectric effect, it is found that the electromechanical coupling coefficient of nanobeams
having thickness less than 20 nm increases substantially, and such effect should be accounted
for studying the static behavior of thin nanostructures.

Acknowledgments: This work was generousely supported by the Council of Scientific and
Industrial Research (CSIR), Government of India (141200/2K18/1).

References

[1]

N.D. Sharma, R. Maranganti, P. Sharma, On the possibility of piezoelectric nanocomposites
without using piezoelectric materials, J. Mech. Phys. Solids. 55 (2007) 2328–2350.
doi:10.1016/j.jmps.2007.03.016.

[2]

P. V. Yudin, A.K. Tagantsev, Fundamentals of flexoelectricity in solids, Nanotechnology. 24
(2013) 432001. doi:10.1088/0957-4484/24/43/432001.

[3]

W. Ma, L.E. Cross, Strain-gradient-induced electric polarization in lead zirconate titanate
ceramics, Appl. Phys. Lett. 82 (2003) 3293–3295. doi:10.1063/1.1570517.

[4]

A.K. Tagantsev, Piezoelectricity and flexoelectricity in crystalline dielectrics, Phys. Rev. B. 34
(1986) 5883–5889. doi:10.1103/PhysRevB.34.5883.

[5]

R. Maranganti, N.D. Sharma, P. Sharma, Electromechanical coupling in nonpiezoelectric
materials due to nanoscale nonlocal size effects: Green‟s function solutions and embedded
inclusions,

Phys.

Rev.

B

-

Condens.

Matter

Mater.

Phys.

74

(2006).

doi:10.1103/PhysRevB.74.014110.
[6]

M.S. Majdoub, P. Sharma, T. Cagin, Enhanced size-dependent piezoelectricity and elasticity in
nanostructures due to the flexoelectric effect, Phys. Rev. B - Condens. Matter Mater. Phys. 77
(2008) 1–9. doi:10.1103/PhysRevB.77.125424.

[7]

K.F. Wang, B.L. Wang, An analytical model for nanoscale unimorph piezoelectric energy
harvesters

with

flexoelectric

effect,

Compos.

Struct.

153

(2016)

253–261.

doi:10.1016/j.compstruct.2016.05.104.
[8]

J. He, C.M. Lilley, Surface effect on the elastic behavior of static bending nanowires, Nano
Lett. 8 (2008) 1798–1802. doi:10.1021/nl0733233.

[9]

G.Y. Huang, S.W. Yu, Effect of surface piezoelectricity on the electromechanical behaviour of

a piezoelectric ring, Phys. Stat. Sol. (b). 243 (2006) 22–24. doi:10.1002/pssb.200541521.
[10]

R.E. Miller, V.B. Shenoy, Size-dependent elastic properties of nanosized structural elements,
Nanotechnology. 11 (2000) 139–147. doi:10.1088/0957-4484/11/3/301.

[11]

Z. Yan, L. Jiang, Surface effects on the electromechanical coupling and bending behaviours of
piezoelectric

nanowires, J. Phys.

D. Appl. Phys. 44 (2011). doi:10.1088/0022-

3727/44/7/075404.
[12]

S. Izumi, S. Hara, T. Kumagai, S. Sakai, A method for calculating surface stress and surface
elastic constants by molecular dynamics: Application to the surface of crystal and amorphous
silicon, Thin Solid Films. 467 (2004) 253–260. doi:10.1016/j.tsf.2004.03.034.

[13]

C.Q. Ru, Thermoelastic dissipation of nanowire resonators with surface stress, Phys. E LowDimensional Syst. Nanostructures. 41 (2009) 1243–1248. doi:10.1016/j.physe.2009.02.008.

[14]

C. Liu, R.K.N.D. Rajapakse, Continuum models incorporating surface energy for static and
dynamic response of nanoscale beams, IEEE Trans. Nanotechnol. 9 (2010) 422–431.
doi:10.1109/TNANO.2009.2034142.

[15]

C. Liu, R.K.N.D. Rajapakse, A.S. Phani, Finite Element Modeling of Beams With Surface
Energy Effects, J. Appl. Mech. 78 (2011) 031014. doi:10.1115/1.4003363.

[16]

W. Chen, Surface effect on Bleustein-Gulyaev wave in a piezoelectric half-space, Theor. Appl.
Mech. Lett. 1 (2011) 041001. doi:10.1063/2.1104101.

[17]

A.R. Hadjesfandiari, Size-dependent piezoelectricity, Int. J. Solids Struct. 50 (2013) 2781–
2791. doi:10.1016/j.ijsolstr.2013.04.020.

[18]

A. Li, S. Zhou, S. Zhou, B. Wang, Size-dependent analysis of a three-layer microbeam
including

electromechanical

coupling,

Compos.

Struct.

116

(2014)

120–127.

doi:10.1016/j.compstruct.2014.05.009.
[19]

K.S. Novoselov, A.K. Geim, S. V Morozov, D. Jiang, Y. Zhang, S. V Dubonos, I. V
Grigorieva, A.A. Firsov, Electric field effect in atomically thin carbon films., Science (New
York, N.Y.). 306 (2004) 666–9. doi:10.1126/science.1102896.

[20]

Y.B. Zhang, Y.W. Tan, H.L. Stormer, P. Kim, Experimental observation of the quantum Hall
effect and Berry‟s phase in graphene, Nature. 438 (2005) 201–204. doi:10.1038/nature04235.

[21]

A.A. Balandin, S. Ghosh, W. Bao, I. Calizo, D. Teweldebrhan, F. Miao, C.N. Lau, Superior
thermal

conductivity

of

single-layer

graphene,

Nano

Lett.

8

(2008)

902–907.

doi:10.1021/nl0731872.
[22]

C. Lee, X. Wei, J.W. Kysar, J. Hone, Measurement of the elastic properties and intrinsic
strength of monolayer graphene, Science. 321 (2008) 385–388. doi:10.1126/science.1157996.

[23]

S.S. Gupta, R.C. Batra, Elastic properties and frequencies of free vibrations of single-layer
graphene

sheets,

J.

Comput.

Theor.

Nanosci.

7

(2010)

2151–2164.

doi:10.1166/jctn.2010.1598.
[24]

A.R. Alian, S.A. Meguid, S.I. Kundalwal, Unraveling the influence of grain boundaries on the

mechanical properties of polycrystalline carbon nanotubes, Carbon. 125 (2017) 180–188.
doi:10.1016/j.carbon.2017.09.056.
[25]

S.I. Kundalwal, S.A. Meguid, G.J. Weng, Strain gradient polarization in graphene, Carbon.
117 (2017) 462–472. doi:10.1016/j.carbon.2017.03.013.

[26]

Y. Cui, S.I. Kundalwal, S. Kumar, Gas barrier performance of graphene/polymer
nanocomposites, Carbon. 98 (2016) 313–333. doi:10.1016/j.carbon.2015.11.018.

[27]

D. Verma, S.S. Gupta, R.C. Batra, Vibration mode localization in single- and multi-layered
graphene

nanoribbons,

Comput.

Mater.

Sci.

95

(2014)

41–52.

doi:10.1016/j.commatsci.2014.07.005.
[28]

M. Zelisko, Y. Hanlumyuang, S. Yang, Y. Liu, C. Lei, J. Li, P.M. Ajayan, P. Sharma,
Anomalous piezoelectricity in two-dimensional graphene nitride nanosheets, Nat. Commun. 5
(2014). doi:10.1038/ncomms5284.

[29]

S. Chandratre, P. Sharma, Coaxing graphene to be piezoelectric, Appl. Phys. Lett. 100 (2012)
023114. doi:10.1063/1.3676084.

[30]

S.N. Tripathi, G.S.S. Rao, A.B. Mathur, R. Jasra, Polyolefin/graphene nanocomposites: A
review, RSC Adv. 7 (2017) 23615–23632. doi:10.1039/c6ra28392f.

[31]

M. Kandpal, V. Palaparthy, N. Tiwary, V.R. Rao, Low Cost, Large Area, Flexible Graphene
Nanocomposite Films for Energy Harvesting Applications, IEEE Trans. Nanotechnol. 16
(2017) 259–264. doi:10.1109/TNANO.2017.2659383.

[32]

E. García-Macías, L. Rodríguez-Tembleque, A. Sáez, Bending and free vibration analysis of
functionally graded graphene vs. carbon nanotube reinforced composite plates, Compos.
Struct. 186 (2018) 123–138. doi:10.1016/j.compstruct.2017.11.076.

[33]

M.A. Rafiee, J. Rafiee, Z.Z. Yu, N. Koratkar, Buckling resistant graphene nanocomposites,
Appl. Phys. Lett. (2009). doi:10.1063/1.3269637.

[34]

H. Shen, Y. Xiang, F. Lin, D. Hui, Buckling and postbuckling of functionally graded
graphene-reinforced composite laminated plates in thermal environments, Compos. Part B.
119 (2017) 67–78. doi:10.1016/j.compositesb.2017.03.020.

[35]

H. Wu, J. Yang, S. Kitipornchai, Dynamic instability of functionally graded multilayer
graphene nanocomposite beams in thermal environment, Compos. Struct. 162 (2017) 244–254.
doi:10.1016/j.compstruct.2016.12.001.

[36]

D. Chen, J. Yang, S. Kitipornchai, Nonlinear vibration and postbuckling of functionally graded
graphene reinforced porous nanocomposite beams, Composites Science and Technology. 142
(2017) 235–245. doi:10.1016/j.compscitech.2017.02.008.

[37]

Y. Kiani, M. Mirzaei, Enhancement of non-linear thermal stability of temperature dependent
laminated beams with graphene reinforcements, Compos. Struct. 186 (2018) 114–122.
doi:10.1016/j.compstruct.2017.11.086.

[38]

Z. Zhang, Y. Li, H. Wu, H. Zhang, H. Wu, Mechanical analysis of functionally graded

graphene oxide-reinforced composite beams based on the first-order shear deformation theory,
Mech. Adv. Mater. Struct. 6494 (2018). doi:10.1080/15376494.2018.1444216.
[39]

S.I. Kundalwal, K.B. Shingare, A. Rathi, Effect of flexoelectricity on the electromechanical
response of graphene nanocomposite beam, Int. J. Mech. Mater. Des. 6 (2018).
doi:10.1007/s10999-018-9417-6.

[40]

M. Wang, Y. Xu, P. Qiao, Z. Li, A two-dimensional elasticity model for bending and free
vibration analysis of laminated graphene-reinforced composite beams, Compos. Struct. 211
(2019) 364–375. doi:10.1016/j.compstruct.2018.12.033.

[41]

K.B. Shingare, S.I. Kundalwal, Static and dynamic response of graphene nanocomposite plates
with

flexoelectric

effect,

Mech.

Mater.

134

(2019)

69–84.

doi:10.1016/j.mechmat.2019.04.006.
[42]

D.A. Gradinar, M. Mucha-Kruczyński, H. Schomerus, V.I. Fal‟Ko, Transport signatures of
pseudomagnetic landau levels in strained graphene ribbons, Phys. Rev. Lett. 110 (2013)
266801. doi:10.1103/PhysRevLett.110.266801.

[43]

D.A. Bahamon, Z. Qi, H.S. Park, V.M. Pereira, D.K. Campbell, Conductance signatures of
electron confinement induced by strained nanobubbles in graphene, Nanoscale. 7 (2015)
15300–15309. doi:10.1039/C5NR03393D.

[44]

S.I. Kundalwal, M.C. Ray, Micromechanical analysis of fuzzy fiber reinforced composites, Int.
J. Mech. Mater. Des. 7 (2011) 149-166. doi:10.1007/s10999-011-9156-4.

[45]

X.L. Gao, K. Li, A shear-lag model for carbon nanotube-reinforced polymer composites, Int. J.
Solids Struct. 42 (2005) 1649–1667. doi:10.1016/j.ijsolstr.2004.08.020.

[46]

Y.S. Song, J.R. Youn, Modeling of effective elastic properties for polymer based carbon
nanotube composites, Polymer. 47 (2006) 1741–1748. doi:10.1016/j.polymer.2006.01.013.

[47]

B. Jiang, C. Liu, C. Zhang, R. Liang, B. Wang, Maximum nanotube volume fraction and its
effect on overall elastic properties of nanotube-reinforced composites, Compos. Part B Eng. 40
(2009) 212–217. doi:10.1016/j.compositesb.2008.11.003.

[48]

S.I. Kundalwal, M.C. Ray, Effect of Carbon Nanotube Waviness on the Elastic Properties of
the

Fuzzy

Fiber

Reinforced

Composites,

J.

Appl.

Mech.

80

(2013)

021010.

doi:10.1115/1.4007722.
[49]

Y. Benveniste, G.J. Dvorak, Uniform fields and universal relations in piezoelectric
composites, J. Mech. Phys. Solids. 40 (1992) 1295–1312. doi:10.1016/0022-5096(92)90016U.

[50]

M. Esteva, P. Spanos, Effective elastic properties of nanotube reinforced composites with
slightly

weakened

interfaces,

J.

Mech.

Mater.

Struct.

4

(2009)

887–900.

doi:10.2140/jomms.2009.4.887.
[51]

M.C. Ray, Micromechanics of piezoelectric composites with improved effective piezoelectric
constant, Int. J. Mech. Mater. Des. 3 (2006) 361–371. doi:10.1007/s10999-007-9046-y.

[52]

W.A. Smith, B.A. Auld, Modeling 1–3 Composite Piezoelectrics: Thickness-Mode
Oscillations, IEEE Trans. Ultrason. Ferroelectr. Freq. Control. 38 (1991) 40–47.
doi:10.1109/58.67833.

[53]

R. Hill, Theory of mechanical properties of fibre-strengthened materials: II. Inelastic
behaviour, J. Mech. Phys. Solids. 12 (1964) 213–218. doi:10.1016/0022-5096(64)90020-1.

[54]

M.C. Ray, A.K. Pradhan, The performance of vertically reinforced 1-3 piezoelectric
composites in active damping of smart structures, Smart Mater. Struct. 15 (2006) 631–641.
doi:10.1088/0964-1726/15/2/047.

[55]

A. Abdollahi, C. Peco, D. Millán, M. Arroyo, I. Arias, Computational evaluation of the
flexoelectric

effect

in

dielectric

solids,

J.

Appl.

Phys.

116

(2014)

093502.

doi:10.1063/1.4893974.
[56]

X. Liang, S. Hu, S. Shen, Bernoulli–Euler Dielectric Beam Model Based on Strain-Gradient
Effect, J. Appl. Mech. 80 (2013) 044502. doi:10.1115/1.4023022.

[57]

X. Liang, S. Hu, S. Shen, Effects of surface and flexoelectricity on a piezoelectric nanobeam,
Smart Mater. Struct. 23 (2014) 035020. doi:10.1088/0964-1726/23/3/035020.

[58]

Z. Shijie, Z. Xie, H. Wang, Theoretical and finite element modeling of piezoelectric
nanobeams with surface and flexoelectricity effects, Mech. Adv. Mater. Struct. (2018) 1–10.
doi:10.1080/15376494.2018.1432799.

[59]

C.L. Davis, G.A. Lesieutre, A modal strain energy approach to the prediction of resistively
shunted

piezoceramic

damping,

J.

Sound

Vib.

184

(1995)

129–139.

doi:10.1006/jsvi.1995.0308.
[60]

J.S. Kim, K.W. Wang, E.C. Smith, High-authority piezoelectric actuation system synthesis
through mechanical resonance and electrical tailoring, J. Intell. Mater. Syst. Struct. 16 (2005)
21–31. doi:10.1177/1045389X05046686.

[61]

S.R. Anton, H.A. Sodano, A review of power harvesting using piezoelectric materials (20032006), Smart Mater. Struct. 16 (2007) R1–R21. doi:10.1088/0964-1726/16/3/R01.

[62]

S.P. Beeby, M.J. Tudor, N.M. White, Energy harvesting vibration sources for microsystems
applications, Meas. Sci. Technol. 17 (2006) R175-R195. doi:10.1088/0957-0233/17/12/R01.

[63]

M.A. Trindade, A. Benjeddou, Effective electromechanical coupling coefficients of
piezoelectric adaptive structures: Critical evaluation and optimization, Mech.

Adv. Mater.

Struct. 16 (2009) 210–223. doi:10.1080/15376490902746863.
[64]

A. Muñoz-Hernández, G. Diaz, W.R. Calderón-Muñoz, E. Leal-Quiros, Thermal-electric
modeling of graphite: Analysis of charge carrier densities and Joule heating of intrinsic
graphite rods, J. Appl. Phys. 122 (2017) 245107. doi:10.1063/1.4997632.

[65]

G.M. Odegard, T.C. Clancy, T.S. Gates, Modeling of the mechanical properties of
nanoparticle/polymer

composites,

doi:10.1016/J.POLYMER.2004.11.022.

Polymer.

46

(2005)

553–562.

[66]

Z. Li, H. Zou, P. Liu, Morphology and properties of porous polyimide films prepared through
thermally

induced

phase

separation,

RSC

Adv.

5

(2015)

37837–37842.

doi:10.1039/c5ra01514f.
[67]

X. Zhao, Q. Zhang, D. Chen, P. Lu, Enhanced mechanical properties of graphene-based
polyvinyl alcohol composites, Macromolecules. (2010) 2357–2363. doi:10.1021/ma902862u.

[68]

U. Khan, K. Young, A. O‟Neill, J.N. Coleman, High strength composite fibres from polyester
filled with nanotubes and graphene, J. Mater. Chem. 22 (2012) 12907–12914.
doi:10.1039/c2jm31946b.

[69]

X. Ji, Y. Xu, W. Zhang, L. Cui, J. Liu, Review of functionalization, structure and properties of
graphene/polymer composite fibers, Compos. Part A Appl. Sci. Manuf. 87 (2016) 29–45.
doi:10.1016/j.compositesa.2016.04.011.

[70]

K.N. Spanos, S.K. Georgantzinos, N.K. Anifantis, Mechanical properties of graphene
nanocomposites : A multiscale finite element prediction, Compos. Struct. 132 (2015) 536–544.
doi:10.1016/j.compstruct.2015.05.078.

[71]

H.E. Pettermann, S. Suresh, A comprehensive unit cell model: A study of coupled effects in
piezoelectric 1-3 composites, Int. J. Solids Struct. 37 (2000) 5447–5464. doi:10.1016/S00207683(99)00224-3.

[72]

G.M. Odegard, Constitutive modeling of piezoelectric polymer composites Constitutive
modeling of piezoelectric polymer composites Constitutive modeling of piezoelectric polymer
composites, Acta Mater. 52 (2004) 5315:5330.

[73] D.G. Papageorgiou, I.A. Kinloch, R.J. Young, Mechanical properties of graphene and
graphene-based

nanocomposites,

Prog.

Mater.

Sci.

90

(2017)

75–127.

doi:10.1016/j.pmatsci.2017.07.004.
[74]

R.J. Young, I.A. Kinloch, L. Gong, K.S. Novoselov, The mechanics of graphene
nanocomposites:

A

review,

Compos.

Sci.

Technol.

72

(2012)

1459–1476.

doi:10.1016/j.compscitech.2012.05.005.
[75]

L. Yang, S.L. Phua, C.L. Toh, L. Zhang, H. Ling, M. Chang, D. Zhou, Y. Dong, X. Lu,
Polydopamine-coated graphene as multifunctional nanofillers in polyurethane, RSC Adv. 3
(2013) 6377–6385. doi:10.1039/c3ra23307c.

[76]

L. Gong, R.J. Young, I.A. Kinloch, I. Riaz, R. Jalil, K.S. Novoselov, Optimizing the
reinforcement of polymer-based nanocomposites by graphene, ACS Nano. 6 (2012) 2086–
2095. doi:10.1021/nn203917d.

[77]

D. Gamboa, M.A. Priolo, A. Ham, J.C. Grunlan, Note: Influence of rinsing and drying routines
on growth of multilayer thin films using automated deposition system, Rev. Sci. Instrum. 81
(2010). doi:10.1063/1.3310088.

[78]

J. He, Surface stress on the effective Young‟s modulus and Poisson‟s ratio of isotropic
nanowires under tensile load, AIP Adv. 5 (2015). doi:10.1063/1.4935439.

[79]

K.M. Hu, W.M. Zhang, Z.Y. Zhong, Z.K. Peng, G. Meng, Effect of surface layer thickness on
buckling and vibration of nonlocal nanowires, Phys. Lett. Sect. A Gen. At. Solid State Phys.
378 (2014) 650–654. doi:10.1016/j.physleta.2014.01.005.

[80]

C. Zhang, W. Chen, C. Zhang, On propagation of anti-plane shear waves in piezoelectric
plates with surface effect, Phys. Lett. Sect. A Gen. At. Solid State Phys. 376 (2012) 3281–
3286. doi:10.1016/j.physleta.2012.09.027.

[81]

C. Zhang, J. Zhu, W. Chen, C. Zhang, Two-dimensional theory of piezoelectric shells
considering

surface

effect,

Eur.

J.

Mech.

A/Solids.

43

(2014)

109–117.

doi:10.1016/j.euromechsol.2013.09.007.
[82]

S.M. Kogan, “Piezoelectric effect during inhomogeneous deformation and acoustic scattering
of carriers in crystals.,” Soviet Physics-Solid State. 5 (1964) 2069–2070.

[83]

T.D. Nguyen, S. Mao, Y.W. Yeh, P.K. Purohit, M.C. McAlpine, Nanoscale flexoelectricity,
Adv. Mater. 25 (2013) 946–974. doi:10.1002/adma.201203852.

[84]

P. Zubko, G. Catalan, A.K. Tagantsev, Flexoelectric Effect in Solids, Annu.

Rev. Mater.

Res. 43 (2013) 387–421. doi:10.1146/annurev-matsci-071312-121634.
[85]

B. Chu, D.R. Salem, Flexoelectricity in several thermoplastic and thermosetting polymers,
Appl. Phys. Lett. 101 (2012) 103905. doi:10.1063/1.4750064.

[86]

X. Jiang, W. Huang, S. Zhang, Flexoelectric nano-generator: Materials, structures and devices,
Nano Energy. 2 (2013) 1079–1092. doi:10.1016/j.nanoen.2013.09.001.

[87]

S. Zhang, M. Xu, X. Liang, S. Shen, Shear flexoelectric coefficient μ1211 polyvinylidene
fluoride, J. Appl. Phys. 117 (2015) 204102. doi:10.1063/1.4921444.

