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A novel short fuzzy fiber-reinforced composite reinforced with aligned short carbon fibers
and carbon nanotubes (CNTs) has been analyzed in this study. The constructional feature of
this composite is that the uniformly aligned CNTs are radially grown on the circumferential
surfaces of short carbon fibers. Micromechanical model based on the Mori–Tanaka method
is derived to estimate the effective elastic properties of the short fuzzy fiber-reinforced
composite. Effective elastic properties of the short fuzzy fiber-reinforced composite esti-
mated by the Mori–Tanaka method have been compared with those predicted by the finite
element (FE) method. The effective properties of the short fuzzy fiber-reinforced composite
are estimated in the presence and the absence of an interphase between a CNT and the
polymer matrix formed due to non-bonded van der Waals interaction between them. It
has been found that the transverse effective properties of this composite are significantly
improved due to the radial growing of CNTs on the circumferential surface of the short car-
bon fibers and the CNT/ polymer matrix interphase has negligible effect on the effective
properties of the short fuzzy fiber-reinforced composite. Effects of the different types of
zig–zag CNTs and the variation of their volume fraction on the effective properties of the
short fuzzy fiber-reinforced composite are also investigated.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The identification of carbon nanotubes (Iijima, 1991)
has stimulated a great deal of research concerning the pre-
diction of their elastic properties. For example, Tersoff and
Ruoff (1994) examined the ordered condensed phase of
CNTs and they found that an ordered crystal of CNTs exhib-
its excellent structural properties. Treacy et al. (1996)
experimentally determined that CNTs have axial Young’s
modulus in the terapascal range. They computed the
Young’s modulus of CNTs by measuring the amplitude of
their intrinsic thermal vibrations in the transmission
electron microscope. Young’s and shear moduli of various
single walled carbon nanotubes have been analytically
estimated by Popov et al. (2000). Li and Chou (2003)
. All rights reserved.
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implemented the combined structural and molecular
mechanics approaches for estimating the mechanical prop-
erties of CNTs. Shen and Li (2004) derived a variational
model of the single walled carbon nanotube and obtained
the closed-form expressions for the five independent elas-
tic moduli of the single walled carbon nanotube. Based on
the classical Cauchy–Born rule, a new computational mod-
el has been derived by Zhang et al. (2005) for predicting
the value of the Young’s modulus of single walled carbon
nanotubes. Suzuki and Nomura (2007) carried out the
molecular dynamics simulation for estimating the elastic
properties of single walled carbon nanotubes. Tsai et al.
(2010) modeled the hollow cylindrical molecular structure
of CNTs as an equivalent transversely isotropic solid cylin-
der and employed the molecular mechanics approach to
determine the elastic properties of CNTs.

In order to exploit the exceptional elastic properties of
CNTs, extensive research is being carried out for develop-
ing the CNT-reinforced composites. For example, Jia et al.
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(1999) found improved interfacial property between the
CNTs and the polymer matrix by manufacturing CNT-rein-
forced composite in situ. Haggenmueller et al. (2000) pro-
duced CNT-reinforced polymer matrix composites and
obtained enhanced electro-mechanical properties of these
composites. Odegard et al. (2003) predicted the effective
elastic moduli of CNT-reinforced composite using an
equivalent continuum modeling technique. Liu and Chen
(2003) have determined the effective mechanical proper-
ties of CNT-based composites by employing the continuum
mechanics approach and the finite element method. Liu
et al. (2005) studied the bulk properties of single walled
carbon nanotube bundles by employing hybrid atom/con-
tinuum model and predicted the five elastic moduli of
transversely isotropic single walled carbon nanotube bun-
dles. Gao and Li (2005) performed a shear lag analysis for
investigating the load transfer mechanism in CNT-rein-
forced composite. Seidel and Lagoudas (2006) estimated
the effective elastic properties of CNT-reinforced compos-
ites employing, the self-consistent and the Mori–Tanaka
methods. Jiang et al. (2009) determined the maximum vol-
ume fraction of CNTs in a CNT-reinforced composite and
investigated its effect on the effective elastic properties
of this composite. Esteva and Spanos (2009) studied the ef-
fect of imperfect bonding in the CNT/matrix interface on
the effective properties of CNT-reinforced polymer matrix
composite. Tsai et al. (2010) characterized the elastic prop-
erties of CNT-reinforced polymer nanocomposites intro-
ducing an effective interphase between a CNT and the
polymer matrix. Ray and Batra (2009) proposed a hybrid
piezoelectric composite reinforced with CNTs and piezo-
electric fibers. In this hybrid piezoelectric composite, the
CNTs are vertically aligned and parallel to the vertical pie-
zoelectric fibers.

Although a great prospect on the development of CNT-
reinforced composite has been highlighted through the
above mentioned research on CNT-reinforced composites,
the manufacturing of such unidirectional continuous
CNT-reinforced composites in large scale has to encounter
some challenging difficulties. Typical among these are the
agglomeration of CNTs, the misalignment and the difficulty
in manufacturing very long CNTs. Also, the weak cohesive
force between carbon fibers and the matrix causes low
shear and bending strengths. Fiber coating is often used
to modify the carbon fiber interfacial characteristics and
improve the strength of the composite. Traditional fiber-
reinforced composites have excellent in-plane properties
but have poor out-of-plane properties. Composite architec-
tures with the concept of interlaminar CNT forests may
provide enhanced multifunctional out-of-plane properties.
The hybridization of carbon fibers with CNT is a new way
of surface modification. CNTs on the carbon fiber/matrix
interface improve the interfacial shear strength and out-
of-plane stiffness properties of the fiber-reinforced com-
posites. Further research on improving the out-of-plane
properties of the composites and the better use of CNTs
led to the growth of CNTs on the surfaces of the advanced
fibers. For example, Bower et al. (2000) have grown aligned
CNTs on the substrate surface using high-frequency micro-
wave plasma-enhanced chemical vapor deposition with an
extreme-case example of conformal radial growth of CNTs
on the surface of a hair-thin optical fiber glass. They have
found that the growth rate of CNTs approximately
100 nm/s with entire growth 12 lm and such CNT growth
always occur perpendicular to the substrate regardless of
the substrate shape. The electrical self-bias imposed on
the substrate surface was the primary mechanism respon-
sible for CNTs alignment. Thostenson et al. (2002) synthe-
sized CNTs on the surface of carbon fibers using chemical
vapor deposition and found that the presence of CNTs at
the fiber/matrix interface improves the interfacial shear
strength of the composites. In their work the surfaces of
the fibers after each step in the synthesization process of
growing CNTs were examined with the scanning electron
microscopy and found that no pitting was occurred on
the fiber surfaces. Zhao et al. (2005) synthesized different
morphologies of multi-walled carbon nanotubes on the
surface of carbon fibers by using floating catalyst method.
Veedu et al. (2006) demonstrated that the remarkable
improvements in the interlaminar fracture toughness,
hardness, delamination resistance, in-plane mechanical
properties, damping and thermoelastic behavior of lami-
nated composite can be obtained by growing multi-walled
carbon nanotubes about 60 lm long on the surface of the
fibers. Mathur et al. (2008) experimentally demonstrated
that the growth of CNTs on the carbon fibers causes excel-
lent improvement of the mechanical properties of carbon
fiber-reinforced composite. Garcia et al. (2008) fabricated
a hybrid laminate in which the reinforcements are a woven
cloth of alumina fibers with in situ grown CNTs on the sur-
face of the fibers. With the use of modified chemical vapor
deposition process the growth rate for CNTs achieved as
10–100 lm for 0.5–5 min. They demonstrated that elec-
tro-mechanical properties of such a laminate are enhanced
because of the CNTs grown on the surface of the alumina
fibers. Zhao et al. (2008) investigated the effects of the sur-
face morphology of carbon fibers and catalysts on the
growth of CNTs on the surface of carbon fibers. Ray et al.
(2009) carried out a load transfer analysis of short carbon
fiber- reinforced composite in which the aligned CNTs
are radially grown on the surface of the carbon fibers. They
have found that if the carbon fibers are coated with radially
aligned CNTs then the axial load transferred to the fiber is
reduced. Recently, Ray (2010) proposed a novel hybrid
smart composite which exhibits improved electro-
mechanical properties because of the radial growing of
CNTs on the piezoelectric fibers. Subsequently, Ray
(2010) developed a shear lag model of this novel smart
composite to analyze the load transferred to the coated
piezoelectric fibers from the CNT-reinforced matrix in the
absence and the presence of the electric field. The exten-
sive research on the growing of CNTs on the surface of ad-
vanced fiber motivated the authors to propose a novel
unidirectional long fuzzy fiber-reinforced composite rein-
forced with zig–zag single walled carbon nanotubes and
carbon fibers (Kundalwal and Ray, 2011). The distinct con-
structional feature of such fuzzy fiber-reinforced compos-
ite is that the uniformly aligned CNTs are radially grown
on the circumferential surfaces of the unidirectional and
long carbon fibers. They predicted that the transverse
effective properties of this novel fuzzy fiber-reinforced
composite are significantly enhanced over their values
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without CNTs. Such a fiber coupled with CNTs radially
grown on its circumferential surface is also being called
as ‘‘fuzzy fiber’’ (Mathur et al., 2008; Garcia et al., 2008).

Practically, the manufacturing of such long carbon fibers
coated with radially aligned CNTs imbedded in a polymer
matrix on the large scale may be a difficult task. To over-
come such difficulties, hybridized short carbon fibers can
be manufactured with fewer defects and incorporated in
composite material. Such unidirectional short carbon fibers
augmented with CNTs radially grown on their circumferen-
tial surfaces may influence the effective properties of the
short fiber-reinforced composites. However, the nanocom-
posite being composed of such discontinuous fuzzy fiber
reinforcement has not yet been studied. In this study, a no-
vel aligned short fuzzy fiber-reinforced composite has been
proposed. The fuzzy fiber is composed of short carbon fibers
and CNTs which are radially grown on the surface of the car-
bon fibers. Such short fuzzy fiber reinforced composite may
be useful for producing parts of complex shape with im-
proved material properties and structural behavior. The
objective of this study is to estimate the effective properties
of this proposed short fuzzy fiber-reinforced composite.

2. Effective elastic properties of the short fuzzy fiber-
reinforced composite

Fig. 1 shows a schematic sketch of the cross-sections of
the lamina of the short fuzzy fiber-reinforced composite
Fig. 1. Transverse and longitudinal cross-sections of the short fuzzy fiber-rein
proposed in this study. The novel constructional feature
of such a composite is that uniformly aligned CNTs of equal
length are radially grown on the circumferential surface of
the short carbon fiber reinforcements. CNTs considered
here are transversely isotropic (Shen and Li, 2004; Tsai
et al., 2010). They are grown on the surface of the carbon
fibers in such a way that their axes of transverse isotropy
are normal to the surface of the fiber. Such a resulting fuz-
zy fiber is shown in Fig. 2a. When this fuzzy fiber is embed-
ded into the polymer material, the space between the CNTs
are filled up with the polymer and the radially aligned
CNTs eventually reinforce the polymer matrix surrounding
the carbon fiber along the direction transverse to the
length of the carbon fiber as shown in Fig. 2b. Thus the
augmented fuzzy fiber can be viewed as a circular cylindri-
cal composite fuzzy fiber (CFF) in which a carbon fiber is
embedded in the CNT-reinforced polymer matrix nano-
composite (PMNC). This in turn allows one to treat the
short fuzzy fiber-reinforced composite as a composite in
which the short composite fuzzy fibers are the reinforce-
ments being embedded in the polymer matrix. Cross-sec-
tions of the RVE of this short fuzzy fiber-reinforced
composite are schematically demonstrated in Fig. 3. The
RVE of the short fuzzy fiber-reinforced composite has the
diameter D and the length L. The analytical procedure for
estimating the effective elastic properties of the short fuz-
zy fiber-reinforced composite starts with the estimation of
the effective elastic properties of the polymer matrix nano-
forced composite lamina containing short composite fuzzy fiber (CFF).



Fig. 2a. Fuzzy fiber with CNTs radially grown on its surface.

Fig. 2b. Fuzzy fiber embedded in the polymer material.
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composite material surrounding the carbon fiber. Subse-
quently, considering the polymer matrix nanocomposite
material as the matrix phase and the short carbon fiber
as the reinforcement, effective elastic properties of the
composite fuzzy fiber are to be computed. Finally, using
the elastic properties of the composite fuzzy fiber and
the monolithic polymer matrix, the effective elastic prop-
erties of the short fuzzy fiber-reinforced composite can
be estimated. Also, the composite fuzzy fibers are assumed
to be uniformly spaced over the volume of a lamina of the
short fuzzy fiber-reinforced composite in such a way that
three orthogonal principal material coordinate axes (1–2–
3) exist in the composite as shown in Fig. 1. In what fol-
lows, the Mori–Tanaka method and the finite element
(FE) method will be implemented for estimating the prop-
erties of the polymer matrix nanocomposite, the composite
fuzzy fiber and the short fuzzy fiber-reinforced composite.
Fig. 3. Transverse and longitudinal cross-sections of the three-
This section deals with the procedures of employing the
Mori–Tanaka and the FE approaches, to predict the effec-
tive elastic properties of the short fuzzy fiber-reinforced
composite.

2.1. Analytical model of the short Fuzzy fiber-reinforced
composite

In the past, various micromechanics models such as the
dilute concentration model based on the Eshelby’s equiva-
lent inclusion, the self consistent model for finite length fi-
bers, Mori–Tanaka (MT) models, bounding models, the
Halpin–Tsai equations and shear lag models for estimating
the effective properties of aligned short fiber composites
were reviewed (Charles and Liang, 1999). However, the
Mori–Tanaka model has been reported to be the efficient
analytical model for predicting the effective properties of
composites (Charles and Liang, 1999). Hence, the Mori–Ta-
naka method has been implemented to derive the analyti-
cal models for estimating the effective elastic properties of
the polymer matrix nanocomposite material surrounding
the carbon fiber, the composite fuzzy fiber and the short
fuzzy fiber-reinforced composite, respectively.

2.1.1. Effective properties of the polymer matrix
nanocomposite (PMNC)

This section presents the micromechanics model based
on the Mori–Tanaka approach to estimate the effective
elastic properties of the polymer matrix nanocomposite
material which are required as inputs for computing the
effective properties of the composite fuzzy fiber. From
the constructional feature of the composite fuzzy fiber, it
may be viewed that the carbon fiber is wrapped by a lam-
ina of the polymer matrix nanocomposite material. Such
an unwound lamina of the polymer matrix nanocomposite
is reinforced by CNTs along its thickness direction (i.e.,
along the 3-direction) shown in Fig. 4. The average effec-
tive elastic properties of the polymer matrix nanocompos-
ite material surrounding the carbon fiber may be
approximated by estimating the effective elastic properties
of this unwound lamina. The cross-sections of the RVE of
this unwound lamina have been shown in Fig. 5. It is re-
ported (Tsai et al., 2010; Esteva and Spanos, 2009) that
phase RVE of the short fuzzy fiber-reinforced composite.



Fig. 4. Transverse cross-sections of the composite fuzzy fiber with unwound and wound polymer matrix nanocomposite.
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the weakened interface or the interphase formed due to
van der Waals interaction between a CNT and the polymer
matrix does not affect the effective elastic properties of the
CNT-reinforced composite to a considerable extent. How-
ever, an endeavor has been made here to investigate the ef-
fect of the interphase between a CNT and the polymer
matrix on the effective properties of the short fuzzy fi-
ber-reinforced composite. Such an interphase models the
non-bonded van der Waals interaction between an atom
of CNT and an atom of the polymer (Tsai et al., 2010; Ode-
gard et al., 2003; Seidel and Lagoudas, 2006). The effective
properties of such interphase resembling a solid contin-
uum can be determined by molecular dynamics simulation
and are readily available in the open literature (Tsai et al.,
2010). Consideration of such an interphase between a CNT
and the polymer matrix leads to the derivation of a three-
phase Mori–Tanaka model of the unwound polymer matrix
nanocomposite Utilizing the effective properties of the
interphase, the CNT properties, the polymer matrix proper-
ties and the procedure of the Mori–Tanaka model for mul-
tiple inclusions (Dunn and Ledbetter, 1995), a three-phase
Mori–Tanaka model can be derived for the unwound poly-
mer matrix nanocomposite. The explicit formulation of
such three-phase Mori–Tanaka model can be derived as
(Dunn and Ledbetter, 1995)
Fig. 5. Cross-sections of the RVE of the unwound polymer matrix
nanocomposite material.
½Cnc�¼ ½Cp�þ½ðvntþviÞð½Ci��½Cp�Þ½AV�þvntð½Cnt��½Ci�Þ½Ant��
½vp½I�þðvntþviÞ½AV���1

ð1Þ

In Eq. (1), the superscripts nt, i and p denote, respectively,
the CNT fiber, the effective interphase and the monolithic
polymer matrix; whereas vnt, vi and vp represent the vol-
ume fraction of the CNT, the interphase and the polymer
matrix, respectively, with respect to the RVE of the poly-
mer matrix nanocomposite and V denotes the domain
comprising a CNT and the interphase surrounding this
CNT. The concentration tensors [AV] and [Ant] appearing
in Eq. (1) are given by

½AV� ¼ ½I� þ ½SV�½UV� and ½Ant�
¼ ½I� þ ½DS�½Ui� þ ½Snt�½Unt� ð2Þ

The various matrices appearing in (2) are

½Unt �¼� ð½Snt �þ½C1 �Þþ½DS� ½Snt ��
vnt

vi
½DS�þ½C2 �

� ��1

½Snt ��
vnt

vi
½DS�þ½C1 �

� �" #�1

;

½Ui�¼� ½DS�þð½Snt �þ½C1 �Þ ½Snt ��
vnt

vi
½DS�þ½C1 �

� ��1

½Snt��
vnt

vi
½DS�þ½C2 �

� �" #�1

;

½Uv �¼
vnt

vntþvi
½Unt�þ

vi

vntþvi
½Ui�; ½DS�¼ ½Snt ��½SV �; ½C1 �¼ ð½Cnt��½Cp �Þ�1 ½Cp � and ½C2 �

¼ð½Ci ��½Cp �Þ�1 ½Cp �: ð3Þ

Also, in the above matrices, [SV] and [Snt] indicate the
Eshelby tensors for the domains V and nt, respectively,
and [I] is an identity matrix. Cylindrical molecular struc-
ture of CNT may be treated as an equivalent solid cylindri-
cal fiber (Tsai et al., 2010; Gao and Li, 2005). Thus the
specific form of the Eshelby tensor for cylindrical inclusion
given by Qui and Weng (1990) is used here for computing
the matrices [SV] and [Snt]. It may be noted that the matrix
[Cnc] directly provides the values of the effective elastic
properties at a point in the portion of the polymer matrix
nanocomposite material surrounding the carbon fiber
where the CNT is aligned with the 3-axis of the short fuzzy
fiber-reinforced composite. But, with respect to a local
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material coordinate system (10, 20, 30) as shown in Fig. 3,
the matrix [Cnc] also provides the effective elastic proper-
ties at a point located in the polymer matrix nanocompos-
ite where the CNT axis (30-axis) is oriented at an angle h
with the 3-axis in the 2–3 plane. Thus at any point in the
polymer matrix nanocomposite surrounding the carbon fi-
ber, the location dependent effective elastic coefficient ma-
trix CPMNC

h i
of the polymer matrix nanocomposite with

respect to the 1–2–3 coordinate system can be obtained
by the following transformations:

CPMNC
h i

¼ ½T��T½Cnc�½T��1 ð4Þ

where,

½T� ¼

1 0 0 0 0 0
0 m2 n2 mn 0 0
0 n2 m2 �mn 0 0
0 �2mn 2mn m2 � n2 0 0
0 0 0 0 m �n
0 0 0 0 n m

26666664

37777775 with m

¼ cos h and n ¼ sin h:

Therefore, the effective elastic properties of the polymer
matrix nanocomposite surrounding the carbon fiber with
respect to the principle material coordinate axes of the
short fuzzy fiber-reinforced composite varies over an
annular cross-section of the polymer matrix nanocompos-
ite phase of the RVE of the composite fuzzy fiber as shown
in Fig. 4. However, without loss of generality, it may be
considered that the volume average of these effective elas-
tic properties ½CPMNC� over the volume of the polymer ma-
trix nanocomposite can be treated as the constant
effective elastic properties [CPMNC] of the polymer matrix
nanocomposite material surrounding the carbon fiber with
respect to the 1–2–3 coordinate axes of the short fuzzy fi-
ber-reinforced composite and is given by

CPMNC
h i

¼ 1
pðR2 � a2Þ

Z 2p

0

Z R

a
CPMNC
h i

r dr dh ð5Þ

Thus the effective constitutive relations for the polymer
matrix nanocomposite material with respect to the princi-
ple material coordinate axes of the short fuzzy fiber-rein-
forced composite can be expressed as

rPMNC� �
¼ CPMNC
h i

�PMNC� �
ð6Þ
Fig. 6a. Cross-sections of the RVE of the composite fuzzy fiber.
2.1.2. Effective elastic properties of the composite Fuzzy fiber
(CFF)

The effective elastic constants of the composite fuzzy fi-
ber may be predicted by estimating the effective elastic
properties of a lamina of unidirectional fiber-reinforced
composite in which the carbon fiber is the reinforcement
and the matrix phase is the polymer matrix nanocomposite
material whose effective elastic properties are given by Eq.
(5). The cross-sections of the RVE of such lamina have been
illustrated in Fig. 6a. Here, the length of the carbon fiber
aligns with the 1-direction. Thus according to the two-
phase Mori–Tanaka model (Mori and Tanaka, 1973), the
effective elastic coefficient matrix for the composite fuzzy
fiber is given by
CCFF
h i

¼ CPMNC
h i

þ �vf ½Cf � � CPMNC
h i� �

½A1� ð7Þ

in which the matrix of the strain concentration factors are
as follows

½A1� ¼ eA1

h i
vPMNC½I� þ vf ½eA1�
h i�1

;

½eA1� ¼ ½I� þ ½S1� CPMNC
h i� ��1

ð½Cf � � CPMNC
h i

Þ
� 	�1

ð8Þ

In Eq. (7), �vf and vPMNC are the volume fraction of the car-
bon fiber and the polymer matrix nanocomposite material,
respectively, with respect to the volume of the RVE of the
composite fuzzy fiber and the Eshelby tensor [S1] is com-
puted based on the properties of the polymer matrix nano-
composite matrix and the shape of the carbon fiber. It is
worthwhile to note that the polymer matrix nanocompos-
ite matrix is transversely isotropic and consequently, the
Eshelby tensor (Li and Dunn, 1998) corresponding to trans-
versely isotropic material is utilized for computing the ma-
trix [S1] while the inclusion is a circular cylindrical fiber.

2.1.3. Mori–Tanaka (MT) model of the short Fuzzy fiber-
reinforced composite

It may be reiterated that the RVE of the short fuzzy fi-
ber-reinforced composite lamina can be viewed as being
comprised of the composite fuzzy fiber and the monolithic
polymer matrix. The cross-sections of such an RVE are
shown in Fig. 6b. Now, considering the composite fuzzy fi-
ber as the cylindrical inclusion embedded in the isotropic
polymer matrix the effective elastic properties [C] of the
short fuzzy fiber-reinforced composite can be derived by
the two-phase Mori–Tanaka model (Mori and Tanaka,
1973) as follows:

½C� ¼ ½Cp� þ vCFFð½CCFF� � ½Cp�Þ½A2� ð9Þ

in which the matrix of the strain concentration factors are
given by

½A2� ¼ ½eA2� �vP½I� þ vCFF½�A2�

 ��1

and eA2

h i
¼ ½I� þ ½S2�ð½Cp�Þ�1ð½CCFF� � ½Cp�Þ
h i�1

ð10Þ

where vCFF and �vp are the volume fraction of the composite
fuzzy fiber and the polymer material, respectively, with re-
spect to the volume of the RVE of the short fuzzy fiber-
reinforced composite and [S2] is the Eshelby tensor com-
puted by using the properties of the polymer matrix and
the geometry of the composite fuzzy fiber.



Fig. 6b. Cross-sections of the RVE of the short fuzzy fiber-reinforced
composite.

Fig. 7. FE mesh of the RVE of the unwound polymer matrix
nanocomposite.
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2.2. Finite element (FE) model of the short Fuzzy fiber-
reinforced composite

It is important to mention that the Mori–Tanaka meth-
od is based on the assumption that the average strain in
the interacting reinforcements can be approximated by
that of a single reinforcement embedded in an infinite ma-
trix subjected to the uniform average matrix strain. The fi-
nite element analysis or the experimental investigation
may be carried out to verify the assumptions in the
Mori–Tanaka method because both the analyses do not re-
quire to adopt any such assumption. In this study, FE mod-
els are developed using the commercial software ANSYS
11.0 for validating the assumptions in the Mori–Tanaka
method. It may be reiterated here that the constructional
feature of the short fuzzy fiber-reinforced composite en-
ables one to treat this material and its constituent phases
i.e., the composite fuzzy fiber and the polymer matrix
nanocomposite as the homogenous transversely isotropic
materials. Thus a FE model of the RVE of a homogenous
transversely isotropic fiber-reinforced composite with its
axis of transverse isotropy being along the fiber length is
to be developed for evaluating the five independent elastic
coefficients of the short fuzzy fiber-reinforced composite
and its constituent phases. When the 1-axis is the axis of
symmetry, these five independent elastic coefficients are
C11, C12, C33, C23 and C66. The effective elastic coefficient
of the composite can be determined by applying the appro-
priate boundary conditions to the RVE. First, utilizing the
material properties of the CNT, the interphase and the
polymer material a three-phase FE model is developed to
estimate the effective properties of the unwound polymer
matrix nanocomposite phase. It may be noted that the axis
of transverse isotropy of the unwound polymer matrix
nanocomposite aligns with the 3-direction. Thus based
on the principal material coordinate (1–2–3) axes shown
in Fig. 1, the constitutive relations for the unwound poly-
mer matrix nanocomposite (nc) are given by

�rnc
11

�rnc
22

�rnc
33

�rnc
23

�rnc
13

�rnc
12

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
¼

Cnc
11 Cnc

12 Cnc
23 0 0 0

Cnc
12 Cnc

11 Cnc
23 0 0 0

Cnc
23 Cnc

23 Cnc
33 0 0 0

0 0 0 Cnc
44 0 0

0 0 0 0 Cnc
44 0

0 0 0 0 0 Cnc
66

2666666664

3777777775

��nc
11

��nc
22

��nc
33

��nc
23

��nc
13

��nc
12

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
ð11Þ

Also, under the conditions of an imposed stress or
deformation field on the RVE of the polymer matrix
nanocomposite, the average stress f�rncg and the average
strain f��ncg are defined as

f�rncg ¼ 1
V

Z
frncgdV and f��ncg ¼ 1

V

Z
f�ncgdV ð12Þ

where V represents the volume of the RVE of the polymer
matrix nanocomposite and the quantity with an overbar
represents the average of the quantity. A rectangular paral-
lelepiped RVE as shown in Fig. 7 is considered for the FE
simulations. As in case of the Mori–Tanaka approach, van
der Waals interaction at the interface between the CNT
and the polymer matrix is characterized by an equivalent
solid interphase (Tsai et al., 2010; Odegard et al., 2003; Sei-
del and Lagoudas, 2006) surrounding the CNT. Thus the
RVE of the unwound polymer matrix nanocomposite con-
sists of the three solid phases, namely, the CNT fiber, the
interphase and the polymer matrix. The CNT surrounded
by the interphase is aligned with the 3-axis. The length,
the width and the height of the RVE are denoted by l, a,
and b, respectively. It is evident from Eq. (11) that if at
any point in the RVE only one normal strain is present
while the other components of the state of strain are zero
then three normal stresses will be induced. The ratio be-
tween any one of these three normal stresses and the nor-
mal strain yield a value of an effective elastic coefficient.
Thus three such elastic coefficients at the point can be esti-
mated with one numerical experiment. Hence, the deter-
mination of a particular effective elastic coefficient from
the FE model needs to prescribe the appropriate loading
and boundary conditions on the faces of the RVE.

2.2.1. Determination of the effective elastic constants Cnc
33 and

Cnc
23

In order to compute the effective elastic constants Cnc
33

and Cnc
23 of the unwound polymer matrix nanocomposite,

the RVE as shown in Fig. 7 should be deformed in such a
way that the normal strain �nc

33 is only present in the RVE
while the other components of the state of strain are zero.
In order to achieve such state of strain, displacements at
the five boundary surfaces (x1 = 0 and a; x2 = 0 and b;
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x3 = 0) of the RVE are constrained to zero. Note that x1, x2

and x3 represent the coordinates along 1, 2 and 3-axes,
respectively. A uniform normal displacement field along
the 3-direction is prescribed on the remaining surface
(x3 = l) of the RVE such that the RVE is subjected to the nor-
mal strain �nc

33 only. Such essential boundary and loading
conditions result into the development of the induced nor-
mal stresses rnc

11; rnc
22 and rnc

33. According to Eq. (12), the
average strain and stresses ��nc

33; �rnc
11 and �rnc

33 can be com-
puted by replacing the integral with the sum of the product
of the elemental averages and the elemental volume. Once
these averaged stresses and strain are computed, the val-
ues of the Cnc

33 and Cnc
23 can be estimated as the values of

the ratios �rnc
33=��

nc
33 and �rnc

11=��
nc
33, respectively.

2.2.2. Determination of the effective elastic constants Cnc
11 and

Cnc
12

To determine the effective elastic constants Cnc
11 and Cnc

12

of the unwound polymer matrix nanocomposite, the RVE
should be subjected to the state of strain such that the nor-
mal strain �nc

11 is non-zero while the other components of
the state of strain are zero. Such a state of strain can be
established in the RVE by satisfying the following essential
boundary conditions on the surfaces of the RVE:

u1 ¼ 0 at x1 ¼ 0; u2 ¼ 0 at x2 ¼ 0 and b;

u3 ¼ 0 at x3 ¼ 0 and l;

Also, uniform normal displacement (u1) is prescribed on
the surface x1 = a of the RVE such that the RVE is subjected
to �nc

11 only. The average stresses �rnc
11 and �rnc

22 and the aver-
age strain ��nc

11 can be computed in the same manner as
mentioned in case of the computations of Cnc

33 and Cnc
23.

The values of the ratios �rnc
11=��nc

11 and �rnc
22=��

nc
11 yield the values

of the effective elastic constants Cnc
11 and Cnc

12, respectively.

2.2.3. Determination of the effective elastic constants Cnc
44

To determine the effective elastic constant Cnc
44 of the

unwound polymer matrix nanocomposite, the RVE should
be subjected to the pure shear deformation such that the
shear strain �nc

23 is non-zero while the other components
of the state of strain are zero. Such a state of strain can
Fig. 8. FE meshes for the RVEs of (a) the composite fuzzy fib
be attained by constraining the surface x3 = 0 of the RVE
and applying a uniformly distributed tangential force on
the surface x3 = l. Because of these loading and essential
boundary conditions, the induced average shear stress
�rnc

23 and the average shear strain ��nc
23 in the RVE are com-

puted. Finally, the value of the ratio �rnc
23=��

nc
23 provides the

value of the effective elastic constant Cnc
44. Also, it may be

mentioned that the elastic constant Cnc
66 is not an indepen-

dent elastic constant and can be determined from the rela-
tion ðCnc

11 � Cnc
12Þ=2. Once all the effective elastic constants of

the unwound polymer matrix nanocomposite material are
computed, the average effective elastic coefficient matrix
[CPMNC] of the polymer matrix nanocomposite surrounding
the carbon fiber can be determined by using Eqs. (4) and
(5).

The FE model as derived above for computing the effec-
tive properties of the unwound polymer matrix nanocom-
posite can be augmented in a straightforward manner for
estimating the effective properties of the composite fuzzy
fiber and the short fuzzy fiber-reinforced composite. The
FE meshes for the RVEs of the composite fuzzy fiber and
the short fuzzy fiber-reinforced composite are shown in
Fig. 8. Utilizing the effective properties [CPMNC] of the poly-
mer matrix nanocomposite as computed by the previous
FE model and the elastic properties of the carbon fiber
for the matrix phase and the fiber phase of the FE model
of the RVE of the composite fuzzy fiber, respectively, the
effective elastic properties of the composite fuzzy fiber
can be computed. Finally, the effective elastic properties
of the composite fuzzy fiber computed by the FE model
and the polymer material properties are used for the fiber
phase and the matrix phase of the FE model of the RVE of
the short fuzzy fiber-reinforced composite, respectively, to
compute the effective elastic properties of the short fuzzy
fiber-reinforced composite.
3. Results and discussion

In this section, numerical values of the effective elastic
properties of the short fuzzy fiber-reinforced composite
are evaluated using the analytical model and the FE model
er and (b) the short fuzzy fiber-reinforced composite.



Table 1
Material properties of the constituent phases of short fuzzy fiber-reinforced composite.

Material Ref. C11 (GPa) C12 (GPa) C13 (GPa) C23 (GPa) C33 (GPa) C44 (GPa) C66 (GPa) (nm)

(10,0) CNT (Tsai et al., 2010) 709.9 172.4 240 240 1513.1 1120 268.7 dn = 0.78
Interphase 29.6 15.2 15.2 15.2 29.6 7.2 7.2 Gap = 0.3333
(14,0) CNT (Tsai et al., 2010) 557.5 137.5 187.7 187.7 1082.8 779.2 210 dn = 1.1
Interphase 27.63 14.23 14.23 14.23 27.63 6.70 6.70 Gap = 0.3236
(18,0) CNT (Tsai et al., 2010) 472.9 118.7 159.7 159.7 846.1 596.3 177.1 dn = 1.42
Interphase 27.55 14.19 14.19 14.19 27.55 6.68 6.68 Gap = 0.3158
Carbon fiber (Honjo, 2007) 236.4 10.6 10.6 10.7 24.8 7 25 d = 10000
Polyimide (Odegard et al., 2005) 9 6 6 6 9 1.5 1.5 –
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derived in the preceding sections. Zig–zag single-walled
CNTs, the carbon fiber and the polyimide matrix are used
for evaluating the numerical results. Their material proper-
ties are listed in Table 1. The effective properties and the
thickness of the hollow circular cylindrical continuum rep-
resenting the interphase between a CNT and the polyimide
matrix are also presented in Table 1. Unless otherwise
mentioned, (10,0) CNT is used for plotting the results
and the values of the geometrical parameters of the RVE
of the short fuzzy fiber-reinforced composite are taken as
d = 10 lm, Lf/d = 10, L/Lf = 1.1 and D/Db = 1.1. Volume frac-
tion of CNTs (VCNT) in the short fuzzy fiber-reinforced com-
posite depends on the CNT diameter, the carbon fiber
diameter and the surface to surface distance between
two adjacent radially aligned CNTs at their roots. In the ab-
sence of any interphases between CNTs, it is reported
(Jiang et al., 2009) that the minimum surface to surface dis-
tance between two adjacent CNTs is the equilibrium van
der Waals distance, which is about 0.34 nm. Since in the
polymer matrix nanocomposite material, polyimide poly-
mer molecules fill the gap between CNTs and the forma-
tion of the interphase is also considered between a CNT
and the polymer, the surface to surface distance between
the two adjacent CNTs at their roots is considered as
1.7 nm. For fibers with circular cross-section, it is well
known that the hexagonal array of packing is the optimal
packing of fibers and the corresponding maximum fiber
volume fraction is 0.9069. Hence, in the proposed short
fuzzy fiber-reinforced composite, the hexagonal packing
array of composite fuzzy fibers is considered as shown in
Fig. 9 for evaluating the numerical results.
Fig. 9. Hexagonal packing array comprised of composite fuzzy fibers.
The determination of VCNT in the short fuzzy fiber-rein-
forced composite is an important issue. It is obvious that
the constructional feature of the short fuzzy fiber-rein-
forced composite imposes a constraint on the maximum
value of VCNT. Based on the surface to surface distance at
the roots of two adjacent CNTs and the CNT diameter,
the maximum number of CNTs grown on the surface of a
carbon fiber of particular diameter can be determined.
Then based on the carbon fiber volume fraction (vf) in
the short fuzzy fiber-reinforced composite, the maximum
value of VCNT can be determined as

ðVCNTÞmax ¼
VCNT

VFFRC ¼
pd2

n

2ðdn þ 1:7Þ2
ðBb � 1Þvf ð13Þ

where dn is the diameter of the CNT and Bb represents the
composite fuzzy fiber to carbon fiber diameter ratio (Db/d).
The derivation of Eq. (13) has been presented in the Appen-
dix A. It is evident from Eq. (11) that when vf = 0, VCNT is
zero. Also, when Bb = 1 i.e., there is no polymer matrix
nanocomposite, the value of VCNT is zero. Thus the maxi-
mum value of VCNT given by Eq. (11) will be maximum at
a particular value of the vf. Fig. 10 illustrates the variation
of the maximum value of the CNT volume fraction in the
short fuzzy fiber-reinforced composite with the carbon fi-
ber volume fraction (vf) while the values of vf varies from
0.1 to 0.6814. It may be observed from this figure that the
maximum values of VCNT for different CNT diameters are
almost independent of the CNT diameter and are maxi-
mized at vf = 0.17. Also, it may be noted that if vf increases
0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

0.01

0.02

0.03

0.04

0.05

0.06

 Carbon Fiber Volume Fraction (vf)

 (
V

C
N

T
) m

ax

 CNT (10, 0), (VCNT)max

 CNT (14, 0), (VCNT)max

 CNT (18, 0), (VCNT)max
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fiber volume fraction in the short fuzzy fiber-reinforced composite.
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then either the diameter or the number of the carbon fiber
increases. This results in the reduction of the length of the
CNTs which in turn causes decrease in the volumes of the
CNTs present in the composite fuzzy fiber and the short
fuzzy fiber-reinforced composite beyond a value of vf as
0.17. In what follows, unless otherwise mentioned the
effective properties of the short fuzzy fiber-reinforced
composite are computed for a particular value of vf while
the maximum value of VCNT corresponding to this value
of vf is used for the computation. First, the effective elastic
properties of the polymer matrix nanocomposite are com-
puted by employing the Mori–Tanaka approach and the FE
approaches, respectively as shown in Figs. 11–14. It should
be noted that the models by the Mori–Tanaka approach
and the FE approach (three-phase) estimate the properties
in the presence of the interphase between a CNT and the
matrix whereas the two-phase FE approach estimates the
properties without the CNT/matrix interphase. For deriving
the FE model, the RVE is discretized by higher order three-
dimensional 20-noded solid element (SOLID 186). The total
number of elements varies with the volume fractions of the
constituent phases. The sparse direct solver accomplished
the task of solving the FE governing equations. Fig. 11
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Fig. 12. Variation of the effective elastic coefficient CPMNC
33 of the polymer

matrix nanocomposite with the carbon fiber volume fraction.
illustrates the variation of the effective elastic coefficient
CPMNC

11 of the polymer matrix nanocomposite with the car-
bon fiber volume fraction. It may be observed that the
two-phase FE approach underestimate the value of CPMNC

11

as compared to that predicted by the three-phase Mori–
Tanaka model and the FE model (three-phase). Although
not shown here, similar predictions have also been ob-
tained for the value of CPMNC

12 . Fig. 12 illustrates the varia-
tion of the effective elastic coefficient CPMNC

33 of the
polymer matrix nanocomposite with the carbon fiber vol-
ume fraction. It can be observed that the three-phase
models slightly overestimate the value of CPMNC

33 compared
to the model by the two-phase FE approach. This result is
coherent with the previously reported results (Tsai et al.,
2010) in which it is also reported that the interphase be-
tween a CNT and the polymer matrix negligibly affects
the longitudinal effective elastic properties. It can also be
observed from Fig. 12 that the effective value of CPMNC

33 is
significantly larger than that of the effective value of
CPMNC

11 for a particular value of vf. This is attributed to the
fact that radially grown CNTs being aligned along the 3-
direction enhance the axial stiffness of the polymer matrix
nanocomposite material along the 3-direction. The
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Fig. 14. Variation of the effective elastic coefficient CPMNC
23 of the polymer

matrix nanocomposite with the carbon fiber volume fraction.
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constructional feature of the polymer matrix nanocompos-
ite reveals that the polymer matrix nanocomposite would
be a transversely isotropic material. This is corroborated
by the prediction of CPMNC

22 which is identical to that of
CPMNC

33 as shown in Fig. 13. It is also found that the three
models derived here predict almost similar estimates for
CPMNC

23 as shown in Fig. 14. It is important to note from Figs.
11–14, that the effective elastic constants of the polymer
matrix nanocomposite material predicted by the FE ap-
proach (three-phase) are found to be in good agreement
with those predicted by the Mori–Tanaka model (three-
phase). Such agreement between the Mori–Tanaka ap-
proach and the FE approach ensures the validity of the
assumptions considered for the Mori–Tanaka model. The
computed values of the effective properties of the polymer
matrix nanocomposite are then used to obtain the effective
elastic constants of the composite fuzzy fiber using the
Mori–Tanaka approach and the FE approaches. However,
the effective elastic coefficients of the composite fuzzy fi-
ber computed by the three models are not presented here
for the sake of brevity.

Using the computed effective elastic properties of the
composite fuzzy fiber for a particular value of vf, the effec-
tive elastic constants for the short fuzzy fiber-reinforced
composite are estimated by the three models. Fig. 15 illus-
trates the variation of the effective elastic coefficient C11 of
the proposed short fuzzy fiber-reinforced composite with
the carbon fiber volume fraction. It may be observed that
all the models predict identical estimates for the value of
C11. It is important to note from this figure that the radial
growing of aligned CNTs on the surface of the carbon fibers
does not affect the magnitude of the effective elastic coef-
ficient C11 when compared with that of the elastic coeffi-
cient C11 without CNTs. This is because the elastic
properties of CNT transverse to its axis (i.e., in 1-direction)
are much less than those along its axis. It is also important
to note from Fig. 15 that although the interphase between
a CNT and the polyimide matrix locally affects the value of
the elastic coefficient CPMNC

11 of the polymer matrix nano-
composite material (Fig. 11), it does not influence the
effective value of the elastic coefficient C11 of the short fuz-
zy fiber-reinforced composite. Since the effective value of
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Fig. 15. Variation of the effective elastic coefficient C11 of the short fuzzy
fiber-reinforced composite with the carbon fiber volume fraction.
C11 estimated by the Mori–Tanaka approach matches
excellently with that computed by the FE model and the
CNTs do not influence the value of C11, only the Mori–Tana-
ka model has been used to determine the effective elastic
constants of the composite with VCNT = 0 for subsequent
results. Fig. 16 reveals that the effective elastic constant
C12 is also not affected by the CNTs. Fig. 17 illustrates the
variation of the effective elastic coefficient C22 of the short
fuzzy fiber-reinforced composite with the carbon fiber vol-
ume fraction. It may be observed that for VCNT – 0, all the
models predict almost similar estimates for the value of
C22. It can also be observed from Fig. 17 that for the prac-
tical range of the value of vf, prediction of the value of
C22 by all the models is significantly larger than that of
the composite without CNTs. This is attributed to the fact
that radially grown CNTs enhance the out-of-plane stiff-
ness of the matrix surrounding the carbon fibers. Same is
true for the value of the effective elastic coefficient C23 of
the short fuzzy fiber-reinforced composite as shown in
Fig. 18. It may also be observed from Figs. 17 and 18 that
the interphase between a CNT and the polymer matrix
formed due to non-bonded van dar Waals interaction has
negligible effect on the transverse effective elastic proper-
ties like C22 and C23. Although not shown here, the com-
puted effective values of C33 by all the models are found
to match identically with that of C22 corroborating that
the short fuzzy fiber-reinforced composite is transversely
isotropic. For VCNT – 0, all the models predict almost iden-
tical estimates for the value of C55 as shown in Fig. 19.

Figs. 20–22 illustrate the comparisons of the effective
elastic constants of the short fuzzy fiber-reinforced com-
posite for different types of CNTs. It may be noted that as
the integer for designating the zig–zag type CNT increases,
the diameter of the CNT increases. Fig. 20 illustrates that
the CNT diameter does not influence the effective elastic
coefficient C11 of the short fuzzy fiber-reinforced compos-
ite. Fig. 21 reveals that if the CNT diameter is varied till that
of (18,0) CNT then the increase in the CNT diameter mar-
ginally enhances the value of the effective elastic coeffi-
cient C22 of the short fuzzy fiber-reinforced composite for
low carbon fiber volume fraction. The same is true for
the effective elastic coefficient C55 as depicted in Fig. 22.
0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

1

2

3

4

5

6

7

8

 Carbon Fiber Volume Fraction (vf)

 C
12

 (
G

P
a)

 Three-phase MT Aproach, (VCNT)max

 Three-phase FE Approach, (VCNT)max

 Two-phase FE Approach, (VCNT)max

 MT Aproach,  (VCNT = 0)

Fig. 16. Variation of the effective elastic coefficient C12 of the short fuzzy
fiber-reinforced composite with the carbon fiber volume fraction.
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Fig. 17. Variation of the effective elastic coefficient C22 of the short fuzzy
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Fig. 18. Variation of the effective elastic coefficient C23 of the short fuzzy
fiber-reinforced composite with the carbon fiber volume fraction.
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Fig. 19. Variation of the effective elastic coefficient C55 of the short fuzzy
fiber-reinforced composite with the carbon fiber volume fraction.
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Fig. 20. Variation of the effective elastic coefficient C11 of the short fuzzy
fiber-reinforced composite with the carbon fiber volume fraction.
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Fig. 21. Variation of the effective elastic coefficient C22 of the short fuzzy
fiber-reinforced composite with the carbon fiber volume fraction.
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Fig. 22. Variation of the effective elastic coefficient C55 of the short fuzzy
fiber-reinforced composite with the carbon fiber volume fraction.
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This may be attributed to the fact that as the diameter of
the CNT increases, the value of the CNT volume fraction in-
creases as shown in Fig. 10 which results in the increase in
the values of the effective elastic constants of the polymer
matrix nanocomposite. The CNT diameter does not
influence the other effective elastic coefficients of the short
fuzzy fiber-reinforced composite. However for brevity
these results are not presented here. Comparisons of the



S.I. Kundalwal, M.C. Ray / Mechanics of Materials 53 (2012) 47–60 59
effective elastic constants of the short fuzzy fiber-rein-
forced composite for different values of the CNT diameter
reveals that the (18,0) CNT provides slightly enhanced
effective coefficients for the short fuzzy fiber-reinforced
composite.

4. Conclusions

A novel short fuzzy fiber-reinforced composite is pro-
posed which is composed of single-walled zig–zag CNTs,
short carbon fibers and a polymer matrix. The short carbon
fiber reinforcements are horizontally aligned and CNTs are
radially grown on the circumferential surfaces of these car-
bon fibers. The micromechanical model based o the Mori–
Tanaka method is derived to predict the effective elastic
properties of a lamina made of this proposed short fuzzy
fiber-reinforced composite. The effective properties of the
short fuzzy fiber-reinforced composite are estimated with
and without the consideration of an interphase between
a CNT and the polymer matrix. Such interphase is an equiv-
alent solid continuum characterizing the non-bonded van
der Waals interaction between a CNT and the polymer ma-
trix. As far as the constructional feature of the proposed
short fuzzy fiber-reinforced composite is concerned, there
exists a maximum value of volume fraction of CNTs for a
particular volume fraction of carbon fiber. Such volume
fraction of CNT increases with the increase in the diameter
of the CNT and is maximized when the carbon fiber volume
fraction is 0.17 irrespective of the CNT type. Finite element
models are also developed for validating the assumptions
adopted in the Mori–Tanaka model. The predictions by
the Mori–Tanaka model are in excellent agreement with
those obtained by the FE model. Since the CNTs are radially
grown the circumferential surface of the carbon fiber with
their axis being normal to this surface, the transverse effec-
tive properties of the proposed short fuzzy fiber-reinforced
composite are significantly improved. But, the in-plane
effective elastic properties are not influenced by such radi-
ally grown CNTs. This is attributed to the fact that the elas-
tic properties of CNT along its axis are exceptionally larger
than those transverse to its axis. The interphase between
the CNT and the matrix does not influence the in-plane
effective elastic properties and negligibly enhances the
transverse effective elastic properties of the short fuzzy fi-
ber-reinforced composite.

Appendix A

Eq. (13) as shown in the results and discussion section
can be derived as follows:

From Fig. 9, it may be observed that the cross-section of
the RVE of the short fuzzy fiber-reinforced composite is an
equilateral triangle. Thus the volume (VSFFRC) of the RVE of
the short fuzzy fiber-reinforced composite is given by

VSFFRC ¼
ffiffiffi
3
p

4
D2L ðA1Þ

The volume (Vf) of the carbon fiber is

Vf ¼ p
8

d2Lf ðA2Þ
Thus the carbon fiber volume fraction (vf) in the short fuz-
zy fiber-reinforced composite can be expressed as

vf ¼
Vf

VFFRC ¼
p

2
ffiffiffi
3
p 1

gB2
r

ðA3Þ

where g = L/Lf and Br = D/d. Using (A3), the carbon fiber
volume fraction (�vf) in the composite fuzzy fiber can be
derived as

�vf ¼
p
8 d2Lf

p
8 D2

bLf

¼ 1
B2

b

ðA4Þ

The maximum number (NCNT)max of radially grown aligned
CNTs on the surface of the carbon fiber is given by

ðNCNTÞmax ¼
pdLf

2ðdn þ 1:7Þ2
ðA5Þ

Therefore the volume (VCNT) of the CNTs is

VCNT ¼ p
4

d2
nðDb=2� d=2ÞðNCNTÞmax ðA6Þ

Thus the maximum volume fraction (VCNT)max of the CNT
with respect to the volume of the short fuzzy fiber-rein-
forced composite can be determined as

ðVCNTÞmax ¼
VCNT

VFFRC ¼
pd2

n

2ðdn þ 1:7Þ2
ðBb � 1Þvf ðA7Þ

Finally, the maximum volume fraction of the CNTs with re-
spect to the volume of the polymer matrix nanocomposite
(vnt)max can be determined in terms of (VCNT)max as
follows:

ðvntÞmax ¼
VCNT

VPMNC ¼
ðVCNTÞmax

ðB2
b � 1Þvf

ðA8Þ
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