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a b s t r a c t
A novel fuzzy carbon ﬁber heat exchanger (FFHE) is proposed in this study. The novel constructional feature of the FFHE is that the sinusoidally wavy carbon nanotubes (CNTs) are radially grown on the outer
circumferential surface of the hollow cylindrical carbon ﬁber (HCF) heat exchanger. The effective thermal
conductivities of the FFHE have been estimated by employing the method of cells (MOC) approach and
the effective medium (EM) approach. The present study reveals that if the amplitudes of the radially
grown sinusoidally wavy CNTs are parallel to the axis of the HCF then the effective axial thermal conductivity of the FFHE is signiﬁcantly improved over that of the bare HCF heat exchanger (i.e., without CNTs).
On the other hand, if the amplitudes of the radially grown wavy CNTs are transverse to the axis of the
HCF, the effective transverse thermal conductivity of the FFHE is signiﬁcantly improved over that of
the bare HCF heat exchanger. It is also found that the CNT/polymer matrix interfacial thermal resistance
does not affect the effective thermal conductivities of the FFHE. The present investigation suggests that
exploiting the waviness of radially grown CNTs on the HCF a truly multifunctional and promising heat
exchanger can be developed for advanced technological applications.
Ó 2014 Elsevier Ltd. All rights reserved.

1. Introduction
The discovery of carbon nanotubes (CNTs) [1] has stimulated a
tremendous research on the prediction of their remarkable
mechanical and thermal properties. Many research studies reported that the axial Young’s modulus of single-walled CNTs is in
the TeraPascal range [2–7]. As nanoscale graphite structures, CNTs
are of great interest not only for their mechanical properties but
also for their thermal properties. CNTs exhibit thermal properties
that are remarkably different from other known materials and
are expected to be a promising candidate in many advanced applications. Hone et al. [8] estimated the thermal conductivity of a
single-walled CNT at room temperature based on the measured
thermal conductivity of high-purity mats of tangled CNT bundles
and found that its value lies in the range of 1750–5800 W/mK.
However, due to the high thermal contact resistance between
CNTs, the experimental results obtained for single-walled CNT
mats are usually two orders of magnitude lower than for single
CNTs [8]. The thermal conductivity of a single-walled CNT was
evaluated by Yu et al. [9] using a suspended microdevice on which
a single CNT was grown by chemical vapor deposition technique.
Despite some uncertainty on the actual CNT diameter, the thermal
conductivity was evaluated to be higher than 2000 W/mK, and it
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decreases with decrease in the temperature. Li et al. [10] introduced a non-contact Raman spectra shift method to measure the
thermal conductivity of single-walled and multi-walled CNTs. In
their study, the measured values of the thermal conductivities of
the single-walled and multi-walled CNTs are 2400 W/mK and
1400 W/mK, respectively. Samani et al. [11] estimated the thermal
conductivity of individual multi-walled CNTs using a pulsed reﬂectance technique. Their study reported that the intrinsic thermal
conductivity of an individual multi-walled CNT with diameter
150 nm and length 2 lm at room temperature is 2586 W/mK.
In addition to experimental studies, theoretical thermal conductivities measurements of CNTs have also been reported. Che
et al. [12] employed molecular dynamics simulation to estimate
the thermal conductivity of a single-walled CNT and suggested that
it is dependent on the concentration of vacancies and defects in
CNTs. Their predicted value is nearly 2980 W/mK along the CNT
axis which is even higher than that of good conventional thermal
conductors such as diamond. Berber et al. [13] determined the
thermal conductivity of single-walled CNTs and its dependence
on the temperature by combining equilibrium and non-equilibrium molecular dynamics simulations. Their results indicated an
unusually high value of the thermal conductivity as 6600 W/mK
for an isolated armchair (10, 10) CNT at room temperature. Kim
et al. [14] reported that the thermal conductivity of an individual
multi-walled CNT with the diameter of 14 nm is more than
3000 W/mK at room temperature. Shelly et al. [15] performed
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Nomenclature
Abbreviations
CNT
carbon nanotube
EM
effective medium
FFHE
fuzzy carbon ﬁber heat exchanger
HCF
hollow cylindrical carbon ﬁber
MOC
method of cells
PMNC
polymer matrix nanocomposite
Notations
A
amplitude of the CNT wave [m]
ak
Kaptiza radius [m]
b
width of the cell [m]
bc
width of the subcell [m]
d, a
outer diameter and radius of the HCF in the FFHE [m]
do, ro
outer diameter and radius of the FFHE or the bare HCF
heat exchanger, respectively [m]
di, ri
inner diameter and radius of the FFHE or the bare HCF
heat exchanger, respectively [m]
dn
diameter of the CNT [m]
h
height of the representative unit cell [m]
hb
height of the subcell [m]
Ki
effective thermal conductivities of the FFHE [W/mK]
Kf
thermal conductivity of the HCF [W/mK]
Kn
thermal conductivity of the CNT [W/mK]
K nc
effective thermal conductivities of the unwound PMNC
i
lamina containing straight CNTs [W/mK]
K NC
effective thermal conductivities of the unwound PMNC
i
lamina containing wavy CNTs [W/mK]
Kp
thermal conductivity of the polymer [W/mK]
K PMNC
effective thermal conductivities of the PMNC [W/mK]
i
L
length of the FFHE [m]
l
length of the subcell [m]
LN
length of the straight CNT [m]
Ln
straight distance between the two ends of the CNT wave
[m]
Lnr
running length of the CNT wave [m]
N
number of sinusoidally CNT waves [–]

non-equilibrium molecular dynamics simulation to determine the
thermal conductivity of single-walled CNTs. Their study indicates
that the thermal conductivity of CNTs increases with the increase
in the lengths of CNTs and then stabilized for the longer ones.
Wei et al. [16] determined the thermal conductivity of singlewalled CNTs with Stone–Wales defects using non-equilibrium
molecular dynamics method. They reported that with the same radius, the thermal conductivity of an armchair CNT is higher than
that of the zig-zag CNT and the shorter CNT is more sensitive to
the defects than the longer CNT.
Both experimental measurements and theoretical calculations
agree that a CNT has higher thermal conductivity or even higher
than that of diamond. The quest for utilizing such exceptional thermal properties of CNTs created enormous interest among the
researchers for developing highly conductive two-phase CNT-reinforced nanocomposites. For example, Choi et al. [17] produced
nanotube-in-oil suspensions and measured their thermal conductivity. They compared their test results with other nanostructured
materials dispersed in ﬂuids and reported that CNTs provide the
highest thermal conductivity enhancement, opening the door to a
wide range of CNTs applications. Biercuk et al. [18] demonstrated
that CNT-reinforced polymer composites have enhanced thermal
conductivity, and CNTs are much more effective as reinforcements
than carbon ﬁber reinforcements. Bryning et al. [19] reported the
thermal conductivity measurements of the puriﬁed CNT-reinforced

(NCNT)max maximum number of radially grown aligned CNTs on
the outer circumferential surface of the HCF [–]
qi
heat ﬂux in the unwound PMNC [W/m2]
ðbcÞ
qi
average heat ﬂux in the bc-th subcell [W/m2]
Rk
interfacial thermal resistance between the CNT and the
polymer [m2K/W]
T
temperature [K]
[T],[T1],[T2] transformation matrices [–]
V
volume of the FFHE [m3]
Vi
volume of the i-th phase [m3]
(VCNT)max maximum volume fraction of the CNT in the FFHE [–]
vf
volume fraction of the HCF in the FFHE [–]
vn
volume fraction of the CNT in the PMNC [–]
vp
volume fraction of the polymer in the PMNC [–]
Vbc
volume of the bc-th subcell [m3]
h
angle between the radial axis (3’-axis) along which the
wavy CNT is grown and the 3-axis in the 2–3 plane
kn
wavelength of the CNT wave [m]
/
angle between the CNT axis at any point and the 3 or 3’axis which is varying over the linear distance between
the CNT ends
x
wave frequency of the CNT wave [m1]
Superscripts
f
carbon ﬁber
p
polymer
nc
unwound polymer matrix nanocomposite containing
straight CNTs
NC
unwound polymer matrix nanocomposite containing
wavy CNTs
PMNC
polymer Matrix Nanocomposite
Subscripts
n
CNT
p
Polymer

composites prepared by using suspensions of single-walled CNTs in
N-N-Dimethylformamide and surfactant stabilized aqueous singlewalled CNT suspensions. Thermal conductivity enhancement is observed as 80% and 8% for N-N-Dimethylformamide processed composites and surfactant processed samples, respectively, at 1 wt%
single-walled CNTs loading. The difference in the enhancement of
the thermal conductivity is attributed to a ten-fold larger CNT/matrix interfacial thermal resistance in surfactant processed composites compared to N-N-Dimethylformamide processed composites.
Haggenmueller et al. [20] investigated the thermal conductivities
of single-walled CNT/polyethylene nanocomposite in terms of single-walled CNTs loading, polyethylene crystallinity and polyethylene alignment. They reported that the thermal conductivity of
single-walled CNT/high density polyethylene is higher than that
of single-walled CNT/low density polyethylene. They attributed this
effect primarily due to the aligned polyethylene matrix which eventually reduces the interfacial thermal resistance between CNTs and
high density polyethylene. Yang et al. [21] investigated the dispersion behavior and the thermal conductivity of the CNT-reinforced
composite. Their results showed that the thermal conductivity of
the CNT-reinforced composite enhanced up to 120% with 5 wt%
CNTs loading. Edtmaier et al. [22] presented an evaluation of the
thermal conductivity and the coefﬁcient of thermal expansion as
a function of multi-walled CNTs concentration and the presence
of active elements cobalt, molybdenum or nickel in the silver

442

S.I. Kundalwal et al. / International Journal of Heat and Mass Transfer 72 (2014) 440–451

matrix in Ag-X/multi-walled CNTs composites. They reported that
these composites can have thermal conductivity up to 10% higher
than pure silver concomitant with 6% decrease in the coefﬁcient
of thermal expansion making them interesting materials for heat
sinks. Marconnet et al. [23] reported the experimental data for
the thermal conductivity of the aligned multi-walled CNTs arrays
inﬁltrated with an unmodiﬁed aerospace-grade epoxy with maximum loading of CNTs up to 20%. In their study, the axial thermal
conductivity of the aligned CNT-epoxy composite is improved by
a factor of 18.5 at 16.7% volume fraction of CNTs. Yamamoto et al.
[24] fabricated consistent CNT samples with well-controlled morphology by embedding aligned CNT polymer nanocomposites with
maximum 16% CNTs loading. They reported non-linear increasing
trend of the thermal conductivity with increasing CNT volume fraction. This newly identiﬁed trend was understood through comparison with the effective medium (EM) approach and the Monte Carlo
simulation. Harish et al. [25] experimentally measured the thermal
conductivity of ethylene glycol with single-walled CNT dispersions
and found that the effective thermal conductivity of this nanoﬂuid
increases with respect to the CNTs loading.
A simple equation has been derived by Nan et al. [26] for predicting the effective thermal conductivity of the CNT-reinforced
nanocomposite by implementing an EM approach. In particular,
their model shows that the thermal conductivity enhancement in
the nanocomposite is limited by the CNT/matrix interfacial thermal resistance. Xue [27] analytically estimated the effective thermal conductivity of CNT-reinforced composites. This study
suggests that the longer CNTs embedded in the matrix play a key
role in the thermal conductivity enhancement, while the large
CNT/matrix interfacial thermal resistance causes a signiﬁcant
degradation. The effective thermal conductivity of the twodimensional CNT-reinforced composite has been simulated by
Kumar et al. [28] to quantify the role of CNT percolation on the
thermal transport. Their model is in excellent agreement with
the two-dimensional EM theory for low CNT densities, but departs
signiﬁcantly from it when CNT–CNT interaction becomes more
pronounced. Gao et al. [29] estimated the effective thermal and
electrical conductivities of CNT composites by using EM theory.
Their analytical predictions agree reasonably well with the experimental observations. Using molecular dynamics simulations, Hu
et al. [30] demonstrated that the thermal conductivity of CNTreinforced composites is limited by the interfacial thermal
resistance, however, this limitation can be alleviated by the use
of longer CNTs. Recently, Babaei et al. [31] performed molecular
dynamics simulations to investigate the relationship between the
structure of parafﬁn in solid and liquid states and its thermal
conductivity. Their results indicate that the introducing CNTs and
graphene into long-chain parafﬁns leads to a considerable
enhancement in the thermal conductivity, not only due to the
presence of a conductive CNT, but also due to the ﬁller-induced
alignment of parafﬁn molecules. Recently, Wemhoff [32] introduced an analytical model to predict the effective thermal conductivity of a composite containing insulating matrix and percolated
networks of CNTs. This approach, though limited to straight CNT
reinforcements, provides a connection between nanoscale properties to microscale measurements in a direct analytical framework.
The literature reviewed on the two-phase CNT-reinforced nanocomposites authenticate that the dispersion of highly conductive
long CNTs into the matrix results in the enhancement of the effective thermal conductivities of the resulting nanocomposites. However, manufacturing of such two-phase nanocomposites reinforced
with long CNTs has to encounter some challenging technical issues
such as waviness, agglomeration, misalignment, adhesion of CNTs
in polymer matrix and difﬁculty in manufacturing long CNTs
[33,34]. These difﬁculties can be alleviated by using CNTs as secondary reinforcements in the three-phase hybrid CNT-reinforced

composites. In this case, CNTs are grown on the circumferential
surfaces of the advanced ﬁber reinforcements. For example, Veedu
et al. [35] fabricated the multifunctional composite in which the
vertical arrays of CNTs are grown on the circumferential surfaces
of the ﬁbers. Their study reveals that the vertical arrays of CNTs
in the thickness direction of the composite improve the multifunctional properties without compromising the in-plane properties,
and also alleviate the problem of agglomeration of CNTs. They reported that the presence of CNTs in the transverse (i.e., thickness)
direction of the composite enhance the effective thermal conductivity up to 51% compared to that of the base composite. Multifunctional properties of the hybrid composite comprised of the aligned
CNTs grown in situ on the woven ﬁbers and the thermoset polymer
matrix have been characterized by Yamamoto et al. [36] and found
that the loading of 2.2% CNT volume fraction in the hybrid composite enhances its effective thermal conductivity by two times over
that of the base composite. Chen et al. [37] augmented the carbon/carbon composite by growing CNTs on the circumferential
surface of the carbon ﬁber. The thermal conductivity of this composite becomes greater than that of the composite without CNTs.
Such a ﬁber augmented with radially grown CNTs on its circumferential surface is being called as ‘‘fuzzy ﬁber’’ [36] and the resulting
composite is called as fuzzy ﬁber reinforced composite (FFRC)
[36,38,39]. Recently, Kundalwal and Ray [40] predicted that the
transverse effective thermal conductivities of the FFRC are signiﬁcantly enhanced over their values without CNTs.
Heat dissipating systems such as microelectronics, transportation, heat exchangers etc. require an efﬁcient heat removal capacity
to avoid possible damage due to thermal stresses. The conventional
method for increasing heat dissipation is to increase the surface area
available for exchanging heat with a heat transfer ﬂuid. However,
this approach requires an undesirable increase in the size of the thermal management [41]. There is therefore an urgent need for the
development of novel advanced structures with better heat transfer
performance. Thus the current status of progress in research on CNTreinforced composites brings to light that the three-phase hybrid
CNT-reinforced composite can be the promising candidate material
for achieving better thermal management beneﬁts from the highly
conductive CNTs. To fulﬁll the demand of better heat dissipating systems, a novel fuzzy carbon ﬁber heat exchanger (FFHE) composed of
highly conductive CNTs is proposed in this study. A novel constructional feature of the FFHE is that CNTs are radially grown on the outer
circumferential surface of the hollow cylindrical carbon ﬁber (HCF)
heat exchanger. Analytical models based on the method of cells
(MOC) approach and the EM approach have been derived for predicting the effective thermal conductivities of this proposed FFHE.
Authors also intend to investigate the effects of waviness of CNTs
and CNT/polymer matrix interfacial thermal resistance on the heat
transfer performance of the FFHE.

2. Architecture of a novel FFHE
The schematic diagram illustrated in Fig. 1 represents a novel
FFHE being studied here. The novel constructional feature of the
FFHE is that the wavy CNTs are radially grown on the outer circumferential surface of the HCF. The radially grown wavy CNTs reinforce the polymer matrix surrounding the HCF along the
direction transverse to the length of the HCF. Thus the combination
of the HCF with the CNTs and the polymer matrix can be viewed as
a circular cylindrical composite FFHE in which the HCF is embedded in the CNT-reinforced polymer matrix nanocomposite (PMNC).
The orientation of the plane of the wavy CNTs radially grown on
the circumferential surface of the HCF is an important issue because the planer orientations of the wavy CNTs may inﬂuence
the heat transfer performance of the FFHE, and hence this issue
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Fig. 1. Schematic diagram of a novel FFHE.

needs to be carefully addressed. Two possible planar orientations
of the wavy CNTs are considered in the present study i.e., the wavy
CNTs are coplanar with either the longitudinal plane (i.e., 1–3 or
1’–3’ plane) or the transverse plane (i.e., 2–3 or 2’–3’) of the HCF
as shown in Fig. 2(a) and (b), respectively. In case of the wavy CNTs
being coplanar with the 1–3 (1’–3’) plane, the amplitudes of the
CNT waves are parallel to the axis of the HCF (i.e., 1-direction)
while the amplitudes of the wavy CNTs being coplanar with the
2–3 (2’–3’) plane are transverse to the axis of the HCF.
2.1. Models of the wavy CNTs
Carbon nanotubes embedded in nanocomposites are not
straight but rather have certain degree of curvature or waviness

that arises from their high aspect ratio, low bending stiffness and
processing induced effects [34]. Scanning electron microscopy
images analyzed by Zhang et al. [42] and Yamamoto et al. [43]
are shown in Fig. 3 (a) and (b), respectively, which clearly demonstrate that CNTs are highly curved when dispersed in the polymer
matrix. The waviness of CNTs plays a key role in the thermomechanical behavior of CNT-reinforced composites [43–47]. Hence,
the waviness of CNTs may also affect the effective thermal conductivities of the FFHE. Therefore, in the present study an attempt has
also been made to investigate the effect of waviness of CNTs on the
thermal conductivities of the FFHE. Following the previous research [44–47], the CNT wave is assumed to have the sinusoidal
shape. The FFHE can be viewed to be formed by wrapping the
HCF with the unwound lamina of the PMNC. The representative
volume element of the unwound PMNC material containing a wavy
CNT has been illustrated in Fig. 4. As shown in Fig. 4, the representative volume element is divided into inﬁnitesimally thin slices of
thickness dy. Averaging the effective thermal conductivities of
these slices over the length (Ln) of the representative volume element, the homogenized effective thermal conductivities of the unwound PMNC material can be estimated. Each slice can be treated
as an off-axis unidirectional lamina and its thermal conductivities
can be determined by transforming the thermal conductivities.
Now, the CNT wave is deﬁned by

x ¼ A sinðxyÞ or z ¼ A sinðxyÞ;

x ¼ Np=Ln

ð1Þ

according as the CNT wave is coplanar with the 1–3 (1’–3’) plane or
the 2–3 (2’–3’) plane, respectively. In Eq. (1), A and Ln are the amplitude of the CNT wave and the linear distance between the CNT ends,
respectively, and N represents the number of the CNT waves. The
running length of the CNT (Lnr) can be expressed in the following
form:

Lnr ¼

Z

Ln

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ A2 x2 cos2 ðxyÞ dy

0

(a) Cross sections of the FFHE containing wavy CNTs being coplanar with the 1–3 plane

(b) Cross sections of the FFHEcontaining wavy CNTs being coplanar with the 2–3 plane
Fig. 2. Transverse and longitudinal cross sections of the FFHE in which wavy CNTs are coplanar with either the 1–3 (1’–3’) or the 2–3 (2’–3’) plane.

ð2Þ
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Fig. 3. (a) Scanning electron microscopy image of vertically aligned curved CNTs (adapted with permission from Zhang et al. [42]). (b) scanning electron microscopy image of
aligned CNTs grown on the alumina ﬁber (adapted with permission from Yamamoto et al. [43]).

Fig. 4. Representative volume element of the unwound PMNC material containing a wavy CNT is coplanar with either the longitudinal plane (i.e., 1–3 or 1’–3’ plane) or the
transverse plane (i.e., 2–3 or 2’–3’) of the HCF.

in which the angle / shown in Fig. 4 is given by

tan / ¼ dx=dy ¼ Ax cosðxyÞ or tan / ¼ dz=dy ¼ Ax cosðxyÞ

ð3Þ

according as the wavy CNT is coplanar with the 1–3 (1’–3’) or the 2–
3 (2’–3’) plane, respectively. Note that for a particular value of x,
the value of / varies with the amplitude of the CNT wave.
3. Effective thermal conductivities of a novel FFHE containing
wavy CNTs
This section deals with the procedures of employing two approaches, namely, the MOC approach and the EM approach to predict the effective thermal conductivities of the FFHE containing
wavy CNTs. Since the matrix phase of the FFHE is made of the
PMNC, the analytical procedure for estimating the effective thermal conductivities of the FFHE starts with the estimation of the
effective thermal conductivities of the PMNC material. Subsequently, considering the PMNC material as the matrix phase and
the HCF as the reinforcement, the effective thermal conductivities
of the FFHE are to be computed. Fig. 5 demonstrates the various
steps involved in the estimation of the effective thermal conductivities of the FFHE and are also outlined as follows:
 First, the effective thermal conductivities of the PMNC are to be
determined by using either the MOC approach (Rk = 0) or the
EM approach (Rk – 0) where Rk is the CNT/polymer matrix
interfacial thermal resistance.

Fig. 5. Modeling steps of a novel FFHE (EM: effective medium; MOC: method of
cells; HCF: hollow cylindrical carbon ﬁber; PMNC: polymer matrix nanocomposite;
FFHE: fuzzy carbon ﬁber heat exchanger).

 Utilizing the thermal conductivities of the PMNC material and
the HCF, the effective thermal conductivities of the FFHE can
be determined by using the MOC approach.
It is well known fact that the aligned reinforcements in the
matrix results in the orthotropic thermal conductivities of the
resulting composite. The PMNC and the FFHE being studied here
are made of the aligned CNT reinforcements and the aligned HCF
reinforcement, respectively. The MOC approach is an efﬁcient
analytical model to predict the effective orthotropic thermal conductivities of the aligned ﬁber reinforced composites considering
orthotropic constituents. On the other hand, an EM approach pre-
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dicts the effective orthotropic thermal conductivities of the
aligned ﬁber reinforced composites considering isotropic constituents only. Hence, the MOC approach has been utilized in the
second stage of the FFHE modeling since the PMNC material is
transversely isotropic.
Randomly dispersed CNTs in the matrix may form a percolating
network even at low volume fraction due to their high aspect ratio
and CNT–CNT contact. In the present study, short CNTs are considered to be perfectly aligned in the polymer matrix and the gaps between the adjacent CNTs are ﬁlled up with the polymer. Many
researchers [23,24,35,36,43] fabricated such aligned CNT nanocomposite ﬁlms for a wide range of CNT volume fractions with
thickness more than 20 lm using well controlled growth morphology. Hence, it is reasonable to assume that the CNT–CNT contact is
not present in the PMNC material. Therefore, the role of percolation
in estimating the effective thermal conductivities of the FFHE is neglected in the present study.

3.1. Method of cells (MOC) approach
This section presents the development of a micromechanics
model based on the MOC approach to estimate the effective thermal conductivities of the PMNC and the FFHE. It may be noted
that the effective thermal conductivities at any point of any slice
of the unwound PMNC lamina containing sinusoidally wavy CNTs
where the CNT axis makes an angle / with the radial direction (3
or 3’) can be approximated by transforming the effective thermal
conductivities of the unwound PMNC lamina containing straight
CNTs. Hence, the development of the MOC approach for predicting the effective thermal conductivities of the unwound PMNC
lamina with straight CNTs will be presented ﬁrst. The MOC approach by Aboudi et al. [48] can be modiﬁed to predict the effective thermal conductivities of the unwound PMNC material with
straight CNTs. From the constructional feature of the FFHE, it
may be viewed that the HCF is wrapped by a lamina of the PMNC
material. Such an unwound PMNC lamina is reinforced by the
wavy CNTs along its thickness direction (i.e., along the 3-direction) as shown in Fig. 6. Assuming that CNTs are equivalent solid
ﬁbers [17,18,20,44–47], uniformly spaced in the polymer matrix
and are aligned along the x3-axis, the unwound PMNC can be
viewed to be composed of cells forming doubly periodic arrays
along the x1- and x2-directions. Fig. 7 shows a repeating unit cell
with four subcells. Each rectangular subcell is labeled by b c, with
b and c denoting the location of the subcell along the x1-and
x2-directions, respectively. The subcell can be either a CNT or
the polymer matrix. Let four local coordinate systems

Fig. 7. Repeating unit cell of the unwound PMNC material with four subcells (b,
c = 1, 2).
ðbÞ

ðcÞ

ðx1 ; x2 and x3 Þ be introduced, all of which have origins that are
located at the centroid of each cell. In accordance with the MOC
approach, the deviation of the temperature from a reference temperature TR (at which the material is stress free when its strain is
zero), DH(bc), is expanded in the following form:
ðbcÞ
ðcÞ ðbcÞ
DHð bcÞ ¼ DT þ xðbÞ
þ x2 n 2
1 n1
ðbcÞ
n1

ð4Þ

ðbcÞ
n2

where
and
characterize the linear dependence of the temperature on the local coordinates. The volume (Vbc) of each subcell is

V bc ¼ h b b c l

ð5Þ

where hb, bc and l denote the height, the width and the length of the
subcell, respectively, while the volume (V) of the representative
unit cell is

V ¼ bhl

ð6Þ

The continuity conditions of the temperature at the interfaces of the
subcells on an average basis lead to the following relations
ð1cÞ

þ h2 n 1

ðb1Þ

þ b2 n2

h1 n 1
b1 n2

ð2cÞ

ðb2Þ

@T
@x1
@T
¼ ðb1 þ b2 Þ
@x2
¼ ðh1 þ h2 Þ

ð7Þ

For the average heat ﬂux in the subcell, it can be written that
ðbcÞ

q1

ðbcÞ

¼ K 1

@T
;
@x1

ðbcÞ

q2

ðbcÞ

¼ K 2

@T
ðbcÞ
ðbcÞ @T
and q3 ¼ K 3
@x2
@x3

ð8Þ

ðbcÞ

where K i denote the thermal conductivity coefﬁcients of the subcell. The average heat ﬂux in the unwound PMNC material is determined from the following relation:

qi ¼

2
1X
iðbcÞ
V bc q
V b;c¼1

ð9Þ

The continuity conditions of the heat ﬂux at the interfaces of the
subcells yield
cÞ
cÞ
ð1
ð2
q
¼q
1
1 ;

2ðb1Þ ¼ q
ðb2Þ
q
2

ð10Þ

The average heat ﬂux components are related to the temperature
gradients by the effective thermal conductivity coefﬁcients ðK nc
i Þ

1 ¼ K nc
q
1

@T
;
@x1

2 ¼ K nc
q
2

@T
@T
3 ¼ K nc
and q
3
@x2
@x3
ðbcÞ

Fig. 6. Transverse cross sections of a novel FFHE containing wavy CNTs being
coplanar with the 2–3 plane.

ðbcÞ

ð11Þ

By eliminating the microvariables n1 and xi2 , and using the continuity conditions, the effective thermal conductivities of the unidirectional unwound PMNC lamina are given by [48]
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K p fK n ½hðV 11 þ V 21 Þ þ h2 ðV 12 þ V 22 Þ þ K p h1 ðV 12 þ V 22 Þg
;
hblðK p h1 þ K n h2 Þ
K p fK n ½bðV 11 þ V 21 Þ þ b2 ðV 12 þ V 22 Þ þ K p b1 ðV 12 þ V 22 Þg
and
K nc
2 ¼
hblðK p b1 þ K n b2 Þ
K n V 11 þ K p ðV 12 þ V 21 þ V 22 Þ
ð12Þ
K nc
3 ¼
hbl

K nc
1 ¼

In Eq. (12), the superscripts nc, n and p represent the unwound
PMNC material with straight CNTs, the CNT ﬁber and the monolithic
polymer matrix, respectively. The effective thermal conductivity
matrix for the unwound PMNC lamina [Knc] can be expressed as
follows:

2

K nc
1

0

6
½K  ¼ 4 0
0
nc

0

K nc
2
0

3

½K PMNC  ¼

7
0 5
K nc
1

ð13Þ
ðK nc
i Þ

The effective thermal conductivities
at any point in the unwound PMNC lamina with wavy CNTs where the tangent to the
CNT is inclined at an angle / with the 3 (3’)-axis can be derived
in a straight forward manner by employing the appropriate transformation law as follows [49]:

½K NC  ¼ ½T 1 1 ½K nc ½T 1 1 and ½K NC  ¼ ½T 2 1 ½K nc ½T 2 1

ð14Þ

according as the wavy CNT is coplanar with the 1–3 (1’–3’) or the 2–
3 (2’–3’) plane, respectively, and the corresponding transformation
matrices are given by

2
6
½T 1  ¼ 4

2
3
1
0
0
7
6
7
0
1
0 5 and ½T 2  ¼ 4 0 cos / sin / 5
0  sin / cos /
 sin / 0 cos /
cos /

0

sin /

3

in which

cos / ¼ ½1 þ fnp=Ln cosðnpy=Ln Þg2 

1=2

and sin /

¼ np=Ln cosðnpy=Ln Þ½1 þ fnpA=Ln cosðnpy=Ln Þg2 

1=2

It is now obvious that the effective thermal conductivities of the unwound PMNC lamina containing wavy CNTs vary along the length
of the CNT as the value of / vary over the length of the CNT. The
average effective thermal conductivity matrix [KNC] of the lamina
of such unwound PMNC material containing wavy CNTs can be obtained by averaging the transformed thermal conductivity coefﬁcients over the linear distance between the CNT ends as follows
[50]:



 1
K NC ¼
Ln

Z

Ln

h

i
K NC dy

ð15Þ

½K PMNC  ¼ ½T1 ½K NC ½T1

ð16Þ

in which

1

6
½T ¼ 4 0

0
cos h

0

3

7
sin h 5

0  sin h cos h

1
pðr2o  a2 Þ

Z

L=2

L=2

Z 2p Z
0

ro

½K PMNC r dr dh dx

ð17Þ

a

where, a and ro denote the outer radii of the HCF and the FFHE,
respectively. It may be mentioned here that if the CNT volume fraction is homogenized in the annular portion of the RVE of the PMNC,
the homogenized effective thermal conductivities of the PMNC will
not be radially dependent and the same has been proved in Appendix A. Recently, Chatzigeorgiou et al. [39] determined the elastic
properties of the CNT-reinforced nanocomposite with and without
considering the radial dependency of the elastic properties of the
nanocomposite. Then this homogenized nanocomposite is introduced in the actual ‘‘fuzzy ﬁber’’ composite. In their study, a good
agreement between the two sets of results (with and without considering the radial dependency of the elastic properties of the nanocomposite) predicting the effective elastic properties of the fuzzy
ﬁber composites has been found.
It is worthwhile to note that the thermal conductivity matrix of
the homogenized PMNC [KPMNC] is transversely isotropic and its
axis of transverse isotropy is the 1- or the x1-axis. In order to model
the FFHE by the MOC approach, the FFHE is considered to be composed of cells periodically arranged along the x2- and x3-directions
while each cell consists of bc number of subcells as shown in Fig. 7.
In this case, each representative unit cell represents the FFHE and
the subcell is composed of either the HCF or the PMNC. Now, considering the HCF as the ﬁber reinforcement and the PMNC as the
matrix phase with its thermal conductivities given by Eq. (17),
the model by the MOC approach as derived above for the PMNC
material can be augmented to estimate the effective thermal conductivities of the FFHE material and are given by
K1 ¼
K2 ¼

0

It may also be noted that when the HCF is viewed to be wrapped by
such unwound lamina of the PMNC, the matrix ½K NC  provides the
effective conductivities at a point located in the PMNC where the
CNT axis (3’-axis) is oriented at an angle h with the 3-axis in the
2–3 plane as shown in Figs. 2 and 6. Hence, at any point in the
PMNC surrounding the HCF, the effective thermal conductivity matrix ½K PMNC  of the PMNC with respect to the 1–2–3 coordinate system turns out to be location dependent and can be determined by
the following transformations [49]:

2

From Eq. (16) it is obvious that the effective thermal conductivities
at any point of the PMNC surrounding the HCF with respect to the
principle material coordinate (1–2–3) axes of the FFHE vary over an
annular cross section of the PMNC phase. A simple homogenization
process can be carried out on the representative volume element of
an annular cross section of the PMNC phase to compute its effective
properties [49,51]. Thus without loss of generality, it may be considered that the volume average of these effective thermal conductivities over the volume of the PMNC can be treated as the constant
effective thermal conductivities of the PMNC material surrounding
the HCF with respect to the 1–2–3 coordinate axes of the FFHE and
are given by [51]:

K3 ¼

K f V 11 þ K PMNC
ðV 12 þ V 21 þ V 22 Þ
1
;
hbl
K PMNC
fK f ½hðV 11 þ V 21 Þ þ h2 ðV 12 þ V 22 Þ þ K PMNC
h1 ðV 12 þ V 22 Þg
2
2
h1 þ K f h2 Þ
hblðK PMNC
2
K PMNC
fK f ½bðV 11 þ V 21 Þ þ b2 ðV 12 þ V 22 Þ þ K PMNC
b1 ðV 12 þ V 22 Þg
3
2
hblðK PMNC
b1 þ K f b2 Þ
2

and

ð18Þ

3.2. Effective medium (EM) approach
In the literature, the EM approach has been reported to be the
efﬁcient analytical model for predicting the effective thermal conductivities of the aligned ﬁber reinforced composites [23,24,26].
The results predicted by the EM approach are also found to be in
good agreement with those of the experimental results with small
volume fraction of CNTs (2%–16%) [20,23,24,27,29]. Hence, the EM
approach has been utilized to estimate the effective thermal conductivities of the PMNC incorporating the CNT/polymer matrix
interfacial thermal resistance. Assuming CNTs as solid ﬁbers
[17,18,20,44–47], the EM approach by Nan et al. [52] can be augmented to predict the effective thermal conductivities ðK nc
i Þ of
the unwound PMNC material with straight CNT and are given by
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nc
p
K nc
1 ¼ K2 ¼ K

K n ð1 þ aÞ þ K p þ v n ½K n ð1  aÞ  K p 
K n ð1 þ aÞ þ K p  v n ½K n ð1  aÞ  K p 

n
p
K nc
3 ¼ v nK þ v pK

ð19Þ
ð20Þ

In Eq. (19), a dimensionless parameter a = 2ak/dn in which the interfacial thermal property is concentrated on a surface of zero thickness and characterized by Kaptiza radius, ak = RkKp where dn and
Rk represent the diameter of the CNT and the CNT/polymer matrix
interfacial thermal resistance, respectively. In Eqs. (19) and (20),
vn and vp represent the volume fractions of the CNT ﬁber and the
monolithic polymer material, respectively, present in the representative volume element of the PMNC. Once [Knc] is computed, Eqs.
(14)–(17) are used to estimate the effective thermal conductivities
of the PMNC material surrounding the HCF. Next, utilizing the
transversely isotropic thermal conductivities of the PMNC as the
matrix phase and the HCF being aligned along the 1-direction as
the reinforcement, the MOC approach is suitably augmented to
compute the effective thermal conductivities of the FFHE.
4. Results and discussion

CNT/matrix interfacial thermal resistance on the thermal conductivities of the FFHE will be investigated. These comparisons also reveal that the thermal conductivities predicted by the EM approach
agree with those predicted by the MOC approach. This is attributed
to the fact that CNTs are considered to be perfectly aligned in the
PMNC (i.e., alignment factor = 1) and the value of the CNT/polymer
matrix interfacial thermal resistance is negligible. Thus it can be inferred from the comparisons shown in Fig. 8 (a) and (b) that the
MOC and the EM approaches can be reasonably applied to predict
the thermal conductivities of the PMNC and FFHE.

4.2. Analytical modeling results
To present the numerical results, the thermal conductivities of
the armchair (10, 10) CNT and the polymer matrix are considered
to be temperature dependent, and the thermal conductivity of the
HCF is taken as 35.1 W/mK (Torayca-T800H) [58]. The thermal conductivities of the armchair (10, 10) CNT and the polymer are taken
as 3.8  104 W/mK–3.1  103 W/mK [13] and 0.16 W/mK–
0.205 W/mK [59], respectively, for the temperature range 100–

In this section, the predictions by the MOC and the EM approaches are ﬁrst compared with those of the experimental results.
Subsequently, the effective thermal conductivities of the FFHE
have been determined by utilizing the MOC approach in conjunction with the EM approach.

7
6

2
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4.1. Comparisons with the experimental results
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The predictions by the MOC and the EM approaches derived in
the present study are ﬁrst compared with the experimental results
estimated by Marconnet et al. [23]. Marconnet et al. [23] fabricated
the aligned CNT-polymer nanocomposites consisting of multiwalled CNTs arrays inﬁltrated with an aerospace-grade thermoset
epoxy. In their study, the axial and transverse thermal conductivities of the aligned CNT-polymer nanocomposites are found to be in
good agreement with those of the values estimated by using the
EM approach. For the purpose of comparison, the values of the
thermal conductivities of the multi-walled CNT and the polymer
matrix are taken as Kn = 22.1 W/mK and Kp = 0.26 W/mK, respectively, as considered by Marconnet et al. [23]. The comparisons
of the axial (KA) and the transverse (KT) thermal conductivities of
the aligned CNT-polymer nanocomposites estimated by the MOC
and the EM approaches with those of the experimental results
are illustrated in Figs. 8 (a) and (b), respectively. In these ﬁgures,
dotted blue line represents best ﬁts obtained from the EM approach for the experimental results considering an alignment factor of CNTs as 0.77 [23]. Fig. 8 (a) reveals that the axial thermal
conductivity (KA) of the aligned CNT-polymer nanocomposites predicted by the MOC and the EM approaches overestimate the values
of KA by 21% and 23% when the values of the CNT volume fractions are 0.07 and 0.16, respectively. On the other hand, the MOC
and the EM approaches underestimate the values of KT by 40%
and 58% when the values of the CNT volume fractions are 0.07
and 0.16, respectively. These differences between the results are
attributed to the fact that the perfect alignments of CNTs (i.e.,
alignment factor = 1) are considered while computing the results
by the MOC and the EM approaches whereas the value of the alignment factor is 0.77 in Ref. [23]. Other possible reasons for the disparity between the analytical and the experimental results may be
due to the CNT/matrix interfacial thermal resistance
[23,24,26,27,36], lattice defects within CNTs [53], modiﬁcation of
the phonon conduction within CNTs due to interactions with the
matrix [54,55] and the formation of voids in CNT-reinforced composite [56,57]. However, in the present study, only the effect of the

-9

EM Approach, Rk = 1× 10 m K/W, AF = 0.77

-9

2

Ref. [23]: EMA, Rk < 1 × 10 m K/W
Ref. [23]: Experimental Data, AF = 0.77
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Fig. 8. Comparisons of the effective (a) axial (KA) and (b) transverse (KT) thermal
conductivities of the aligned CNT-polymer nanocomposite estimated by the MOC
and the EM approaches with those of the experimental data [23]: the brown
triangles represent the experimental data for the thermal conductivities; the dotted
blue line represents best ﬁts obtained from the EM approach for the experimental
results considering an alignment factor (AF) of CNTs as 0.77 observed from the
scanning electron microscopy; the solid blue line and the brown cross signs
represent the thermal conductivities predicted by the EM and the MOC approaches,
respectively, when the value of alignment factor for the reinforced CNTs is 1.(For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)
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ω
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ð21Þ

K1 (W/mK)

400 K. The relationships between the thermal conductivities of the
CNT and the polymer with that of the temperature are given by
[13,59]:

V FFHE

¼

2

2

ðdo  di Þðdn þ 1:7Þ

2

ð23Þ

The diameter of the armchair (10, 10) CNT is considered as
dn = 1.36 nm [4] to evaluate the numerical results. The derivation
of Eq. (23) has been presented in Appendix B. First, the effective
thermal conductivities of the PMNC material surrounding the HCF
are computed by utilizing the models developed in Section 3. Unless
otherwise mentioned, the effective thermal conductivities of the
PMNC are computed by employing the MOC approach considering
the perfect CNT/polymer matrix interface without any interfacial
thermal resistance (i.e., Rk = 0). However, for the sake of brevity,
the effective thermal conductivities of the PMNC are not presented
here.
The effect of waviness of CNTs on the effective thermal conductivities of the FFHE is investigated when the wavy CNTs are coplanar with either of the two mutually orthogonal planes. For such
investigation, the variations of the amplitudes of the CNT waves
are considered for the two particular values of x (16p/Ln and
32p/Ln) when the values of the diameter of the HCF (d) in the FFHE
is 60 lm and the temperature is 300 K. The degree of waviness of
the CNT is deﬁned by the waviness factor (A/Ln). It should be noted
that for the straight CNT, the value of A/Ln is zero. The maximum
amplitude (A) for the armchair (10, 10) CNT is considered as
A = 50dn which yields the upper limit for the value of A/Ln as
0.0034. Figs. 9 and 10 illustrate the variation of the axial (K1) and
transverse (K2) thermal conductivities of the FFHE, respectively.
It may be observed from Fig. 9 that the effective values of K1 of
the FFHE are not affected by the variations of the amplitude of
the wavy CNTs in the 2–3 plane. On the other hand, the effective
values of K1 are signiﬁcantly improved with the increase in the values of A/Ln and x if the wavy CNTs are coplanar with the 1–3 plane.
When a wavy CNT is coplanar with the 1–3 (1’–3’) plane, the
amplitude of the CNT wave becomes parallel to the 1-axis. This results into the aligning of the projections of parts of the wavy CNT
length with the 1-axis causing increase in the axial thermal conductivity of the PMNC along the 1-axis which in turn improves
the effective axial thermal conductivity of the FFHE. The more is
the value of x, the more will be such projections and hence, the axial thermal conductivity of the FFHE increases with the increase in
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Fig. 9. Variation of the effective axial thermal conductivity (K1) of the FFHE with the
waviness factor (T = 300 K and Rk = 0).
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For comparison purpose, the values of the inner (di) and outer (do)
diameters of the bare HCF (without CNTs) heat exchanger and the
FFHE are kept constant to 50 lm and 100 lm, respectively. It is
obvious that the constructional feature of the FFHE imposes a constraint on the maximum value of the CNT volume fraction. The
maximum value of the CNT volume fraction in the FFHE can be
determined based on the surface to surface distance at the roots
of two adjacent CNTs as 1.7 nm [40], the CNT diameter (dn), the running length of the sinusoidally wavy CNT (Lnr) and the outer diameter of the HCF (d) as follows:

ðV CNT Þmax ¼

5

ð22Þ

pd2n dLnr
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Fig. 10. Variation of the effective transverse thermal conductivity (K2) of the FFHE
with the waviness factor (T = 300 K and Rk = 0).

the value of x. Fig. 10 depicts that the effective values of K2 are signiﬁcantly improved when the wavy CNTs are coplanar with the 2–
3 plane. This is attributed to the fact that the aligning of the projections of parts of the wavy CNT length with the transverse plane of
the HCF causes improvement of the transverse thermal conductivity of the PMNC. When compared with the results without CNTs
(i.e., bare HCF), it is observed that almost 660% enhancement in
the value of K2 occurs when the radially aligned CNTs are straight
(x = 0) and the value of VCNT = 0.0993 whereas 679% enhancement
in the value of K2 is observed if the values of x, A/Ln and VCNT are
32p/Ln, 0.0034 and 0.1021, respectively, when the wavy CNTs are
coplanar with the 2–3 plane. It may also be observed that the values of K2 are decreased with the increase in the values of x and A/
Ln when the wavy CNTs are coplanar with the 1–3 plane. Although
not presented here, the computed effective values of K3 are found
to match identically with those of K2 corroborating the fact that the
FFHE is transversely isotropic about the 1-axis.
So far the effective thermal conductivities of the FFHE have
been estimated considering the perfect CNT/polymer matrix interface without any interfacial thermal resistance (Rk = 0). However,
the CNT/polymer matrix interfacial thermal resistance may affect
the heat transfer performance of the FFHE. Researchers reported
that the magnitude of Rk between nanoparticles/CNTs and different
matrices ranges from 0.77  108 W/mK to 20  108 m2K/W
[19,60,61]. To analyze the effect of the CNT/polymer matrix inter-
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Fig. 11. Variation of the transverse thermal conductivity (K2) of the FFHE for the
different values of Rk when the wavy CNTs are coplanar with the 2–3 (2’–3’) plane
(x = 32p/Ln).

facial thermal resistance on the effective thermal conductivities of
the FFHE, the EM approach incorporating such CNT/polymer matrix interfacial thermal resistance has been utilized and the values
of Rk are varied from 0 to 20  108 m2K/W when the value of d is
60 lm for estimating the thermal conductivities of the PMNC.
Fig. 11 illustrates the variation of the effective transverse thermal
conductivity (K2) of the FFHE incorporating the CNT/polymer matrix interfacial thermal resistance. It is observed from this ﬁgure
that the values of K2 are independent of the values of Rk. Although
not presented here, the same is found to be true in case of wavy
CNTs being coplanar with the 1–3 (1’–3’) plane and the values of
K1 and K3 are also found to be independent of the values of Rk.
The effects of the variations of the plane of the wavy CNTs, the
CNT wave frequency (x) and the temperature on the effective thermal conductivities of the FFHE for a ﬁxed value of the CNT volume
fraction would be an important study. As shown in Fig. 4, the
straight CNT in the RVE of the PMNC is replaced with the wavy
CNT in such a way that the CNT volume fraction in the FFHE remains same i.e., the running length of the wavy CNT (Lnr) is kept
equal to the length of the straight CNT (LN). The values of A, x
and Rk are considered as 50dn, 32p/Ln and 20  108 m2K/W,
respectively. Figs. 12 and 13 illustrate the variations of the effective
values of K1 and K2 of the FFHE with the temperature, respectively.
It may be observed from Fig. 12 that at low temperature if the
wavy CNTs are coplanar with the 1–3 plane then the effective values of K1 are signiﬁcantly improved over those of the FFHE containing either the straight CNTs or the wavy CNTs being coplanar with
the 2–3 plane for a particular value of the CNT volume fraction. If
the temperature increases, such enhancement decreases. It may
also be observed from Fig. 12 that the wavy CNTs being coplanar
with the 2–3 plane do not inﬂuence the effective values of K1 compared to those of the FFHE composed of straight CNTs. Fig. 13 reveals that the value of K2 is independent of the plane of the
wavy CNTs and the value of x for a ﬁxed value of the CNT volume
fraction. Fig. 13 also illustrates that the value of K2 decreases with
the increase in the temperature irrespective of the plane of the
wavy CNTs and the value of x for a ﬁxed value of the CNT volume
fraction. This is attributed to the fact that the thermal conductivity
(Kn) of the armchair (10, 10) CNT decreases with the increase in the
temperature which eventually lowers the effective values of the
thermal conductivities of the PMNC. But it may also be importantly
observed from Fig. 13 that when the value of d is 60 lm and the
corresponding value of the CNT volume fraction in the FFHE is
0.1, almost 650% and 300% enhancements are achieved in the values of K2 of the FFHE over those of the bare HCF (i.e., without CNTs)
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Fig. 12. Variation of the axial thermal conductivity (K1) of the FFHE for the different
values of temperature (Rk = 20  108 m2K/W).
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Fig. 13. Variation of the transverse thermal conductivity (K2) of the FFHE for the
different values of temperature (Rk = 20  108 m2K/W).

heat exchanger while the values of the temperature are 300 K and
400 K, respectively, irrespective of the plane of waviness of the
radially grown wavy CNTs and the value of x.
5. Conclusions
A novel fuzzy carbon ﬁber heat exchanger (FFHE) is proposed in
this study which is comprised of the CNTs, the polymer matrix and
the hollow cylindrical carbon ﬁber (HCF). The constructional feature of this novel FFHE is that CNTs are radially grown on the outer
circumferential surface of the HCF. The effective thermal conductivities of the FFHE are estimated by employing the MOC approach
in conjunction with the EM approach. The following main inferences are drawn from the present study:
1. For a ﬁxed value of the CNT volume fraction, if the amplitudes
of radially grown wavy CNTs are parallel to the axis of the
HCF, the effective axial thermal conductivity of the FFHE is signiﬁcantly improved over that of the FFHE composed of either
radially grown straight CNTs or radially grown wavy CNTs being
coplanar with the 2–3 plane. On the other hand, the effective
transverse thermal conductivity of the FFHE is independent of
the plane of the radially grown wavy CNTs and the value of
CNT wave frequency for a ﬁxed CNT volume fraction.
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2. For a particular value of the CNT wave frequency, the effective
axial thermal conductivity of the FFHE increases with the
increase in the value of the waviness factor if the amplitude
of the CNT wave is parallel to the axis of the HCF while the
effective transverse thermal conductivity decreases. On the
other hand, for a particular value of the CNT wave frequency,
the effective transverse thermal conductivity of the FFHE
increases with the increase in the value of the waviness factor
if the amplitude of the CNT wave is transverse to the axis of
the HCF while the effective axial thermal conductivity
decreases.
3. The effective axial thermal conductivity of the FFHE containing
wavy CNTs being coplanar with the axis of the HCF decreases
with the increase in the temperature while the effective transverse thermal conductivity of the FFHE deceases with the same
irrespective of the plane of the wavy CNTs and the value of CNT
wave frequency.
4. CNT/polymer matrix interfacial thermal resistance does not
affect the effective thermal conductivities of the FFHE.
Since the effective thermal conductivities of the FFHE containing radially grown wavy CNTs are signiﬁcantly enhanced, the FFHE
will have better heat transfer performance characteristics compared to that of the conventional hollow carbon ﬁber heat exchanger. Also, it may be noted from the present investigation that for a
ﬁxed size of the FFHE, the CNT volume fraction can be increased if
the waviness of CNTs is properly exploited which results in the
enhancement of the effective thermal conductivities. Hence, such
novel FFHE can be efﬁciently used in advanced technological applications which require stringent constraint on the dimensional stability with better heat transfer characteristics.
Appendix A

vn ¼

1
pðr2o  a2 ÞL=N

p d 2 Dr

2

2

d DrN dn N
4 n
¼
 n
¼
2
2
p½ðr þ DrÞ  r L=N 8rDrL 8rL

ðA1Þ

where L is the axial length of the RVE, dn is the CNT diameter and N
is the number of CNTs grown on the circumferential surface of the

Z

ro

a

2

2

dn N
Ndn
rhdrL ¼
8rL
4ðr o þ aÞL

ðA2Þ

It is evident from Eq. (A2)that vn is independent of the radial coordinate and equal to the ratio between the volume of the CNT and
the volume of the RVE.
Appendix B
Referring to Fig. 2, the volumes of the HCF (Vf), the PMNC
(VPMNC) and the FFHE (VFFHE) are given by

Vf ¼

p
4

2

2

ðd  di ÞL

V PMNC ¼
V FFHE ¼

p
4

p
4

2

ðB1Þ
2

ðdo  d ÞL
2

ðB2Þ

2

ðdo  di ÞL

ðB3Þ

Using Eqs. (B1) and (B3), the volume fraction of the HCF (vf) in the
FFHE can be determined as

vf

¼

2

Vf
V

FFHE

¼

2

ðd  di Þ
2
ðdo

ðB4Þ

2

 di Þ

The maximum number of radially grown aligned CNTs (NCNT)max on
the outer circumferential surface of the HCF is given by

ðNCNT Þmax ¼

If the CNT volume fraction is homogenized then the homogenized effective thermal conductivities of the PMNC will not be
radially dependent and the same can be proved as follows:
Fig. A.1 illustrates an RVE of the PMNC surrounding the HCF
containing one CNT.
The volume fraction of the CNT at any location (r) of the RVE of
the PMNC is given by

vn

HCF. Obviously Nh = 2p. Eq. (A1)reveals that the local volume fraction of CNT for the non-homogenized RVE is radially dependent. The
weighted volume average of the CNT volume fraction over the volume of the RVE can be treated as the homogenized CNT volume
fraction of the RVE. Thus the homogenized CNT volume fraction
in the RVE is

pdL
ðdn þ 1:7Þ

ðB5Þ

2

Therefore, the volume of the CNTs (VCNT) is

V CNT ¼

p
4

2

dn Lnr ðNCNT Þmax

ðB6Þ

Thus the maximum volume fraction of the CNTs (VCNT)max with respect to the volume of the FFHE can be determined as

ðV CNT Þmax ¼

V CNT
V

FFHE

¼

pd2n dLnr
2
ðdo

2

 di Þðdn þ 1:7Þ

2

ðB7Þ

The maximum volume fraction of the CNTs with respect to the volume of the PMNC (vn)max can be determined in terms of (VCNT)max as
follows:

ðv n Þmax ¼

V CNT
V PMNC

¼

pd2n dLnr
2

2

2

ðdo  d Þðdn þ 1:7Þ

ðB8Þ
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