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Abstract
This paper deals with the investigation of active constrained layer damping (ACLD) of smart
laminated continuous fuzzy fiber reinforced composite (FFRC) shells. The distinct
constructional feature of a novel FFRC is that the uniformly spaced short carbon nanotubes
(CNTs) are radially grown on the circumferential surfaces of the continuous carbon fiber
reinforcements. The constraining layer of the ACLD treatment is considered to be made of
vertically/obliquely reinforced 1–3 piezoelectric composite materials. A finite element (FE)
model is developed for the laminated FFRC shells integrated with the two patches of the
ACLD treatment to investigate the damping characteristics of the laminated FFRC shells. The
effect of variation of the orientation angle of the piezoelectric fibers on the damping
characteristics of the laminated FFRC shells has been studied when the piezoelectric fibers are
coplanar with either of the two mutually orthogonal vertical planes of the piezoelectric
composite layer. It is revealed that radial growth of CNTs on the circumferential surfaces of
the carbon fibers enhances the attenuation of the amplitude of vibrations and the natural
frequencies of the laminated FFRC shells over those of laminated base composite shells
without CNTs.
(Some figures may appear in colour only in the online journal)

Nomenclature
a
Cijk
[Cbk ], [Csk ]
D
Dx , Dy , Dz
[Dtb ], [Dtrb ],
[Drrb ], [Dts ],
[Dtrs ], [Drrs ]
d
{dt }, {dr }
{dte }, {dre }

E
ET

length of the substrate shell (m)
elastic coefficients of the kth layer (GPa)
elastic coefficient matrices for the kth layer
(GPa)
diameter of the composite fuzzy fiber (µm)
electric displacements in the x, y and z
directions, respectively (C m−2 )
rigidity matrices for the kth layer

Ex , Ey , Ez

{eb }, {es }
ēij
{F}
{Ftp }, {Frp }

diameter of the carbon fiber (µm)
generalized translational and rotational
displacements
nodal generalized translational and rotational displacements
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{F e }
e }, {F e }
{Ftp
rp

1

Young’s modulus of the viscoelastic material (MPa)
transverse Young’s modulus of the kth layer
(MPa)
applied electric field components in the x, y
and z directions, respectively (C m−1 or
V m−1 )
piezoelectric stress coefficient matrices
(C m−2 )
transformed effective piezoelectric coefficients of the PZC layer (C m−2 )
global nodal load vector (N)
global electro-elastic coupling vectors
(C m−1 )
nodal load vector (N)
elemental electro-elastic coupling vectors
(C m−1 )
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L
[M], [M e ]
N
[Nt ], [Nr ]
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q
R
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(VCNT )max
vf
x, y, z
{X}, {Xr }
γx , γy , γz
{b }, {s }
x , y , z
ε̄33
xy , yz , xz
η, ν
θx , θy , θz
ρ
σx , σy , σz
σxy , σyz , σxz
φx , φy , φz
ψ
ω
ω̄
ω̄1
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1. Introduction

complex shear modulus of the viscoelastic
material (MPa)
z-coordinates of the top surfaces of the
viscoelastic and PZC layers (m)
thicknesses of the substrate shell, the
viscoelastic layer and the PZC layer,
respectively (m)
control gain
global stiffness matrices (N m−1 )

Piezoelectric composites are now being extensively used as
distributed actuators and sensors for smart structures [1–6].
Lin and Sodano [7] characterized a novel active piezoelectric
structural fiber that can be reinforced in composites to perform
sensing and actuation, in addition to providing additional load
bearing functionality. Piezoelectric composites are usually
composed of an epoxy matrix reinforced with monolithic
piezoelectric fibers providing a wide range of effective
material properties that are not offered by existing monolithic
piezoelectric materials. One of the commercially available
piezoelectric composites is a lamina of vertically reinforced
1–3 piezoelectric composite (PZC).1 In this 1–3 PZC lamina,
the poling direction of the piezoelectric fibers is along the
thickness of the lamina while the top and the bottom surfaces
of the lamina are electroded. Micromechanical analyses
[5, 8] reveal that the magnitude of the effective out-of-plane
piezoelectric coefficient (e33 ) of this PZC is much larger than
that of its effective in-plane piezoelectric coefficient (e31 ).
Hence, the in-plane actuation of this PZC is negligible as
compared to its out-of-plane actuation. Ray and Pradhan [5, 9,
10] extensively investigated the performance of the vertically
reinforced 1–3 PZC material as the constraining layer of
the active constrained layer damping (ACLD) treatment for
active damping of smart composite structures. Saviz and
Mohammadpourfard [11] presented dynamic analysis for a
simply supported laminated cylindrical shell integrated with
the piezoelectric layers subjected to local ring/pinch loads.
In their study, attachment of the piezoelectric layers to the
laminated composite shell caused a reduction in the values of
the natural frequencies.
Significant progress has been made in the area of
nanoscale science and technology in the past two decades. As
one of the most interesting nanomaterials, carbon nanotubes
(CNTs) have received significant attention in terms of
their potential applications. The discovery of CNTs [12]
has created enormous interest among researchers to predict
their exceptional elastic properties. It has been found that
CNTs have an axial Young’s modulus in the terapascal
range [13–16]. In order to exploit the excellent elastic
properties of CNTs, enormous effort is being exerted
by researchers to develop CNT-reinforced polymer matrix
composites [17, 18]. The high stiffness-to-weight ratios
estimated for CNT-reinforced composites may provide many
opportunities for aerospace structures. O’Donnell et al [19]
investigated the potential applications of CNT-reinforced
composites for the airframes of commercial aircraft. In
their study, it was reported that the structural mass of
a CNT-reinforced airframe is decreased by approximately
14% when compared with that of an aluminum airframe,
which eventually decreases the fuel consumption by an
average of 9.8% and increases the flight range by an
average of 13.2%. The stiffening effect of CNTs has been
investigated by Wuite and Adali [20] for use in structural

elemental stiffness matrices (N m−1 )
half length of the RVE of the FFRC (µm)
global and elemental mass matrices (kg)
total number of layers in the substrate shell
shape function matrices
shape function of natural coordinates
associated with the ith node
number of patches of the ACLD treatment
average radius of the substrate shell (m)
displacements along the x, y and z directions, respectively (m)
displacements of a point on the reference
mid-plane along the x, y and z directions,
respectively (m)
maximum CNT volume fraction in the
FFRC
carbon fiber volume fraction in the FFRC
Cartesian coordinates
global nodal translational and rotational
displacement vectors (m)
generalized rotations of the normal to the
middle plane of the PZC layer (rad)
in-plane and transverse strain vectors
normal strains along the x, y and z
directions, respectively
dielectric constant in the 3-direction when
electric field is applied in the 3-direction
(F m−1 )
shearing strains
loss factor and Poisson’s ratio of the
viscoelastic material
generalized rotations of the normal to the
middle plane of the substrate shell (rad)
mass density of the kth layer (g cm−3 )
normal stresses along the x, y and z
directions, respectively
shearing stresses
generalized rotations of the normal to the
middle plane of the viscoelastic layer (rad)
piezoelectric fiber orientation in the vertical
plane of the PZC layer with respect to the z
axis (rad)
natural frequency (Hz)
non-dimensional frequency parameter
non-dimensional frequency parameter

1 Piezocomposites, Materials Systems Inc., 543 Great Road, Littleton, MA

01560, USA.
2

Smart Mater. Struct. 22 (2013) 105001

S I Kundalwal et al

that the growth rate of CNTs is approximately 100 nm s−1
with total growth of 12 µm, and such CNT growth always
occurs perpendicular to the substrate surface regardless of
the substrate shape. The electrical self-bias imposed on the
substrate surface was the primary mechanism responsible for
the alignment of the CNTs. Thostenson et al [27] synthesized
CNTs on the circumferential surfaces of carbon fibers using
a chemical vapor deposition (CVD) process and found that
the presence of CNTs at the fiber/matrix interface improves
the interfacial shear strength of the composites. In their work,
the surfaces of the fibers after each step in the synthesization
process of growing CNTs were examined with scanning
electron microscopy and it was found that no pitting occurred
on the fiber surfaces. De Riccardis et al [28] synthesized
a hybrid composite in which the carbon fiber was coated
with a uniform distribution of CNTs on its circumferential
surface. In their study, pseudo-mechanical tests performed
on different samples (with and without CNT coated carbon
fibers) revealed a good anchorage between the CNTs and
the carbon fiber. Veedu et al [29] fabricated a 3D composite
in which MWCNTs were grown normal to the surface
of micro-fiber fabric cloth layouts. The measured fracture
toughness for crack initiation, interlaminar shear sliding
fracture toughness, in-plane strength, modulus, toughness,
transverse thermal conductivity and damping characteristics
of this 3D composite exhibited 348%, 54%, 140%, 5%, 424%,
51% and 514% enhancements, respectively, over those of
the base composite. Their test results also revealed that the
presence of CNTs in the transverse (i.e., thickness) direction
of this 3D composite reduces the effective thermal expansion
coefficient of the composite by 62% as compared to that of the
base composite. Kepple et al [30] reported that the growth of
CNTs on woven carbon fiber improved the fracture toughness
of the cured composite by of the order of 50%, while no
loss in the structural stiffness of the final composite structure
was observed by them. Mathur et al [31] experimentally
demonstrated that the growth of CNTs on the circumferential
surfaces of carbon fibers causes excellent improvement in
the mechanical properties of the carbon fiber reinforced
composite. They reported that the flexural strength is
improved by 20% for unidirectional, 75% for 2D and 66% for
3D hybrid composites as compared to those of the composite
with neat reinforcements. Zhang et al [32] synthesized
MWCNTs on unsized carbon fibers and concluded that the
growth of CNTs does not degrade the tensile properties of the
carbon fiber. Kulkarni et al [33] investigated a nanoreinforced
laminated composite in which CNTs had been grown on
the circumferential surfaces of the carbon fibers by using a
CVD process and nickel catalyst particles. In their study, the
transverse Young’s modulus predicted by the numerical model
was about 1.4 times the experimental value. They attributed
this error to the assumptions adopted in the multiscale model
and the improper bonding of CNTs to the circumferential
surfaces of the carbon fibers during the manufacture of the
nanoreinforced laminated composite. Yamamoto et al [34]
characterized the multifunctional properties of fuzzy fiber
reinforced plastics in which dense and aligned CNTs were
grown on the circumferential surfaces of ceramic fibers

applications as CNT-reinforced composite beams. In their
study, aligned CNT-reinforced composite beams showed
significant improvement in beam stiffness over traditional
carbon fiber reinforced composite beam stiffness, and it
was also reported that the stacking sequence and the CNT
diameter are important parameters for reducing the maximum
deflection of the CNT-reinforced composite beam. Ray and
Batra [21] studied the performance of CNT-reinforced 1–3
PZC as a constrained layer in the ACLD treatment of a
laminated composite beam by employing the finite element
(FE) method. They found that the attenuating capability of
the CNT-reinforced 1–3 PZC layer is significantly improved
over that of a PZC layer without CNTs. Zhu et al [22] carried
out bending and free vibration analyses of CNT-reinforced
composite plates by employing the FE model based on the
first order shear deformation theory (FSDT). Their study
indicates that the CNT volume fraction, the CNT aspect
ratio and the boundary conditions of the plate significantly
influence the bending deflection of the CNT-reinforced
composite plate. Rokni et al [23] fabricated laminated
multi-walled CNT-reinforced composite beams and measured
their effective stiffnesses, fundamental natural frequencies
and damping characteristics through static deflection and free
vibration analyses. Their study reveals that the beam with
the optimum distribution of multi-walled carbon nanotubes
(MWCNTs) in the polymer matrix achieves significant
improvement in the effective Young’s modulus and the
damped natural frequencies over those of the beam with
uniformly distributed MWCNTs.
A review of the literature on two-phase CNT-reinforced
composites reveals that the exceptionally attractive properties
of CNTs can be exploited to develop CNT-reinforced
composite structures where the CNTs are used as primary
reinforcements. For structural applications, the manufacture
of two-phase unidirectional continuous CNT-reinforced
composites in large scale encounters some challenging
difficulties. Typical among these are agglomeration of CNTs,
misalignment and the difficulty in manufacturing long
CNTs [24]. In the case of three-phase hybrid CNT-reinforced
composite, the CNTs are grown on the circumferential
surfaces of the advanced fiber reinforcements such as carbon
fibers and alumina fibers. It seems that in comparison to the
manufacture of long CNTs and the dispersion of long CNTs
in the polymer matrix, direct growth of short CNTs on the
circumferential surfaces of the advanced fibers to achieve
uniform distribution of CNTs throughout the composite is
practically more feasible and advantageous, and provides
a means to tailor the multifunctional properties of existing
advanced fiber reinforced composites. Downs and Baker [25]
reported initial research work on the growth of carbon
nanofibers on the circumferential surfaces of commercial
carbon fibers. They modified the circumferential surface area
of the carbon fibers by coating with carbon nanofibers and
found significant enhancement in the adhesion properties at
the fiber/matrix interface. Bower et al [26] grew radially
aligned CNTs on the circumferential surface of hair-thin
optical fiber glass using a high-frequency microwave plasma
enhanced chemical vapor deposition technique. They found
3
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Figure 2. Fuzzy fiber coated with short CNTs radially grown on its
circumferential surface. (Reprinted with permission from
[38, p 151].)

Figure 1. Schematic diagram of a lamina made of the FFRC.
(Reprinted with permission from [38, p 151].)

and Ray [38] and Chatzigeorgiou et al [39]. The distinct
constructional feature of this FFRC is that the uniformly
aligned CNTs are radially grown on the circumferential
surfaces of the unidirectional carbon fiber reinforcements.
Kundalwal and Ray [38] predicted that the transverse effective
properties of this novel FFRC will be significantly enhanced
over their values without CNTs. Recently, the effective
thermomechanical properties of continuous FFRC and the
load transfer of short FFRC have been extensively studied
by Kundalwal [40] using several analytical and numerical
micromechanics models. This study authenticates that the
novel FFRC with improved multifunctional properties can
be used for fabricating different FFRC laminated structures
having a wide range of unexplored applications in numerous
technological areas such as aerospace, automobile, medicine,
defence, energy, etc. The laminated cylindrical FFRC shell
is an important structural element and forms many critical
structures in technological applications. To this end, however,
use of the ACLD treatment to achieve active control of the
laminated FFRC shells has not yet been reported. For this
investigation, three-dimensional FE analysis of the laminated
FFRC shells integrated with the two patches of the ACLD
treatment has been carried out in this study. The effect of
variation of the orientation angle of the piezoelectric fibers in
the two mutually orthogonal vertical planes of the PZC layer
on the damping characteristics of the laminated FFRC shells
is also investigated.

by using a thermal CVD technique. They found that
the small volume fraction of CNTs (1–3%) enhanced the
multifunctional properties of the hybrid composite such
as interlaminar strength, mode I fracture toughness and
transverse thermal properties by 70%, 60% and 80%,
respectively, compared to the composite without CNTs. Liu
and Rao [35] developed a fuzzy finite element analysis
technique to model the uncertainties of the fuzzy composite
material system within certain ranges. Sager et al [36]
synthesized high density MWCNTs on T650 PAN-based
carbon fiber. Four types of carbon fiber were studied: unsized
fiber, sized fiber, unsized with aligned MWCNTs and unsized
with random MWCNTs. The interfacial shear strength of
CNT coated carbon fibers in epoxy was investigated using the
single-fiber composite fragmentation test. The results of the
fragmentation tests indicated that commercially sized fibers
have the highest interfacial shear strengths while unsized
fibers have the lowest. Randomly oriented MWCNT and
aligned MWCNT coated unsized fibers attained 71% and 11%
increase in the interfacial shear strength over unsized fibers,
respectively. Sager et al [36] attributed this enhancement in
the adhesion properties of the matrix to the fiber as due to
the presence of CNTs. Song et al [37] grafted radially aligned
straight CNTs on the circumferential surface of carbon fiber
reinforcement and found that the radially grown straight
CNTs significantly improved the out-of-plane and in-plane
compressive strengths, and the interlaminar shear strength of
the carbon fiber reinforced composite.
The literature reviewed on three-phase hybrid CNTreinforced composites authenticates that the growth of
CNTs on advanced fibers results in enhancement of the
multifunctional properties of the existing advanced fiber
reinforced composites. Thus the current status of progress in
research on CNT-reinforced composites brings to light that
three-phase hybrid CNT-reinforced composite is a promising
candidate material for achieving structural benefits from the
exceptionally attractive properties of CNTs. The advanced
fiber augmented with CNTs which are radially grown on its
circumferential surface is also called ‘fuzzy fiber’ [34] and
the resulting composite with such fuzzy fiber reinforcements
may be called fuzzy fiber reinforced composite (FFRC) [34,
38, 39]. Most recently, a novel FFRC reinforced with fuzzy
fiber reinforcements was independently studied by Kundalwal

2. Architecture of the novel fuzzy fiber reinforced
composite
Figure 1 shows a schematic sketch of a lamina of the
continuous FFRC. The constructional feature of this novel
FFRC is that short CNTs of equal length are uniformly
spaced and radially grown on the circumferential surfaces of
the continuous carbon fiber reinforcements. The fuzzy fiber
coated with radially aligned short CNTs on its circumferential
surface is shown in figure 2. When this fuzzy fiber is
embedded into the polymer material, the gaps between the
CNTs are filled with the polymer material. Consequently,
the radially aligned CNTs reinforce the polymer matrix
surrounding the carbon fiber along the direction transverse
to the length of the carbon fiber. Thus the augmented fuzzy
fiber can be viewed as a circular cylindrical composite
4
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Figure 3. Transverse and longitudinal cross sections of the composite fuzzy fiber. (Reprinted with permission from [38, p 152].)

Figure 4. Schematic representation of the laminated FFRC shell
integrated with the two ACLD patches composed of the
vertically/obliquely reinforced 1–3 PZC layer.

fuzzy fiber in which the carbon fiber is embedded in the
CNT-reinforced polymer matrix nanocomposite and the radius
of the composite fuzzy fiber equals the sum of the radius of
the carbon fiber and the length of a CNT. Cross sections of
this composite fuzzy fiber are schematically demonstrated in
figure 3. The novel FFRC being studied here is made of a
hexagonal packing array of such composite fuzzy fibers and
the polymer matrix.

3. Theoretical formulation
Figure 5. Schematic diagram of a lamina of the vertically
reinforced 1–3 PZC in which the piezoelectric fibers are coplanar
with either (a) the vertical xz or (b) the vertical yz plane.

In this section, an FE model is developed to analyze the
ACLD of laminated FFRC shells comprised of N laminae.
Such a laminated FFRC shell integrated with the two patches
of the ACLD treatment on its top surface is illustrated in
figure 4. The constructional feature of the patches of the
ACLD treatment can be such that the piezoelectric fibers
are coplanar with either the xz plane or the yz plane of the
PZC layer, as shown in figures 5(a) and (b), respectively. The
orientation angle of the piezoelectric fibers in the PZC layer
with respect to the z axis is denoted by ψ. The thickness of
the PZC layer is hp and that of the viscoelastic layer of the
ACLD treatment is hv . The origin of the curvilinear laminate
coordinate system (xyz) is located on the mid-plane of the
substrate FFRC shell such that the lines x = 0 and a represent
the boundaries of the FFRC shells studied here. The thickness

coordinates (z) of the top and the bottom surfaces of any
(kth) layer of the overall shell are represented by hk+1 and
hk (k = 1, 2, 3, . . . , N + 2), respectively.
3.1. Displacement fields
Figure 6 illustrates the kinematics of the axial deformations
of the overall shell based on the FSDT. The length and
the average radius of the shell are denoted by a and R,
respectively. As shown in this figure, u0 and v0 are the
generalized translational displacements of a reference point
5
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in which w0 equals the transverse displacement of a point
on the reference plane; θz , φz and γz are the generalized
displacements representing the gradients of the transverse
displacement in the substrate composite shell, the viscoelastic
layer and the PZC layer, respectively, with respect to the
thickness coordinate (z).
For convenience, the generalized displacement variables
are separated into generalized translational {dt } and rotational
{dr } displacements as follows:
{dt } = [u0 v0 w0 ]T

and

{dr } = [θx θy θz φx φy φz γx γy γz ]T .

(4)

3.2. Strain–displacement relations
The state of strain at any point in the overall shell continuum
is grouped into the following two strain vectors:
{b } = [x y z xy ]T

(x, y) on the mid-plane (z = 0) of the substrate composite
shell along the x- and y-axes, respectively; θx , φx and γx are
the generalized rotations of the normals to the middle planes
of the substrate composite shell, the viscoelastic layer and the
PZC layer, respectively, in the xz plane while θy , φy and γy
represent their generalized rotations in the yz plane. Following
the FSDT, the axial displacements u and v at any point in the
overall shell integrated with the patches of ACLD treatment
can be written as

{b }c = {bt } + [Z1 ]{br },
{b }v = {bt } + [Z2 ]{br }
{b }p = {bt } + [Z3 ]{br }

{s }c = {st } + [Z4 ]{sr },
{s }v = {st } + [Z5 ]{sr }
{s }p = {st } + [Z6 ]{sr }.

+ (hz − h/2i − hz − hN+2 i)φx (x, y, t)
(1)

v(x, y, z, t) = v0 (x, y, t) + (z − hz − h/2i)θy (x, y, t)

(6)

and

(7)

The various matrices appearing in equations (6) and (7) have
been defined in the appendix while the generalized strain
vectors are given by


w ∂u0
∂v0 T
∂u0 ∂v0
+
+
0
{bt } =
∂x ∂y
R ∂y
∂x

T
∂w0 ∂w0
v0
{st } =
−
∂x ∂y
R

∂θ
∂θy
∂θx
∂φx ∂φy ∂φx
y ∂θx
{br } =
+
θz
(8)
∂x ∂y ∂y
∂x
∂x ∂y ∂y
T
∂φy ∂γx ∂γy ∂γx
∂γy
φz
+
γz
and
+
∂x ∂y ∂y
∂x
 ∂x
∂θz ∂θz ∂φz ∂φz
{sr } = θx θy φx φy γx γy
∂x ∂y ∂x ∂y

∂γz ∂γz T
×
.
∂x ∂y

+ (hz − h/2i − hz − hN+2 i)φy (x, y, t)
(2)

in which u0 and v0 are the generalized displacements at
any point on the reference mid-plane (z = 0), and the
function within the bracket hi represents the appropriate
singularity functions. Since the transverse normal strain
is usually considered as negligible for thin structures, the
radial displacement (w) is assumed to be linearly varying
across the thickness of the substrate composite shell, the
viscoelastic layer and the PZC layer. Consequently, the
transverse displacement at any point in the overall shell can
be assumed as
w(x, y, z, t) = w0 (x, y, t) + (z − hz − h/2i)θz (x, y, t)
+ (hz − h/2i − hz − hN+2 i)φz (x, y, t)
+ (hz − hN+2 i)γz (x, y, t)

and

whereas the vectors {s }c , {s }v and {s }p defining the state of
transverse shear strains at any point in the substrate composite
shell, the viscoelastic layer and the PZC layer, respectively,
can be expressed as

u(x, y, z, t) = u0 (x, y, t) + (z − hz − h/2i)θx (x, y, t)

+ (hz − hN+2 i)γy (x, y, t)

{s } = [xz yz ]T (5)

where x , y , z are the normal strains along the x, y and
z directions, respectively; xy is the in-plane shear strain;
xz and yz are the transverse shear strains. Using the
linear strain–displacement relations, the displacement field
equations (1)–(3) and (5), the vectors {b }c , {b }v and {b }p
defining the state of in-plane and transverse normal strains
at any point in the substrate composite shell, the viscoelastic
layer and the PZC layer, respectively, can be expressed as

Figure 6. Deformation of any transverse cross section of the
laminated FFRC shell integrated with the ACLD treatment which is
parallel to (a) the xz plane and (b) the yz plane.

+ (hz − hN+2 i)γx (x, y, t)

and

(3)
6
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coordinate system (xyz) and are given by

3.3. Constitutive relations

{eb } = [ē31 ē32 ē36 ē33 ]T
{es } = [ē35 ē34 ]T .

In coherence with the strain vectors, the states of the stresses
at any point in the overall shell continuum are described by
the state of the in-plane and out-of-plane stresses {σb }, and
the state of the transverse shear stresses {σs } as follows:

T
{σb } = σx σy σz σxy
and
{σs } = [σxz σyz ]T
where σx , σy and σz are the normal stresses along the x, y
and z directions, respectively; σxy is the in-plane shear stress;
σxz and σyz are the transverse shear stresses. The constitutive
relations for the material of any orthotropic layer of the
substrate composite shell are given by
h i
{σbk } = [Cbk ]{bk }
and
{σsk } = Csk {sk }
(10)
(k = 1, 2, 3, . . . , N)

G = G0 (1 + iη)

k
C̄12
k
C̄22
k
C̄23
k
C̄26

k
C̄13
k
C̄23
k
C̄33
k
C̄36

k 
C̄16
k 
C̄26

k ,

C̄36
k
C̄66

"

[Csk ]

k
k
C̄55
C̄45
=
k
k
C̄45
C̄44

The principle of virtual work is employed to derive the
governing equations of the overall shell/ACLD system and
can be expressed as [43]
N+2
XZ
(δ{bk }T {σbk } + δ{sk }T {σsk } − δEz ¯33 Ez

Dz = [eb ]T {bk } + [es ]T {sk } + ε̄33 Ez ;

k=1

Z

δ{dt }T {f } dA = 0

(15)

A

in which ρ k is the mass density of the kth layer, {f } is the
externally applied surface traction acting over the surface area
(A) and  represents the volume of the concerned layer.
The eight-noded isoparametric quadrilateral elements
have been used to discretize the overall shell. According to
equation (4), the generalized displacement vectors associated
with the ith (i = 1, 2, 3, . . . , 8) node of the element can be
written as

k =N+2

in which Ez and Dz are the electric field and the electric
displacement along the z-direction, respectively; ε̄33 is
the dielectric constant. It may be noted from the above
constitutive relations that the transverse shear strains are
coupled with the in-plane strains due to the orientation of
the piezoelectric fibers in the vertical xz or yz plane of the
PZC layer, and the corresponding coupling elastic coefficients
N+2
matrices [Cbs
] are given by
#
N+2 N+2
N+2 T
C̄
C̄
0
C̄
N+2
15
25
35
[Cbs
]=
N+2
0
0 C̄46
0
"
#T
N+2
0
0
C̄
0
N+2
56
[C̄bs
]=
N+2 N+2
N+2
C̄14
C̄24
0 C̄34



− δ{dt }T ρ k {d̈t }) d −

(11)

and

E = 2G(1 + υ) (14)

3.4. Finite element (FE) modeling

#

in which C̄ijk are the transformed elastic coefficients with
respect to the reference coordinate system appropriate for the
three-dimensional analysis.
The constraining PZC layer will be subjected to the
applied electric field acting along its thickness direction only.
Thus the constitutive relations for the material of the PZC
layer can be expressed as [5]
k
{σbk } = [Cbk ]{bk } + [Cbs
]{sk } − {eb }Ez ,
h iT
k
{σsk } = Cbs
{bk } + [Csk ]{sk } − {es }Ez

and

where G0 is the storage modulus, υ is the Poisson’s ratio
and η is the loss factor at a particular operating temperature
and frequency. Using equation (14), the elastic coefficients of
the viscoelastic material can be determined and the resulting
elastic coefficient matrix [CijN+1 ] turns out to be a complex
matrix [41–43].

where
k
C̄11
C̄k

[Cbk ] =  12
k
C̄13
k
C̄16

(13)

The present analysis is concerned with the frequency
response of the shells integrated with the patches of the ACLD
treatment. Hence, the viscoelastic material is modeled by
using the complex modulus approach. The material of the
viscoelastic layer is assumed to be linearly viscoelastic and
isotropic, and the shear modulus (G) and Young’s modulus
(E) of the viscoelastic material are given by [41]

(9)



and

{dti } = [u0i v0i w0i ]T
and

T
{dri } = θxi θyi θzi φxi φyi φzi γxi γyi γzi .

(16)

Thus the generalized displacement vectors {dt } and {dr } at
any point within the element can be expressed in terms of
the nodal generalized displacement vectors {dte } and {dre } as
follows:

"

{dt } = [Nt ]{dte }

or
(12)

and

{dr } = [Nt ]{dre }

(17)

in which
[Nt ]
[Nr ]
Nti
{dte }
{dre }

according to whether the piezoelectric fibers are coplanar
with the vertical xz or yz plane, respectively, in the PZC
layer. Also, the piezoelectric coefficient matrices {eb } and
{es } appearing in equation (11) are referred to the reference
7

=
=
=
=
=

[Nt1 Nt2 · · · Nt8 ]T ,
[Nr1 Nr2 · · · Nr8 ]T ,
ni It ,
Nri = ni Ir
e T
e T
e T T
[{dt1 } {dt2 } · · · {dt8
} ]
e T
e T
e T T
[{dr1 } {dr2 } · · · {dr8 } ]

(18)
and
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wherein It and Ir are the (3 × 3) and (9 × 9) identity matrices,
respectively, and ni is the shape function of the natural
coordinates associated with the ith node. Using equations
(6)–(8) and (17), the strain vectors at any point within the
element can be expressed in terms of the nodal generalized
displacement vectors as follows:
{b }c
{b }v
{b }p
{s }c
{s }v
{s }p

=
=
=
=
=
=

[Btb ]{dte } + [Z1 ][Brb ]{dre },
[Btb ]{dte } + [Z2 ][Brb ]{dre },
[Btb ]{dte } + [Z3 ][Brb ]{dre },
[Bts ]{dte } + [Z4 ][Brs ]{dre },
[Bts ]{dte } + [Z5 ][Brs ]{dre }
[Bts ]{dte } + [Z6 ][Brs ]{dre }

=
=
=
=

[Btb1 Btb2 · · · Btb8 ]T ,
[Brb1 Brb2 · · · Brb8 ]T ,
[Bts1 Bts2 · · · Bts8 ]T
[Brs1 Brs2 · · · Brs8 ]T .

(19)
and

e
]ps
[Ktrbs

and

e
[Krrb
]
e
[Krrs
]

=

(22)

e
{Frb
}p

{Ftse }p

[Btb ]T [Dtbs ]p [Bts ] dx dy,
[Bts ]T [Dtbs ]p [Btb ] dx dy,

A

Z

[Btrb ]T ([Dtrb ] + [Dtrb ]v + [Dtrb ]p )[Brb ] dx dy,

A

Z
=

[Btb ]T [Dtrbs ]p [Brs ] dx dy,

A

Z
ZA

=
A

Z
=
A

Z
ZA

=

[Brb ]T [Drtbs ]p [Bts ] dx dy,
[Bts ]T [Drtbs ]Tp [Brb ] dx dy,
[Brs ]T [Dtrbs ]Tp [Btb ] dx dy,
[Bts ]T ([Dtrs ] + [Dtrs ]v + [Dtrs ]p )[Brs ] dx dy,
[Brb ]T ([Drrb ] + [Drrb ]v + [Drrb ]p )[Brb ] dx dy,

A

Z
=

[Brs ]T ([Drrs ] + [Drrs ]v + [Drrs ]p )[Brs ] dx dy,

A

Z

[Brb ]T [Drrbs ]p [Brs ] dx dy,

A

Z
=
A

e
{Ftb
}p =

Z
ZA

=

[Brs ]T [Drrbs ]Tp [Brb ] dx dy,
[Btb ]T {Dtb }p dx dy,
[Brb ]T {Drb }p dx dy,

A

Z
=

[Bts ]T {Dts }p dx dy

and

A

e
{Frs
}p =

Z

[Brs ]T {Drs }p dx dy.

A

Also, the various rigidity matrices and the rigidity vectors
appearing in the above elemental matrices are given by

m̄[Nt ]T [Nt ] dx dy

0

[Dtb ] =

[Krte ] = [Ktre ]T ,
(23)
e
e
e
e
[Krre ] = [Krrb
] + [Krrs
] + [Krrbs
]pb + [Krrbs
]ps ,
e
e
e
e
e
{Ftp
} = {Ftb
}p + {F e }p ,
{Frp
} = {Frb
}p + {Frs
}p ,
Z ae Z be ts
{F e } =
[Nt ]T {f } dx dy
and
m̄ =

Z

e
[Krrbs
]pb =
e
[Krrbs
]ps

[Bts ]T ([Dts ] + [Dts ]v + [Dts ]p )[Bts ] dx dy,

A

e
[Ktrs
] =

e
e
e
[Ktte ] = [Ktb
] + [Ktse ] + [Ktbs
]pb + [Ktbs
]ps ,
e
e
e
[Ktr ] = [Ktrb ] + [Ktrs ]


e
e T
e
e T
]pb + [Krtbs
]pb + [Ktrbs
]ps + [Krtbs
]ps
+ 12 [Ktrbs

0
N+2
X

ZA

(20)

The elemental mass matrix
the elemental stiffness
matrices [Ktte ], [Ktre ], [Krte ], [Krre ], the elemental electro-elastic
e }, {F e }, the elemental load vector {F e }
coupling vectors {Ftp
rp
and the mass parameter (m̄) appearing in equations (21) and
(22) are given by

0

=

Z

 e 
Krtbs pb =

[M e ],

be

e
]pb
[Ktbs

e
]ps
[Krtbs

e
[Krte ]{dte } + [Krre ]{dre } = {Frp
}V.

[M e ] =

=

e
]pb
[Ktrbs

e
[M e ]{d̈te } + [Ktte ]{dte } + [Ktre ]{dre } = {Ftp
}V + {F e } (21)

ae Z

[Ktse ]

[Btb ]T ([Dtb ] + [Dtb ]v + [Dtb ]p )[Btb ] dx dy,

A

e
] =
[Ktrb

The elements of the matrices [Btb ], [Brb ], [Bts ] and [Brs ]
have been presented in the appendix. On substitution of
equations (11) and (19) into (15), and recognizing that Ez =
V/hp with V being the applied voltage across the thickness
of the PZC layer, one can derive the following open loop
equations of motion of an element integrated with the ACLD
treatment:

Z

=

e
]ps
[Ktbs

while the nodal strain–displacement matrices [Btb ], [Brb ],
[Bts ] and [Brs ] are given by
[Btb ]
[Brb ]
[Bts ]
[Brs ]

Z

e
]
[Ktb

[Dtrb ] =
[Drrb ] =

0

ρ (hk+1 − hk ).
k

[Dts ] =

k=1

The various elemental stiffness matrices and the electroelastic coupling vectors appearing in equation (23) are

[Dtrs ] =

N Z
X

hk+1

k=1 hk
N Z hk+1
X
k=1 hk
N Z hk+1
X
k=1 hk
N Z hk+1
X
k=1 hk
N Z hk+1
X
k=1 hk

8

[C̄bk ] dz,
[C̄bk ][Z1 ] dz,
[Z1 ]T [C̄bk ][Z1 ] dz,
[C̄sk ] dz,
[C̄bk ][Z4 ] dz,
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[Drrs ] =
[Dtb ]v =
[Dtrb ]v =
[Drrb ]v =
[Dts ]v =
[Dtrs ]v =
[Drrs ]v =
[Dtb ]p =
[Dtrb ]p =
[Drrb ]p =
[Dts ]p =
[Dtrs ]p =
[Drrs ]p =
[Dtbs ]p =
[Dtrbs ]p =
[Drtbs ]p =
[Drrbs ]p =

N Z
X

hk+1
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follows:

[Z4 ]T [C̄sk ][Z4 ] dz,

k=1 hk
hv [C̄bN+1 ],
Z hN+2
[C̄bN+1 ][Z2 ] dz,
hN+1
Z hN+2
[Z2 ]T [C̄bN+1 ][Z2 ] dz,
hN+1
hv [C̄sN+1 ],
Z hN+2
[C̄sN+1 ][Z5 ] dz,
hN+1
Z hN+2
[Z5 ]T [C̄sN+1 ][Z5 ] dz
hN+1
hp [C̄bN+2 ],
Z hN+3
[C̄bN+2 ][Z3 ] dz,
hN+2
Z hN+3
[Z3 ]T [C̄bN+2 ][Z3 ] dz,
hN+2
hp [C̄sN+2 ],
Z hN+3
[C̄sN+2 ][Z6 ] dz,
hN+2
Z hN+3
[Z6 ]T [C̄sN+2 ][Z6 ] dz
hN+2
Z hN+3
N+2
[C̄bs
] dz,
hN+2
Z hN+3
N+2
][Z6 ] dz,
[C̄bs
hN+2
Z hN+3
N+2
] dz,
[Z3 ]T [C̄bs
hN+2
Z hN+3
N+2
[Z3 ]T [C̄bs
][Z6 ] dz,
hN+2
Z hN+3

[M]{Ẍ} + [Ktt ]{X} + [Ktr ]{Xr } =

j=1

and
[Krt ]{X} + [Krr ]{Xr } =

hN+2
hN+3

Z
{Drb }p =

4. Closed loop model
In order to supply the control voltage to activate the patches
of the ACLD treatment, a simple velocity feedback control
law has been used. According to this law, the control voltage
supplied to the jth patch can be expressed in terms of the
derivatives of the global nodal degrees of freedom as follows:
j

hN+2
hN+3

j

j

j

j
kd

j
[Ut ]

(26)
j

where
is the control gain for the jth patch,
and [Ur ]
are the unit vectors for expressing the transverse velocity of
the point concerned in terms of the derivative of the global
nodal generalized displacements. Substituting equation (26)
into equations (24) and (25), the final equations of motion
governing the closed loop dynamics of the overall shell/ACLD
system can be derived as follows:
[M]{Ẍ} + [Ktt ]{X} + [Ktr ]{Xr } +

q
X

j

j

j

kd {Ftp }[Ut ]{Ẋ}

j=1

+

q
X

j

j

j

kd (h/2){Ftp }[Ur ]{Ẋr } = {F}

(27)

j=1

and
[Krt ]{X} + [Krr ]{Xr } +

q
X

j

j

j

kd {Frp }[Ut ]{Ẋ}

j=1

and
+

T

q
X

j

j

j

kd (h/2){Frp }[Ur ]{Ẋr } = 0.

(28)

j=1

−[Z6 ] {ēs }/hp dz.

{Drs }p =

j

V j = −kd ẇ = −kd [Ut ]{Ẋ} − kd (h/2)[Ur ]{Ẋr }

−[Z3 ]T {ēb }/hp dz,
−{ēs }/hp dz,

Z

(25)

where [M] is the global mass matrix; [Ktt ], [Ktr ], [Krt ] and
[Krr ] are the global stiffness matrices; {X} and {Xr } are the
global nodal translational and rotational degrees of freedom;
{Ftp } and {Frp } are the global electro-elastic coupling vectors
corresponding to the jth patch; V j is the voltage applied to this
patch; q is the number of patches and {F} is the global nodal
force vector.

hN+2
Z hN+3

{Dts }p =

q
X
j
{Frp }V j
j=1

−{ēb }/hp dz,

{Dtb }p =

q
X
j
{Ftp }V j + {F} (24)

hN+2

5. Results and discussion
It should be noted that as the elemental stiffness matrices
associated with the transverse shear strains are derived
separately, one can employ the selective integration rule to
avoid the so called shear locking problem in the case of
thin shells. Finally, the elemental equations of motion are
assembled to obtain the open loop global equations of motion
of the overall shell integrated with the ACLD patches as

In this section, the numerical results obtained by the FE
model developed in section 3.4 are presented. Laminated
symmetric/antisymmetric cross-ply and antisymmetric angleply thin cantilever cylindrical FFRC shells integrated with
the two patches of the ACLD treatment are considered for
the presentation of the numerical results. The patches are
placed 180◦ apart from each other on the outer circumferential
9
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Table 1. Material properties of the FFRC and the constituent phases of the piezoelectric composite.
Material

CNT volume
Reference fraction

C11 (GPa) C12 (GPa) C13 (GPa) C33 (GPa) C23 (GPa) C44 (GPa) C55 (GPa) ρ (g cm−2 )

FFRC
vf = 0.3

[38]

VCNT = 0.034
VCNT = 0

77.31
76.90

7.65
6.71

7.65
6.71

25.60
11.03

13.19
7.10

6.20
1.96

2.19
2.09

1428
1385

FFRC
vf = 0.6

[38]

VCNT = 0.021
VCNT = 0

145.36
144.98

8.87
7.80

8.87
7.80

23.74
14.31

12.04
8.62

5.85
2.84

3.62
3.44

1580
1550

Table 2. Comparison of the fundamental natural frequency
parameters (ω̄) of the clamped–free laminated composite shells.

surface of the shell and one of the ends of the patches
is fixed at the clamped end of the shells. It should be
noted that the locations of the ACLD patches correspond
to an optimal placement of the ACLD treatment such that
the energy dissipation corresponding to the first two modes
becomes maximum [44]. The length and width of the ACLD
patches are considered as 67% of the length of the shell
and the one sixth of the outer circumference of the shell,
respectively. The material properties of the FFRC with respect
to the material coordinate system considered here are listed in
table 1. It should be noted that the CNT volume fraction in
the FFRC is dependent on the carbon fiber volume fraction in
the FFRC [38]. Thus two different values of the carbon fiber
volume fraction (0.3 and 0.6) in the FFRC are considered to
investigate the effect of radially grown CNTs on the damping
characteristics of the laminated FFRC shells. From table 1, it
may be observed that the transverse effective elastic properties
of the FFRC are significantly improved due to the radial
growth of the CNTs on the circumferential surfaces of the
carbon fiber reinforcements over those of the base composite
without CNTs (VCNT = 0). The elastic and piezoelectric
properties of the vertically reinforced 1–3 PZC layer with
60% piezoelectric fiber volume fraction are taken from [5]
and are given as: C11 = 9.29 GPa, C12 = 6.18 GPa, C13 =
6.05 GPa, C33 = 35.44 GPa, C23 = C13 , C44 = 1.58 GPa,
C66 = 1.54 GPa, C55 = C44 , e31 = −0.19 C m−2 , e32 = e31 ,
e33 = 18.41 C m−2 , e24 = 0.004 C m−2 and e15 = e24 .
The thicknesses of the laminated FFRC shells, the
constraining 1–3 PZC layer and the viscoelastic layer are
considered as 0.003 m, 250 µm and 200 µm, respectively,
while the length and the value of R/h for the shells are
considered as 1 m and 50, respectively. The viscoelastic
material used by Chantalakhana and Stanway [45] is
considered in this study to evaluate the numerical results.
The loss factor of this viscoelastic material remains invariant
within the frequency range (0–600 Hz) of interest. The values
of the complex shear modulus, the Poisson’s ratio and the
density of the viscoelastic layer are 20(1 + i) MN m−2 , 0.49
and 1140 kg m−3 , respectively [45].
To verify the validity of the present FE model, the natural
frequencies of the laminated composite shells integrated with
the inactivated patches of the ACLD treatment with negligible
thickness are first computed by the present FE model
and, subsequently, compared with the existing analytical
results presented in [46] for identical laminated composite
shells without the patches integrated. A non-dimensional
frequency parameter (ω̄) is used to compare the fundamental
natural frequencies of the laminated composite shells and is

Shell
type

a/R

ω̄

0◦ /90◦ /0◦

Present FEM 20
Analytical [46] 20

5
5

0.4910
0.4899

0◦ /90◦

Present FEM 20
Analytical [46] 20

5
5

0.5620
0.5581

Source

R/h

defined as
p
ω̄ = ω(a2 /h) ρ/ET

(29)

in which ω represents the natural frequency of the overall
shell; ρ and ET are the density and the transverse
Young’s modulus, respectively, of the orthotropic layers of
the substrate shell. Table 2 illustrates this comparison of
the fundamental natural frequencies of certain laminated
composite shells. It may be observed from this table that the
two sets of results predicted by the present FE model and [46]
are in excellent agreement, validating the present FE model.
Although the results predicted by the present FE
model have been validated with the existing analytical
results, an attempt has also been made to investigate
the convergence of the results predicted by the present
FE model. For this purpose, a convergence test for
the present FE model predicting the fundamental natural
frequencies of the laminated composite shells integrated
with the inactivated ACLD patches has been carried out,
and the results are compared with those of the laminated
composite shells without the ACLD patches integrated [47].
A non-dimensional frequency parameter (ω̄1 ) is used to
compare the fundamental natural frequencies of the laminated
composite shells and is defined as
p
ω̄1 = ωR ρ/ET .
(30)
Table 3 illustrates the comparison of the convergence of the
fundamental natural frequency parameters of the laminated
shells considering different mesh sizes. It is evident from
table 3 that the value of the fundamental natural frequency
parameter remains almost the same beyond a mesh size
of 6 × 12. A convergence test for a symmetric cross-ply
(0◦ /90◦ /0◦ ) laminated FFRC shell has also been carried out in
this study, as demonstrated in table 4. Table 4 reveals that the
fundamental natural frequencies of the symmetric cross-ply
laminated FFRC shell become saturated beyond a mesh size
of 6 × 12. Therefore, for the subsequent results predicting the
10
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Table 3. Convergence of the fundamental natural frequency parameters (ω̄1 ) of the laminated composite shells with negligible thickness of
the ACLD patches.
Shell type

R/h

a/R

45◦ /−45◦ /−45◦ /45◦

100

4

Mesh
size

Present FEM
(ω̄1 )

Reference [47]
(ω̄1 )

4×4
4×8
6×8
8×8
6 × 12
8 × 12

0.1543
0.1617
0.1682
0.1745
0.1753
0.1755

0.1757
0.1757
0.1757
0.1757
0.1757
0.1757

Table 4. Convergence of the fundamental natural frequency (ω) of
the laminated FFRC shells with negligible thickness of the ACLD
patches.
Shell type

R/h

a/R

0◦ /90◦ /0◦

100

5

Mesh
size

Present FEM
(ω)

4×4
4×8
6×8
6 × 12
8 × 12
10 × 12

548.8
629.6
694.1
742.1
743.6
742.6

frequency response functions (FRFs) of the laminated FFRC
shells, the optimum mesh size of 6 × 12 is considered.
The open and the closed loop behavior of the laminated
shells is studied by the FRFs evaluated at a point (a, 0, h/2)
on the top surface of the shell. A time-harmonic point force
(1 N) is considered to act at the same point (a, 0, h/2) on the
shell to excite the first few modes of the shells. The control
gains (Kd ) are selected as 600 and 1500 to control the first
few modes of the laminated shells. For the sake of clarity
in the plots, only the range of frequencies around the first
three modes of vibration is presented in the results. Figure 7
illustrates the FRFs of the cantilever symmetric cross-ply
(0◦ /90◦ /0◦ ) laminated FFRC shells when the orientation angle
of the piezoelectric fibers (ψ) in the PZC layer is 0◦ . This
figure displays both uncontrolled and controlled responses,
and clearly reveals that the constraining layer made of the 1–3
PZC layer significantly enhances the damping characteristics
of the laminated FFRC shells over the passive damping
(uncontrolled). The maximum control voltage required to
achieve this attenuation of the amplitude of vibrations is only
50 V when the value of Kd is 1500, as depicted in figure 8.
The effect of variation of the orientation angle of the
piezoelectric fibers in the two mutually orthogonal vertical
planes (xz and yz) of the PZC layer on the performance of the
ACLD patches has been studied by considering the maximum
value of the piezoelectric fiber orientation angle as 45◦ in
the PZC layer (see footnote 1). It should be noted that the
value of the piezoelectric fiber orientation angle is varied
from 0◦ to 45◦ in the PZC layer to investigate the effect
of the piezoelectric fiber orientation on the performance of
the ACLD patches. However, for the sake of clarity in the
plots, the FRFs corresponding to the four specific values of
the piezoelectric fiber orientation angles (0◦ , 15◦ , 30◦ and
45◦ ) have been presented in such a way that the optimum

Figure 7. FRFs for transverse deflection (w) of the cantilever
symmetric cross-ply (0◦ /90◦ /0◦ ) laminated FFRC shells
(ψ = 0◦ , vf = 0.3, VCNT = 0.034).

Figure 8. Control voltages for the cantilever symmetric cross-ply
(0◦ /90◦ /0◦ ) laminated FFRC shells shown in figure 7
(ψ = 0◦ , vf = 0.3, VCNT = 0.034).

performance of the ACLD patches can be demonstrated.
Figures 9 and 10 illustrate the effect of the piezoelectric
fiber orientation on the performance of the ACLD patches for
improvement of the damping characteristics of the cantilever
symmetric cross-ply (0◦ /90◦ /0◦ ) laminated FFRC shells when
11
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Figure 9. Effect of different values of ψ in the xz plane of the PZC
layer on the performance of the ACLD patches for control of the
cantilever symmetric cross-ply (0◦ /90◦ /0◦ ) laminated FFRC shells
(Kd = 1500, vf = 0.3, VCNT = 0.034).

Figure 11. Effect of different values of ψ in the xz plane of the
PZC layer on the performance of the ACLD patches for control of
the cantilever antisymmetric angle-ply (−45◦ /45◦ /−45◦ /45◦ )
laminated FFRC shells (Kd = 1500, vf = 0.3, VCNT = 0.034).

Figure 10. Effect of different values of ψ in the yz plane of the
PZC layer on the performance of the ACLD patches for control of
the cantilever symmetric cross-ply (0◦ /90◦ /0◦ ) laminated FFRC
shells (Kd = 1500, vf = 0.3, VCNT = 0.034).

Figure 12. Effect of different values of ψ in the yz plane of the
PZC layer on the performance of the ACLD patches for control of
the cantilever antisymmetric angle-ply (−45◦ /45◦ /−45◦ /45◦ )
laminated FFRC shells (Kd = 1500, vf = 0.3, VCNT = 0.034).

the orientation angle of the piezoelectric fibers is varied
in the vertical xz and yz planes, respectively. These figures
indicate that the maximum attenuation of vibration is obtained
for the first mode of vibration when the piezoelectric fiber
orientation angle is 45◦ in the vertical xz plane of the
PZC layer. Figures 11 and 12 illustrate the effect of the
piezoelectric fiber orientation on the performance of the
ACLD patches for improving the damping characteristics of
the cantilever antisymmetric angle-ply (−45◦ /45◦ /−45◦ /45◦ )
laminated FFRC shells when the orientation angle of the
piezoelectric fibers is varied in the vertical xz and yz planes,
respectively. In this case also the maximum attenuation of
vibration is achieved for the first two modes of vibration when
the piezoelectric fiber orientation angle is 45◦ in the vertical xz
plane of the PZC layer. Hence, the value of the piezoelectric

fiber orientation angle is considered as 45◦ in the vertical
xz plane of the PZC layer for investigation of the effect of
radially grown CNTs on the attenuation of vibration of the
symmetric cross-ply and antisymmetric angle-ply laminated
FFRC shells. Figures 13 and 14 illustrate the FRFs of the
symmetric cross-ply and antisymmetric angle-ply laminated
shells, respectively, when the value of the piezoelectric fiber
orientation angle is 45◦ in the vertical xz plane of the PZC
layer. These figures clearly reveal that when the value of
VCNT 6= 0 the performance of the ACLD patches for control
of the first few modes of vibration becomes maximum and
the natural frequencies of the laminated FFRC shells are
significantly improved over those of the laminated composite
shells without CNTs (VCNT = 0). This is attributed to the
12
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Figure 15. Effect of different values of ψ in the xz plane of the
PZC layer on the performance of the ACLD patches for control of
the cantilever antisymmetric cross-ply (0◦ /90◦ /0◦ /90◦ ) laminated
FFRC shells (Kd = 1500, vf = 0.3, VCNT = 0.034).

Figure 13. FRFs for transverse displacement (w) of the cantilever
symmetric cross-ply (0◦ /90◦ /0◦ ) laminated shells when the
piezoelectric fibers of the PZC layer are coplanar with the xz plane
(Kd = 1500, ψ = 45◦ ).

Figure 16. Effect of different values of ψ in the yz plane of the
PZC layer on the performance of the ACLD patches for control of
the cantilever antisymmetric cross-ply (0◦ /90◦ /0◦ /90◦ ) laminated
FFRC shells (Kd = 1500, vf = 0.3, VCNT = 0.034).

Figure 14. FRFs for transverse displacement (w) of the cantilever
antisymmetric angle-ply (−45◦ /45◦ /−45◦ /45◦ ) laminated shells
when the piezoelectric fibers of the PZC layer are coplanar with the
xz plane (Kd = 1500, ψ = 45◦ ).

but the best performance of the ACLD patches is obtained
when the value of the piezoelectric fiber orientation angle is
0◦ for control of the second mode of vibration. When the
piezoelectric fiber orientation angle is varied in the vertical
yz plane of the PZC layer, the attenuation capability of the
ACLD patches is maximized if the value of the piezoelectric
fiber orientation angle is 0◦ for control of the first three modes
of vibration, as shown in figure 16. Therefore, the value
of the piezoelectric fiber orientation angle is considered as
0◦ for investigation of the effect of radially grown CNTs on
the attenuation of vibrations of the cantilever antisymmetric
cross-ply laminated FFRC shells. The significant effect
of radially grown CNTs on the circumferential surfaces
of the carbon fiber reinforcements has been observed for
improvement of the damping characteristics of the cantilever

fact that the transverse elastic properties of the FFRC are
significantly larger than those of the base composite without
CNTs (VCNT = 0).
Figures 15 and 16 demonstrate the effect of the
piezoelectric fiber orientation on the performance of
the ACLD patches for improvement of the damping
characteristics of the cantilever antisymmetric cross-ply
(0◦ /90◦ /0◦ /90◦ ) laminated FFRC shells when the orientation
angle of the piezoelectric fibers is varied in the vertical xz and
yz planes, respectively. Figure 15 depicts that the attenuating
capability of the ACLD patches becomes maximum when the
value of the piezoelectric fiber orientation angle is 45◦ and
0◦ in the vertical xz plane of the PZC layer for control
of the first and second modes of vibration, respectively,
13
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value of the piezoelectric fiber orientation angle is 45◦ in
the vertical xz plane of the PZC layer. For the cantilever
antisymmetric cross-ply laminated shells the maximum
control authority of the ACLD patches is achieved when
the value of the piezoelectric fiber orientation angle is
0◦ in the vertical plane of the PZC layer.
(4) The novel architecture of the FFRC allows one to modify
the static as well as the dynamic properties of the
laminated FFRC shells by changing the CNT volume
fraction in the FFRC, keeping the value of the carbon fiber
volume fraction constant.
Based on the above points, it may be concluded that
short CNTs can be properly incorporated to construct
nanocomposites with better elastic properties and damping
characteristics for the development of light weight smart
composite structures.

Figure 17. FRFs for transverse displacement (w) of the cantilever
antisymmetric cross-ply (0◦ /90◦ /0◦ /90◦ ) laminated shells when the
piezoelectric fibers of the PZC layer are coplanar with the xz plane
(Kd = 1500, ψ = 0◦ ).

Appendix
In equations (6) and (7), the matrices [Z1 ], [Z2 ], [Z3 ], [Z4 ],
[Z5 ] and [Z6 ] are given by

antisymmetric cross-ply laminated FFRC shells, as shown
in figure 17. It may also be noted that the performance of
the ACLD patches for control of the attenuation of vibration
of the cantilever antisymmetric cross-ply laminated FFRC
shells is significantly improved over the performance for the
symmetric cross-ply and antisymmetric angle-ply laminated
FFRC shells.

[Z1 ] = [[Z̄1 ] õ õ],

[Z2 ] = [(h/2)I [Z̄2 ] õ],

[Z3 ] = [(h/2)I hv I [Z̄3 ]],
[Z4 ] = [ [Z̄4 ] ō ō zĪ ō ō],
[Z5 ] = [(h/2R)I1 [Z̄5 ] ō (h/2)Ī (z − h/2)Ī ō],
[Z6 ] = [(h/2R)I1 (hv /R)I1 [Z̄6 ] (h/2)Ī hv I (z − hN+2 )Ī],
in which


6. Conclusions
In this paper, the damping characteristics of smart laminated
fuzzy fiber reinforced composite (FFRC) shells have been
investigated. The distinct constructional feature of the
novel FFRC is that short CNTs are radially grown on
the circumferential surfaces of the continuous carbon fiber
reinforcements. The following main conclusions are drawn
from the investigations carried out in this paper.

[Z̄1 ] =

[Z̄2 ] =

(1) Since the radially grown CNTs on the circumferential
surfaces of the carbon fibers eventually stiffen the
polymer matrix in the radial directions, the transverse
effective elastic coefficients of the resulting composite are
improved, which causes enhancement of the attenuation
of the amplitude of vibration and the natural frequencies
of the laminated FFRC shells over those of the laminated
base composite shells without CNTs.
(2) The FRFs of the symmetric cross-ply, the antisymmetric
cross-ply and the angle-ply laminated FFRC shells
indicate that the active constraining layer of the ACLD
treatment made of the vertically/obliquely reinforced PZC
significantly enhances the damping characteristics of the
laminated FFRC shells over passive damping.
(3) The performance of the ACLD patches is maximized for
control of the first two modes of the symmetric cross-ply
and antisymmetric angle-ply laminated shells when the
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The various sub-matrices Btbi , Btsi , Brbi
appearing in equation (20) are given by
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