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In this article, a multiscale modeling technique is developed to determine the effective elastic moduli of
CNT-reinforced epoxy composites containing either well-dispersed or agglomerated carbon nanotubes
(CNTs). Two aspects of the work are accordingly examined. In the ﬁrst, molecular dynamics simulations
are carried out to determine the atomic-level elastic properties of a representative volume element (RVE)
comprised of either epoxy polymer or transversely isotropic CNT-epoxy composite. To study the effect of
agglomeration of CNTs on the bulk elastic properties of the nanocomposite, CNT bundles of different
sizes were considered. A constant-strain energy minimization method is used to determine the elastic
coefﬁcients of the RVEs. In the second, the Mori-Tanaka method is used to scale up the properties of the
atomic structure to the microscale level, and the outcome is used to investigate the effect of orientations
and agglomeration of CNTs on the bulk elastic properties of the nanocomposite. Our results reveal that as
the number of CNTs in the bundle increases, the effective elastic properties of the nanocomposite
decrease at the same CNT volume fraction.
© 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Owing to their remarkable mechanical and physical properties,
CNTs [1] have emerged as one of the most promising reinforcements to tailor the properties of polymer based nanocomposites [2e5]. Due to these exceptional properties, it is
believed that few weight percentages of CNTs can signiﬁcantly
improve the mechanical properties of CNT-based composites. A
signiﬁcant number of experimental and numerical studies have
been conducted to study the effective elastic properties of CNTreinforced polymer composites. An earlier attempt was made by
Schadler et al. [6] to measure the mechanical properties of CNTreinforced polymer composite. They reported that Young's
modulus in tension and compression can be improved by as much
as 20% and 45% at 5 wt% of CNTs. Allaoui et al. [7] achieved signiﬁcant enhancement in the mechanical properties of CNTereinforced epoxy composite. In their study, Young's modulus and the
yield strength were doubled for the nanocomposite with 1 and 4 wt
% of multi-walled CNTs, respectively, compared to the pure epoxy
matrix. Park et al. [8] synthesized a polyimide composite reinforced
with CNTs, and reported improved mechanical, thermal, electrical
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and optical properties. Gou et al. [9] investigated the interfacial
bonding of CNT-epoxy composites using a combination of computational and experimental methods. The uniform dispersion and
good interfacial bonding of CNTs in the epoxy resin resulted in a
250e300% increase in the storage modulus with the addition of
20e30 wt% of CNTs. Li et al. [10] studied the mechanical properties
of CNTereinforced epoxy composite. At 5 wt% of CNTs, Young's
modulus of the nanocomposite increased from 4 to 7 GPa. Meguid
and Sun [11] showed that the homogeneous dispersion of CNTs in
the epoxy matrix can improve the tensile and shear strength of the
resulting synthesized nanocomposite. However, at higher CNT
concentrations the mechanical properties of the nanocomposite
were found to deteriorate due to the formation of CNT agglomerates, which act as stress concentrators. Qu et al. [12] fabricated CNT
composite ﬁlms with a speciﬁcally designed amine-terminated
polyimide and obtained high quality, optically transparent, and
homogeneous ﬁlms.
Additionally, molecular dynamics (MD) simulations have also
been used to study the mechanical properties of CNT-reinforced
composites. For example, Frankland et al. [13] used MD simulations to calculate the longitudinal and transverse Young's moduli of
polymer nanocomposite reinforced by long and short CNTs. Griebel
and Hamaekers [14] estimated the elastic moduli of single walled
carbon nanotube (SWCNT)-PE composites using MD simulations.
Their MD results show an excellent agreement with the results
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predicted by rule-of-mixtures. Al-Ostaz et al. [15] carried out MD
simulations to estimate the elastic properties of SWCNT, interfacial
bonding, polyethylene matrix and composites with aligned and
randomly distributed SWCNTs. Grujicic et al. [16] studied the effect
of chemical functionalization on the mechanical properties of
multi-walled CNT-vinyl ester epoxy composites using MD simulations. Introduction of covalent bonds between the CNT and the
polymer results in signiﬁcant improvements in the transverse
elastic properties of the nanocomposite. Yang et al. [17] developed a
multiscale model considering the CNT size and weakened bonding
effects of the CNT-polymer interface on the effective elastic stiffness of CNT-polymer composite by using MD simulations and a
modiﬁed multi-inclusion micromechanics model. Recently, Khare
et al. [18] used amido-amine functionalized CNTs that form covalent bonds with cross-linked epoxy matrices to investigate the role
of the CNT-matrix interphase in the enhancement of mechanical
and thermal properties in these nanocomposites.
Despite the remarkable elastic properties of CNTs, the reported
results in the literature show a limited enhancement in the effective elastic properties of their nanocomposites. There exist
numerous reasons for this discrepancy; including, poor dispersion
of the CNTs, agglomeration and aggregation leading to inferior
properties, poor interfacial properties resulting in limited stress
transfer and load sharing. Other parameters that inﬂuence the
resulting properties of nanocomposite include the quality of CNTs
used, their purities, geometry and aspect ratios as well as orientation within the nanocomposite [19]. For instance, micro-Raman
spectroscopy was used by Ajayan et al. [20] to measure the local
elastic behavior of individual SWCNT bundles in epoxy-based
nanocomposite. They noticed that the efﬁciency of the stress
transfer and hence the enhancement of the mechanical properties
is lower than expected due to the sliding of the CNTs in the
agglomerated bundles. More recently, in order to investigate how
the CNT content and arrangement affect the characteristics of the
system, molecular models of unidirectional nanocomposite
comprised of different volume fractions of CNTs were studied by
Jiang et al. [21].
Due to the technical difﬁculties inherent in the preparation and
testing of CNT-reinforced polymer composites, different multiscale
modeling techniques have been developed over the last decade to
predict the properties of these nanocomposites at the microscale
level. In general, multiscale modeling of CNT-reinforced polymer
composites is achieved in two consecutive steps. At the nanoscale,
the atomic structures of the CNT and the surrounding epoxy matrix
cannot be considered as a continuum medium, and the bulk elastic
properties can no longer be obtained using the traditional continuum mechanics approaches. Therefore, in the ﬁrst step the properties of an effective ﬁber representing long or short CNT embedded
inside a unit cell surrounded by polymer molecules are evaluated
using either atomistic based continuum (ABC) technique or molecular dynamics (MD) simulation. In the second step, micromechanics method or ﬁnite element technique can then be used to
calculate the bulk effective properties of the composite at the
microscale [5,17,22e25].
The performance of CNT-polymer composites is greatly inﬂuenced by the orientations and agglomeration of CNTs in polymers
[11,19,20,22,25e28]. Due to the high-surface-to-volume ratio, CNT
agglomerates in the synthesized composite leads to nanocomposite
with very low elastic properties. On the other hand, the alignment
of the dispersed CNTs was found to enhance the elastic modulus
along the alignment direction [19]. However, limited work has been
reported on MD simulations of CNT bundle-based composites
compared to the researches on well-dispersed CNT-reinforced
composites. In addition, most of the MD studies on CNT-based
composites
utilized
thermoplastic
polymers,
such
as

polyethylene, polypropylene and PMMA as a matrix phase
[13,14,17]. On the other hand, MD studies utilizing thermoset
polymer as a matrix phase are limited in the literature. To the best
of our knowledge, there has been no multiscale modeling study for
investigating the inﬂuence of CNT agglomeration on the effective
elastic properties of CNT-reinforced epoxy composites. It is therefore the objective of this paper to develop a multiscale model to
determine the bulk elastic properties of CNT-reinforced epoxy
composite. In the current study, CNT bundles are considered as a
special case of CNT agglomerates. The proposed multiscale model is
developed in two steps. In the ﬁrst, MD simulations were used to
determine the transversely isotropic elastic properties of RVEs
containing either an individual CNT or a bundle of CNTs embedded
in epoxy. In the second, the determined elastic moduli of the RVEs
were used to determine the inﬂuence of orientations and
agglomeration of CNTs on the bulk elastic properties of the nanocomposite using Mori-Tanaka model.
2. Multiscale modeling procedure
In this Section, a multiscale model is developed in two steps. In
the ﬁrst, we use MD simulation to determine the isotropic stiffness
tensor of the RVE ﬁlled with the epoxy material and the transversely isotropic stiffness tensor of the RVEs representing either an
individual CNT or a bundle of CNTs embedded in an epoxy matrix.
In the second, considering the nanocomposite RVE as the reinforcement and the epoxy polymer as the matrix phase, the effective
elastic moduli of the nanocomposite are scaled up from the nanoscale to the microscale using the Mori-Tanaka method. Fig. 1 shows
the steps involved in the hierarchical multiscale model.
2.1. MD simulations
In the present study, MD simulations were conducted to
determine the equivalent elastic properties of the composite constituents at the atomic scale. MD simulations offer an appropriate
and effective means to deal with large systems and relatively longer
simulation times. All MD simulations runs were conducted with
large-scale atomic/molecular massively parallel simulator
(LAMMPS) [29] by using the consistent valence force ﬁeld (CVFF)
[30]. This force ﬁeld has been used by other researchers to predict
the mechanical properties of CNTs and epoxy polymers [31e33].
Conjugate gradient algorithm was used to minimize the total potential energy of the initial conﬁgurations, while velocity
Verlet algorithm was used to integrate the equations of motion in
all MD simulations. Periodic boundary conditions were imposed on
all directions of the MD unit cells. The noncovalent bonded CNTepoxy nanocomposite system is considered in the current study.
We did not consider any functionalization between the embedded
CNTs and the surrounding epoxy structures. Therefore, the interactions between the atoms of the embedded CNTs and the surrounding epoxy are solely resulted from non-bonded interactions.
In the simulations, the non-bonded interactions between the atoms
are represented by van der Waals (vdW) interactions and
Coulombic forces. The cut-off distance for the non-bonded interaction was set to 14.0 Å [34]. Determination of the atomic-level
elastic properties of the pure epoxy and the nanocomposite RVE
was accomplished by straining the MD unit cells followed by
constant-strain energy minimization. The averaged stress tensor of
the MD unit cell is deﬁned in the form of virial stress [35]; as
follows

s¼

N 

1 X
mi 2
vi þ Fi ri
V
2
i¼1

(1)
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Fig. 1. Modeling steps involved in the developed multiscale model.

where V is the volume of the RVE; vi, mi, ri and Fi are the velocity,
mass, position and force acting on the ith atom, respectively.
2.1.1. Modeling of pure epoxy
To model the surrounding matrix, we used a speciﬁc twocomponent epoxy material based on a diglycidyl ether of bisphenol A (DGEBA) epoxy resin and triethylene tetramine (TETA) curing
agent, which is typically used in the aerospace industry (see Fig. 2).
During the curing process, the hydrogen atoms in the amine groups
of the hardener (TETA) react with the epoxide groups of the resin
(DGEBA) forming covalent bonds, which result in a highly crosslinked epoxy structure [36], as depicted in Fig. 3. The resin/curing
agent weight ratio in the epoxy polymer was set to 2:1 in order to
achieve the best elastic properties [25]. The cross-linked polymer
structure consisted of 80 DGEBA molecules cross-linked with 40
molecules of curing agent TETA (see Fig. 3a). The cross-linked
structure was utilized to form a 3D structure, as shown in Fig. 3b.
This cross-linked epoxy structure was then used to build the epoxy
system in the subsequent MD simulations for both neat epoxy and
CNT-epoxy composite. The neat epoxy model was generated by
randomly placing 5 cross-linked structures in a cubic simulation
box of size 150 Å  150 Å  150 Å to form a system containing 400
chains of DEGBA and 200 chains of TETA [37,38], as shown in Fig. 3c.
The total number of atoms in the simulation box is 25300. In the
current work, the volumetric bulk modulus (K) and shear modulus
(G) of the cross-linked epoxy were determined by applying the
volumetric and three-dimensional shear strains, respectively [38].
The main steps involved in determining the elastic moduli of pure
epoxy were as follows:
2.1.1.1. Step 1 (volume reduction). The simulation box was compressed gradually through 25 steps from its initial size of
150 Å  150 Å  150 Å to the targeted dimensions of
61 Å  61 Å  61 Å (see Fig. 3d). At each stage, the atoms coordinates

were remapped to ﬁt inside the compressed box, then a minimization simulation was performed to relax the coordinates of the atoms.
The system was considered to be optimized once the change in the
total potential energy of the system between subsequent steps is less
than 1.0  1010 kcal/mol. The optimized system was then equilibrated at room temperature in the constant temperature and volume
canonical (NVT) ensemble over 100 ps by using a time step of 1 fs.
2.1.1.2. Step 2 (density adjustment). The compressed system was
equilibrated for another 200 ps in the isothermaleisobaric (NPT)
ensemble at 300 K and 1 atm to generate an epoxy system with the
correct density and to reduce the induced residual stresses due to
the volume reduction. This equilibration step resulted in an equilibrated amorphous structure with an average density of 1.0 g/cm3.
At the end, the structure is again equilibrated for 200 ps in the NVT
ensemble at 300 K.
2.1.1.3. Step 3 (elastic constants). The simulation box was volumetrically strained in both tension and compression to determine
the bulk modulus by applying equal strains along all three axes. The
bulk modulus was calculated by:

K¼

sh
εv

(2)

where εv and sh are the volumetric strain and the averaged hydrostatic stress, respectively. The average shear modulus was
determined by applying equal shear strains on the simulation box
in xy, xz, and yz planes. The shear modulus was calculated by:

G¼

tij
;
gij

isj

(3)

where tij and gij denote the averaged shear stress and shear strain,
respectively.

Fig. 2. Molecular structures of (a) epoxy resin (DGEBA) and (b) curing agent.
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Fig. 3. Steps used in the preparation of the polymer matrix (a) cross-linked structure, (b) distorted structure in the 3D unit cell, (c) ﬁve 80:40 cross-linked structure randomly placed
in a simulation box of size 150 Å  150 Å  150 Å, and (d) the equilibrated system in a simulation box of size 61 Å  61 Å  61 Å after 25 volume reduction steps.

In all simulations, strain increments of 0.25% were applied along
a particular direction by uniformly expanding or shearing the
simulation box and updating the atoms coordinates to ﬁt within the
new dimensions. After each strain increment, the MD unit cell was
equilibrated using the NVT ensemble at 300 K for 10 ps. It may be
noted that the ﬂuctuations in the temperature and potential energy
proﬁles are less than 1% when the system reached equilibrium after
about 5 ps [34] and several existing MD studies [5,13,21,34,39,40]
used the 2 pse10 ps time step in their MD simulations to equilibrate the systems after each strain increment. Then, the stress
tensor is averaged over an interval of 10 ps to reduce the effect of
ﬂuctuations. These steps were repeated again in the subsequent
deformation increments. The procedure was stopped when the
total strain reached up to 2.5%. Based on the calculated bulk and
shear moduli, Young's modulus (E) and Poisson's ratio (n) were
determined as follows:

E¼

9KG
3K þ G

and

n¼

3K  2G
2ð3K þ GÞ

(4)

The predicted elastic properties of the epoxy using MD simulations are summarized in Table 1. These moduli are consistent with
the experimentally measured moduli of a similar epoxy [41,42].
2.1.2. CNT-epoxy interface layer thickness
The structure of the epoxy matrix at the vicinity of the CNT
surface differs from the bulk epoxy due to the formation of an ultra-

thin epoxy layer at the CNT-epoxy interface [43]. This ultra-thin
layer consists of a highly packed crystalline polymer, which has
higher elastic properties than the amorphous bulk polymer
[43e45]. Therefore, in order to obtain the actual CNT-epoxy properties, the size of the RVE must be large enough to incorporate the
interface layer. Armchair (5, 5) CNTs were used in the present work
for both individual and agglomerated CNTs reinforcements. The
cylindrical molecular structure of the CNT is treated as an equivalent solid cylindrical ﬁber [5,22,46,47] for determining its volume
fraction in the nanocomposite RVE,

f n NCNT p ðDCNT þ hvdW Þ2 LCNT
vCNT y
4Vcell

(5)

where DCNT and LCNT denote the respective diameter and length of a
CNT; hvdW is the vdW equilibrium distance between a CNT and the
surrounding polymer matrix; NCNT is the number of CNTs in the
bundle; fn is a factor based on the shape of the bundle of CNTs; and
Vcell is the volume of the RVE.
In order to determine the thickness of the interface layer, we
performed MD simulations for a system consisting of a CNT surrounded by epoxy structures. We built epoxy structure consists of
80 DEGBA and 40 TETA molecules then these chains were equilibrated. A certain number of equilibrated epoxy chains were then
distributed around the embedded CNT. The initial size of the
periodic RVE was 150 Å  150 Å  150 Å. Subsequently, the
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Table 1
Elastic moduli of the epoxy material.
Young's modulus (GPa)

Shear modulus (GPa)

Bulk modulus (GPa)

Poisson's ratio

3.2
2.9
2.6

1.1
1.07
0.96

4.8
3.3
3.0

0.39
0.35
0.35

2.1.3. MD simulations of CNT-reinforced epoxy composite
It is difﬁcult to uniformly disperse CNTs in the matrix during
the fabrication process and the situation becomes more challenging at high CNT loadings. This is attributed to the fact that
CNTs have a tendency to agglomerate and aggregate into bundles
due to their high surface energy and surface area [48]. Therefore,
it is necessary to investigate the inﬂuence of CNT bundling on

160
3

volume of the simulation box was gradually reduced to
60 Å  60 Å  76 Å and equilibrated using the same steps as
adopted in the pure epoxy case without any further chaining
between the epoxy chains. Therefore, the developed epoxy layer
near the CNT surface resulted solely from the nonbonded interactions. This approach does not address how the thickness of
the interface layer changes with the epoxy chain growth during
reaction curing, but we can determine the average interface layer
thickness when the MD system reaches an equilibrium state.
Fig. 4 shows the simulation box of the nanocomposite system
prior to and post equilibration. Fig. 5 shows the radial distribution
function (RDF) of the epoxy atoms that surround the embedded
CNT after the equilibration. The variation of the RDF along the
radial direction represents the change of the epoxy structure in
the vicinity of the embedded CNT. It may be observed from Fig. 5
that the RDF of epoxy atoms is zero at the radial distance of
0.56 nm and reaches its maximum value of 160 atoms/nm3 at the
radial distance of 0.77 nm. Then, it starts to ﬂuctuate around an
average value of 110 atoms/nm3. This result indicates that the
value of the vdW equilibrium distance hvdW, is ~2.75 Å and the
thickness of CNT-epoxy matrix interface layer is ~3.0 Å. The obtained values of the interface thickness and the equilibrium
separation distance were used to select the appropriate RVE sizes
and in calculating the actual volume fraction of the embedded
CNTs in the RVE.

RDF of epoxy atoms (Atoms/nm )

MD simulations
Experimental work [41]
Experimental work [42]

140
120
100
80
60
40
20
0

0

0.25

0.5

0.75

1

1.25

1.5

1.75

2

2.25

Radial distance from CNT axis (nm)
Fig. 5. RDF of the epoxy atoms around the embedded CNT.

the bulk elastic properties of their nanocomposites. For such an
investigation, three RVEs were constructed to represent an
epoxy matrix containing a: (i) single CNT, (ii) bundle of three
CNTs, and (iii) bundle of seven CNTs. Such RVEs are shown in
Fig. 6. The initial distance between the adjacent CNTs in the
bundle was taken to be 3.4 Å (see Fig. 7), which is the intertube
separation distance in multi-walled CNTs. The RVEs are assumed
to be transversely isotropic with the 3eaxis being the axis of
symmetry. Therefore, only ﬁve independent material constants
are required to fully deﬁne the elastic stiffness matrix. The
constitutive relationship of the transversely isotropic RVE is
given by:

Fig. 4. The simulation box used to study the interface layer: (a) before volume reduction, and (b) after equilibration.
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Fig. 6. MD unit cells containing a: (a) single CNT, (b) bundle of three CNTs and (c) bundle of seven CNTs.
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0
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0
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2

0

0

0

3
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3
7 ε11
7
76 ε22 7
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7
76 ε33 7
76
7
76 ε23 7
76
7
74 ε13 5
7
7 ε12
5
(6)

where sij and εij are the respective stress and strain components
with (i, j ¼ 1, 2, 3, 4, 5, 6) and Cij represents the elastic coefﬁcients of
the RVE. A series of MD simulations were carried out to determine
the elastic moduli of the RVEs. The simulation box in each case was
constructed by randomly placing the cross-linked epoxy structures
around the CNT bundle. The size of the RVE in each case was
adjusted in such a way that the CNT volume fraction in it remains
constant at 6.5%, irrespective of the number of CNTs, as shown in
Fig. 6. The details of the three RVEs are summarized in Table 2. To
determine the ﬁve elastic constants, the RVEs were subjected to ﬁve
different tests: longitudinal tension, transverse tension, in-plane
tension, in-plane shear and out of-plane shear. The steps involved

in the MD simulations of the RVEs are the same as adopted in the
case of pure epoxy. The boundary and loading conditions that have
been applied to the RVE to determine the corresponding ﬁve independent elastic coefﬁcients of the RVE are listed in Table 3.
A series of MD simulations were carried out to determine the
elastic properties of transversely isotropic RVEs reinforced with
either an individual CNT or bundles of CNTs. Fig. 8 demonstrates
close views of the equilibrated RVEs. Table 4 summarizes the
outcome of the MD simulations. It may be observed from the results that the elastic properties of the RVEs are signiﬁcantly higher
than those of the neat epoxy. It is also clear from the results that the
CNT agglomeration reduces the reinforcing effect of the embedded
CNTs, which eventually degrades the bulk elastic moduli of the
nanocomposites. The axial elastic coefﬁcients (C33) of the RVEs
containing bundles of three and seven CNTs decreased by some 21%
and 38.5%, respectively, as compared with the RVE containing an
individual CNT. The CNT agglomeration is also found to affects the
transverse elastic coefﬁcients of the RVEs. For example, the transverse elastic coefﬁcient (C11) of the RVEs containing bundles of
three and seven CNTs decreased by 11.0% and 22.9%, respectively,
compared with the RVE containing an individual CNT. Each RVE will
be used as an effective ﬁber in the micromechanical model to
calculate the effective elastic moduli of the nanocomposite at the
microscale level (see Fig. 1).

Fig. 7. Geometrical conﬁgurations of the bundle of CNTs: (a) bundle of three CNTs and (b) bundle of seven CNTs.
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Table 2
Parameters used in the RVE.
Parameter

Single CNT

Bundle of three CNTs

Bundle of seven CNTs

CNT type
Number of CNTs
Length of a CNT (Å)
CNT volume fraction
RVE dimensions (Å3)
Total number of DEGBA molecules
Total number of TETA molecules
Total number of atoms

(5, 5)
1
73
6.5%
31  31  76
120
60
7836

(5, 5)
3
73
6.5%
55  55  76
320
160
21116

(5, 5)
7
76
6.5%
88  88  76
960
480
62028

Table 3
Effective elastic coefﬁcients of the RVEs and corresponding displacement ﬁelds.
Elastic coefﬁcients

Applied strains

Applied displacement

C11
C33
C44
C66
12
K12 ¼ C11 þC
2

ε11
ε33
ε23
ε12
ε11

u1
u3
u2
u1
u1

¼
¼
¼
¼
¼

e
e
e/2
e/2
ε22

¼ ex1
¼ ex3
¼ 2e x3 , u3 ¼ 2e x2
¼ 2e x2 , u2 ¼ 2e x1
¼ ex1, u2 ¼ ex2

2.2. Micromechanics model
In this section, the elastic moduli of the pure epoxy and the
nanocomposite RVE obtained from the MD simulations are used as
an input to the micromechanical model in order to determine the
bulk elastic properties of the nanocomposite. With this process
ﬁrmly established in several studies [5,17,22e25], the Mori-Tanaka
model [49,50] can be developed by utilizing the transversely
isotropic elastic properties of the nanocomposite RVE and the
isotropic elastic properties of the pure epoxy matrix. In case of twophase composite, where the inhomogeneity is randomly orientated
in the three-dimensional space, the following relation can be used
to determine the effective stiffness tensor [C] of the
nanocomposite:

Dh
i

E
CRVE  ½Cm 
½C ¼ ½C  þ vRVE
½A½vm ½I þ vRVE 〈½A〉1

in which the mechanical strain concentration tensor [A] is given by

i
h
i
h
h
i1
1
CRVE  ½Cm 
½A ¼ ½I þ SRVE ð½Cm Þ

(8)

where [Cm] and [CRVE] are the stiffness tensors of the epoxy matrix
and the RVE, respectively; [I] is an identity matrix; vm and vRVE
represent the volume fractions of the epoxy matrix and the RVE,
respectively; and [SRVE] indicate the Eshelby tensor. The speciﬁc
form of the Eshelby tensor for the RVE inclusion given by Qiu and
Weng [51] is utilized herein.
It may be noted that the elastic coefﬁcient matrix [C] directly
provides the values of the effective elastic properties of the nanocomposite, where the RVE is aligned with the 3eaxis. In case of
random orientations of CNTs, the terms enclosed with angle
brackets in Eq. (7) represent the average value of the term over all
orientations deﬁned by transformation from the local coordinate
system of the RVE to the global coordinate system. The transformed
mechanical strain concentration tensor for the RVEs with respect to
the global coordinates is given by

h
i


~
A
ijkl ¼ tip tjq tkr tls Apqrs

(9)

m

(7)

where tij are the direction cosines for the transformation and are
given by

Fig. 8. Snapshots of the transverse cross-sections of the MD unit cells containing a: (a) single CNT, (b) bundle of three CNTs and (c) bundle of seven CNTs.

Table 4
Material properties of the nanocomposite RVE containing either an individual CNT or its bundle.
RVE

CNT volume fraction in RVE (vCNT)

C11 (GPa)

C12 (GPa)

C13 (GPa)

C33 (GPa)

C44 (GPa)

C66 (GPa)

Single CNT
Bundle of three CNTs
Bundle of seven CNTs

6.5%

11.8
10.5
9.1

7.1
6.6
5.9

5.6
4.5
3.5

47.35
37.4
29.2

3.16
1.89
1.48

2.35
1.95
1.6
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t11 ¼ cosf cosj  sinf cosg sinj; t12 ¼ sinf cosj þ cosf cosg sinj;
t13 ¼ sinj sing; t21 ¼ cosf sinj  sinf cosg cosj; t22 ¼ sinf sinj þ cosf cosg cosj;
t23 ¼ sing cosj; t31 ¼ sinf sing; t32 ¼ cosf sing and t33 ¼ cosg

Consequently, the random orientation average of the dilute
mechanical strain concentration tensor [A] can be determined by
using the following equation [52]:

Z
〈½A〉 ¼

p

p

Z

Z

i
~ ðf; g; jÞ sing dfdgdj
A
0
0
Z p Z p Z p=2
sing dfdgdj
p

p

p=2 h

0

(10)

0

where f, g, and j are the Euler angles as shown in Fig. 9. It may be
noted that the averaged mechanical strain concentration tensors
given by Eqs. (8) and (10) are used for the cases of aligned and
random orientations of CNTs, respectively, in Eq. (7).
3. Results and discussion
In this Section, the results of the developed multiscale model are
compared with the existing results predicted by the atomistic
based continuum (ABC) model developed by Wernik and Meguid
[25]. Subsequently, the effect of orientation and agglomeration of
CNTs on the bulk elastic properties of the nanocomposite are
analyzed and discussed.
3.1. Comparisons with existing ABC results
Recently, Wernik and Meguid [25] developed a novel multiscale
ABC approach to determine the elastic properties of CNT-reinforced
epoxy composites. In their model, the governing atomistic constitutive laws were integrated within the continuum framework by
modeling the CNT as a space-frame-like structure where the adjacent atomic bonds are considered as a load-bearing beam element.
Nodes were used to connect the beam elements to form the CNT
structure and truss elements were used to represent the vdW interactions at the CNT-polymer interface. After obtaining the elastic

properties of the representative ﬁber, comprising a CNT, the surrounding epoxy and their interface, they calculated the bulk elastic
properties of the nanocomposite using large-scale hybrid Monte
Carlo ﬁnite element simulations. The concept of the representative
ﬁber is similar to that of the nanocomposite RVE used in the current
study. Thus, to validate the present multiscale model, the results of
the developed multiscale model in the current work are compared
with those shown in Ref. [25] for CNT-reinforced adhesives containing randomly oriented CNTs, as shown in Fig. 10. The results
predicted by the present multiscale and the ABC models are in good
agreement, validating the multiscale model developed in this
study. The difference in the elastic moduli between those provided
in Ref. [25] and the current study is attributed to the lower values of
E (1.14 GPa) and G (0.41 GPa) of the epoxy used. In our work, the
respective elastic moduli E and G for the epoxy were 3.2 GPa and
1.1 GPa. In addition, a uniform distribution of the polymer nodal
density (99 nodes/nm3) around the embedded CNT is assumed in
Refs. [25], while the polymer nodal density obtained from the MD
simulations is found to vary along the radial direction, as shown in
Fig. 5. At this juncture, it is important to note that the present
multiscale model represents the real nanocomposite structure with
the minimum assumptions compared to that of the ABC model
which model the atomic structure as an equivalent beam and truss
elements. Thus, it can be inferred from these comparisons that the
present multiscale model can be reliably applied to determine the
effective elastic properties of nanocomposites.
3.2. Effect of orientation and agglomeration of CNTs
Unless otherwise stated, the bulk elastic properties of the
nanocomposite are relating to the aligned nanocomposite RVEs
along the 3-axis. The maximum CNT volume fraction (VCNT)
considered in the nanocomposite is 5% because CNT concentrations
above this loading are not normally realized [25]. Let us ﬁrst
14
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Fig. 9. Relationship between the local coordinates (1, 2, 3) of the RVE and the global
coordinates (1000, 2000 , 3000 ) of the bulk composite.

Fig. 10. Comparison of Young's (E) and shear (G) moduli of the nanocomposite containing randomly oriented CNTs predicted by the present multiscale model with those
of ABC model [25].
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Fig. 12. Variation of the effective transverse Young's modulus (E11) of the aligned CNTreinforced epoxy composite with the CNT volume fraction.

C11 þ C12
2

(15)

where E33, E11, G23, G12 and K12 are the effective axial Young's,
transverse Young's, axial shear, transverse shear and bulk moduli of
the nanocomposite.
Figs. 11 and 12 show the variations of the effective axial Young's
modulus (E33) and the transverse Young's modulus (E11) of the
nanocomposite against the CNT volume fraction (VCNT), respectively. Both moduli exhibit similar trends; with increasing CNT
volume fraction, both moduli increase signiﬁcantly. Signiﬁcant
enhancements are observed in the values of E33 and E11 compared
with the pure epoxy matrix, but it is more prominent in the case of
the axial Young's modulus (E33). It may also be observed that the
effect of agglomeration of CNTs on these constants becomes more
pronounced at higher CNT volume fraction (>2%). At 5 vol% of CNTs,
the nanocomposite containing bundles of three and seven CNTs,
the values of E33 are decreased by ~20% and ~37% as compared with
the nanocomposite reinforced with individual CNTs, respectively.
For the same CNT loading, the percentage reductions in the values
of E33 of the nanocomposite containing bundles of three and seven

CNTs are found to be ~12% and ~23% in comparison to the nanocomposite reinforced with individual CNTs, respectively.
Figs. 13 and 14 show the variations of the effective axial shear
modulus (G23) and the transverse shear modulus (G12) of the
nanocomposite with the CNT volume fraction, respectively. The
CNT bundling (agglomeration) signiﬁcantly reduced the effective
axial shear modulus of the composites from 2.55 to 1.7 GPa (i.e.,
around ~ 33% reduction in case of bundle of three CNTs) and from
2.55 to 1.4 GPa (i.e., around ~ 45% reduction in case of bundle of
seven CNTs), at 5 vol% of CNTs. On the other hand, the agglomeration of three CNTs has a marginal effect on the transverse shear
modulus (G12) while agglomeration of seven CNTs has signiﬁcant
effect on the same and decreases its value up to 26%, at 5 vol% of
CNTs. Fig. 15 demonstrate that the CNT bundling has marginal effect
on the effective bulk moduli (K12) of the nanocomposite. It is worth
noting that the results predicted by our multiscale model as
depicted in Figs. 11e15 show clearly that the agglomeration of CNTs
signiﬁcantly affects the elastic moduli and has a marginal inﬂuence
on the bulk modulus of the nanocomposite. This happens because
the interfacial properties of the nanocomposites deteriorate with
increasing bundle size. The presence of the bundle leads to a
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demonstrate the effect of agglomeration of CNTs on the effective
elastic properties of the aligned CNT-reinforced epoxy composite.
Considering the epoxy as the matrix phase and the RVE as the
reinforcement, the effective elastic coefﬁcients of the nanocomposite were determined by following the micromechanical
modeling approach developed in Section 2.2. The effective elastic
moduli of the nanocomposite are related to the effective elastic
stiffness components as follows:
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Fig. 11. Variation of the effective axial Young's modulus (E33) of the aligned CNTreinforced epoxy composite with the CNT volume fraction.
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Fig. 13. Variation of the effective axial shear modulus (G23) of the aligned CNTreinforced epoxy composite with the CNT volume fraction.
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Fig. 14. Variation of the effective transverse shear modulus (G12) of the aligned CNTreinforced epoxy composite with the CNT volume fraction.

reduction of the interface area between the CNTs and the matrix
(see Fig. 8).
In the previous set of results (Figs. 11e15), the effect of
agglomeration of CNTs on the effective properties of the aligned
CNT-reinforced epoxy composite is studied. Practically, the orientations of the CNT reinforcement in the polymer matrix can vary
over the volume of the synthesized nanocomposite. Therefore,
studying the properties of nanocomposites reinforced with
randomly oriented CNTs is of a great importance. For such investigation, CNTs or their bundles are considered to be randomly
dispersed in the epoxy matrix over the volume of the nanocomposite. As expected, this case provides the isotropic elastic
properties for the resulting nanocomposite. Figs. 16 and 17 illustrate the variations of the effective Young's (E) and shear (G) moduli
of the nanocomposite with the CNT loading, respectively. These
results clearly demonstrate that the randomly dispersed CNTs
improve the effective Young's and shear moduli of the nanocomposite over those of the transverse Young's modulus (E11) and
the shear moduli (G12 and G23) of the nanocomposite reinforced
with aligned CNTs. This is attributed to the fact that the CNTs are
homogeneously dispersed in the epoxy matrix in the random case
and hence the overall elastic properties of the resulting

Fig. 16. Variation of the effective Young's modulus (E) of the nanocomposite containing randomly oriented CNTs with the CNT volume fraction.

nanocomposite improve in comparison to the aligned case. These
ﬁndings are also consistent with the previously reported ﬁndings
[22,25]. It may also be observed that both E and G decrease with the
increase in the number of CNTs in the bundle, and this effect becomes more pronounced at higher volume fractions of CNTs.
4. Conclusions
In this article, we develop a multiscale model to determine the
bulk elastic properties of CNT-reinforced epoxy composites. Two
aspects of the work were examined. First, MD simulations were
carried out to determine the transversely isotropic properties of
nanocomposite RVEs containing either an individual CNT or CNT
bundles embedded in an epoxy matrix. The isotropic elastic properties of the pure epoxy were also obtained from the MD simulations. Second, the developed RVEs were, in turn, used with
analytical micromechanical technique of the Mori-Tanaka type to
determine the bulk elastic properties of the nanocomposite. This
model was then validated by comparing the predicted results with
those of a hybrid atomistic-based continuum model. The developed
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Fig. 15. Variation of the effective bulk modulus (K12) of the aligned CNT-reinforced
epoxy composite with the CNT volume fraction.

Fig. 17. Variation of the effective shear modulus (E) of the nanocomposite containing
randomly oriented CNTs with the CNT volume fraction.
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model was applied to investigate the inﬂuence of the orientation
and agglomeration of the dispersed CNTs on the elastic properties
of CNT-epoxy composites. The following is a summary of our
ﬁndings:
1. The presence of CNT agglomerates in the nanocomposite degrades its effective elastic properties,
2. The effective elastic properties of the nanocomposites decrease
with the increase of the CNT agglomerate size,
3. Randomly oriented CNTs or their bundles have signiﬁcant inﬂuence on the elastic properties of the nanocomposite
considered,
4. The transverse Young's modulus, the axial shear and the transverse shear moduli of nanocomposites reinforced with aligned
CNTs are less than those of the randomly dispersed case, and
5. The multiscale model developed in this study is capable of
determining the effective elastic properties of any advanced
nanocomposite containing either aligned or randomly dispersed
CNTs.
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