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Abstract
A one-dimensional conduction heat transfer model has been proposed to study the melting and solidification of phase change
material (PCM) inside an annulus. Here, the phase change process is divided into two main sub-processes such as melting and
solidification sub-process. Subsequently, each sub-process is analyzed for various temporal regimes. The temporal regimes
include completely solid, partially molten and completely molten for melting sub-process and in reverse order for solidification
sub-process. Later on, the solution for temperature distribution for each temporal regime is obtained either by employing
Variational formulation or using a method of quasi-steady state. The solution of each temporal regime is united to provide a
closed form solution for temperature distribution for the sub-process. Present model exhibits good agreement with the existing
experimental data. The results indicate that melt duration can be increased by increasing the thickness of PCM in an annulus. It is
also found observed that for any thermal storage unit there exists a particular percentage of TCE-PCM distribution through which
maximum melt duration can be achieved.
Nomenclature
cs, cl
Solid and liquid specific heat, J/kg-K
h
Outside heat transfer coefficient, W/m2-K
Inner and outer radii of cylinder, m
r1, r2
Solid and liquid thermal conductivity, W/m-K
ks, kl
Lp
Latent heat of PCM, J/kg
Heat flux, W/m2
q″
T
Temperature, 0C
T∞
Ambient temperature, 0C
Initial temperature of PCM, 0C
Ti
Melting temperature, 0C
Tm
Ts, Tl
Solid and liquid temperature, 0C
ΔT
Tm − T∞, 0C
t
Time, s
Research highlights
• Analytical model is proposed for melting and solidification of phase
change material (PCM) in an annulus.
• The phase change process of PCM is divided into three temporal regimes; namely, completely solid, partially molten and completely molten.
• Closed form expressions for the temperature distribution is obtained as a
function of various modeling parameters.
• Present prediction exhibits good agreement with the test data.
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Thermal penetration time, s
t0
Time for start of melting, s
tm
t′
Time for complete melting, s
″
Time for complete solidification
t
Time for start of solidification
ts
ε(t)
Thermal penetration depth, m
R (t)
Melt interface location, m
hr2 hr2
Bis, Bil
k s ; k s (Biot number)
Stes, Stel csLΔT
; clLΔT
(Stefan’s number)
p
p
r
coordinate
Greek symbols
αs, αl Solid and liquid thermal diffusivity, m2/s
r1
β
r2
r2
γ
Rðt Þ
k s ΔT
φs
q′′ , m
k l ΔT
φl
q′′ , m
ρ
Density of PCM, kg/m3
Subscripts
s Solid
l Liquid
p Phase change material

1 Introduction
Removal of higher heat flux has been a great challenge in the
design of future electronic components. So, there is a need of
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efficient performance of cooling techniques. Cooling techniques are broadly classified as active and passive cooling
techniques. As the use of active cooling techniques is limited,
effective use of passive cooling techniques is needed. Phase
change material (PCM) cooling is becoming very promising
passive cooling technique since PCM can absorb the heat
during peak heat load and reject the heat during rest of the
cycle, thus stabilizing the device surface temperature. PCM
finds application in various areas such as cooling of microelectronics assembly, mobile communication equipment, automotive electronics and battery modules for electric vehicles,
subjected to transient or cyclic heat loads [1–4]. For such
devices the cooling system needs to be optimally designed
considering various base heat load and PCMs will cater for
peak heat load that exists for a short time.
Numerous studies have investigated the heat transfer performance of PCM using both experimental techniques and
numerical simulations [5–13]. Duan and Naterer [5] experimentally investigated two different PCM designs for thermal
management of electric vehicle battery modules. In the first
case, heater was surrounded by PCM cylinder and in the second case, heater was wrapped by the jacket of another PCM.
The results exhibited that in both cases PCM has been effective in maintaining the temperature of heater surface within a
specified temperature range for longer duration. Ramandi et
al. [6] analyzed a new type of double series PCM shell configuration with finite volume simulation. The double PCM
shell system was found to be more efficient compared to single PCM shell in terms of exergy efficiency. Liu et al. [12, 13]
experimentally investigated the melting and solidification
characteristics of stearic acid in an annulus with and without
fins for different heat flux. It has been reported that fins can
enhance the heat transfer rate in melting process. The effect of
geometry of fin has also been analyzed. Some of the experimental studies are also summarized in Table 1.
PCM based cooling technology due to isothermal phase
transition has generated interest to analyze the melting and solidification behavior of PCM in a Cartesian and Cylindrical
geometry with either volumetric heat generation or boundary
heat flux condition. Several theoretical models have been proposed to estimate the temperature distribution of PCM during
melting and solidification [14–23]. Lu [14] presented one dimensional conduction heat transfer model to analyze melting of
PCM slab. This model considered the specified heat flux on top
layer of PCM, while the bottom layer was exposed to convective air environment. Temperature distribution in the PCM slab
was obtained as a function of time and Biot number. The solutions obtained were analyzed to optimize the phase change
cooling strategies for high power electronics. Chakraborty and
Dutta [15] developed an analytical model for cyclic melting and
solidification of PCM. They obtained temperature distributions
using either semi-infinite or quasi steady state assumptions. The
results were compared with those reported by Laouadi and

Lacroix [16]. Jiji and Gaye [17] analyzed the effect of volumetric energy generation on solidification and melting of PCM.
Solution for one dimensional conduction model has been obtained with quasi steady approximation. Kalaieselvam et al.
[18] experimentally and analytically investigated the effect of
volumetric heat generation on melting and solidification characteristics of PCM inside a cylindrical enclosure. A one dimensional quasi steady conduction model was developed in their
study. Deviation between experimental and analytical results
has been found out to be 16.11%. Saha and Dutta [19] formulated one dimensional heat conduction model to analyze the
temperature distributions for both melting as well as solidification inside the PCM slab. This model considered the specified
heat flux on the bottom layer of the PCM, while the top layer
has been either insulated or exposed to convective air environment. The effect of various parameters such as applied heat
flux, heat transfer coefficient and height of PCM on the temperature distribution were analyzed. It may be noted from the
above mentioned studies that the two main sub-processes such
as melting and solidification can be analyzed by considering
different temporal regimes. The temporal regime include
completely solid, partially molten and completely molten for
melting sub-process and in reverse order for solidification subprocess. Temperature distribution for partially molten stage for
Cartesian and Cylindrical geometries has been reported by various researchers and is presented in Table 2.
It is evident from the literature that most of the models for
cylindrical geometry consider the phase change material initially
at melting/solidification temperature. In real practice, PCM will
be either at lower temperature or at higher temperature compared
to melting and solidification temperature, respectively. Therefore,
there is a need to develop theoretical models during melting and
solidification of PCM in Cylindrical geometry considering various temporal regimes. In this study, an effort has been made to
analyze melting and solidification of PCM in an annulus. Here,
the entire problem is divided into two main sub-processes; namely, melting and solidification. Subsequently, each sub-process is
analyzed for various temporal regimes. The temporal regimes
include completely solid, partially molten and completely molten
for melting sub-process and in reverse order for solidification
sub-process. Later on, the solution for temperature distribution
for each temporal regime is obtained either by employing
Variational formulation or using a method of quasi-steady state.
A variety of boundary conditions involving constant heat flux,
adiabatic condition and convective conditions are used for both
analysis of melting and solidification. In all the cases, closed form
expressions for the temperature distribution have been obtained
as a function of various parameters such as heat flux, heat transfer
coefficient, thermophysical properties of PCM and physical dimension of storage system. The solution of each temporal regime
is united to provide a closed form solution for temperature distribution for the sub-process. Present predictions are compared with
the available test data and good agreement between both sets of

Source (Year)

Duan et al. [5]

Pal et al. [8]

Saha et al. [9]

Baby et al. [10]

Gharbi et al.
[11]

Liu et al. [12]

Liu et al. [13]

1.

2.

3.

4.

5.

6.

7.

Investigation of solidification
characteristics of stearic acidic
an annulus, with and without
thermal conductivity enhancers.

Investigation of melting
characteristics of PCM in an
annulus, with and without
thermal conductivity enhancers.

Experimental comparison
between different configurations
of PCM based heat sink for
electronic components.

Experimental investigation on
phase change material based
finned heat sinks for electronic
equipment cooling

Studies on optimum distribution
of fins in heat sink filled with
phase change materials

Melting of PCM by a
uniformly heated source.

Thermal management of electric
vehicle battery modules
with phase change material

Problem Adapted

Summary of Experimental investigation

S.
No.

Table 1

53.81

53.54

Stearic acid (67.7)

Stearic acid (67.7)

Length = 550 mm
Inside diameter = 19.9 mm
Outside diameter = 46 mm

Length = 550 mm
Inside diameter = 20 mm
Outside diameter = 46 mm

Only PCM and with spiral
twisted copper fins

Only PCM, PCM/Si
matrix, PCM/Graphite
matrix, PCM with
14 copper fins, PCM
with 6 copper fins
Only PCM and with spiral
twisted copper fins

51.5*25.5*16.5 mm3

4

Paraffin (51.75)

No fin, 3 plate fins,
72 pin fins

80*62*25 mm3

2 to 7

n-Eicosane (36.5)

0,9,36,81,121 pin fins
and 3 plate fins

4 and 8

Eicosane (35)

42*42*30 mm3

15 to 60

Only PCM and PCM jacket

Only PCM

Length = 101 mm
Inside diameter = 6.35 mm
Outside diameter = 52 mm

1.36

RPCM by Glacier
Tek Inc. (18)
T-PCM by laird
Tech (50)
n-triacotane (65.4)

Configurations

130*130*12.81

Dimensions of the PCM
container

Power input
range (W)

Type of PCM
(m.p. in 0C)

Effect of different heat flux has
been observed on melting
process and it has been observed
that fins improve both conduction
and natural convection.
Fins improve both conduction and
natural convection. Enhancement
factor during solidification has
been as high as 250% has been
observed with copper fin.

PCM with long and well-spaced
fins is suitable solution for thermal
control of electronic system

Operational performance of
portable electronic devices can
be significantly improved with
PCM based heat sink but the
effectiveness depend on volume
fraction of TCE, fin configuration,
TCE material, amount of PCM
and power level.

8% TCE volume fraction gives
the best result with large number
of small cross section fins.

At initial melting stage heat
transfer is conduction dominant
but at later stages of melting is
becomes convection dominant.

PCM has been effective in
maintaining the temperature
of battery modules for longer
duration of time.

Observations
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Chakraborty et al.
[15]

Jiji et al. [17]

Kalaiselvam et al.
[18]

2.

3.

4.

m
∞
X ðtÞ 1
H
Bi

ðt−t 1 Þk l ΔT
ks
1 f1−
k l ðl 1 −X 1 Þ k l
þ þk s
Bi
l1

Effect of uniform volumetric heat
generation on melting and
solidification of PCM in
cylindrical encapsulation.

0 00 2

q L
, Heat generation
ðT f −T ∞ Þ

Melting with Conduction in a cylinder
(Uniform volumetric heat generation)

 β β 2
β β 2
x
θL ðx; F 0 Þ ¼ ln
ln s 1 þ 4 − 4 s − 4 þ 4 x
Solidification with Conduction in a slab

ε ¼ Lx = Dimensionless distance

parameter,
q'''= Volumetric heat generation rate,
L = Half thickness of slab,

Where, β ¼ k

θL ðε; t Þ ¼ − β2 ðεi 2 −ε2 Þ −βðεi −εÞ þ1

1
τ 0 ¼ 2þβ
Solidification with Conduction in a slab
(Uniform volumetric heat generation)


θL ðε; t Þ ¼ − β2 ε2 þ 1 þ β2 εi 2 εεi

Where X (t) = Interface position,
L = Latent heat,
l1 = Thickness of PCM layer, ΔT = Tm − T∞
Effect of uniform volumetric heat Melting with Conduction in a slab
generation on melting and
(Uniform volumetric heat generation)


solidification of PCM in a
θL ðε; t Þ ¼ β2 ε2 þ 1− β2 εi 2 εεi
ﬃﬃﬃﬃﬃﬃﬃ
ﬃ
q
rectangle.
2τ
εi ¼ 1−βτ

X ðt Þ ¼ X 1 − ρLl

Where, X (t) = Melt front position,
L = Latent heat
Solution for heat transfer analysis Solidification with Conduction in a slab
of
(Insulated from one side; convection on
melting and solidification of
the other side)
h ðT −T ∞ Þ
PCM
T s ¼ T m − heff feffl1 −XmðtÞgþk
fx−X ðt Þg
s
for cyclic heat loads.
f
x−X
ð
t
Þ
g
þ 2lΔT
fx−X ðt Þg2
T l ¼ T m þ ΔT
l1
1 X ðt Þ

0

t ¼ t m þ ρLH
q″

t−tm Þ
X ðt Þ ¼ q ðρL

″

T l ¼ T m − k l fx−X ðtÞg

″

Temperature distribution in PCM Melting with Conduction in a slab
used
(Heat flux input on side; convection on
for thermal management of
the other side)
high
T s ¼ T m − ðT −T Þ fx−X ðt Þg
ð1− þ Þ
power electronics.
q

T. J. Lu [14]

1.

Temperature distribution for solid
liquid interface stage

Problem Adapted

Temperature distribution of PCM for stage 2 (Fig. 3c) reported by various researchers

S. Researcher
No

Table 2

Quasi-steady
approximation;
valid for Ste. < 0.1

Quasi-steady
approximation;
valid for Ste. < 0.1

Direct integration

Direct integration

Variational
formulation
coupled with
Kantorovich
Method

Variational
formulation
coupled with
Kantorovich
Method

Quasi-steady
approximation;
valid for Bi << 1

Semi-infinity
consideration,
or quasi steady state;
Valid for Bi << 1

Method/
Assumption

Assumptions

Yes
(Experimental)

No

Yes
(Experimental)

No

Validation
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Temperature distribution in PCM
and Performance analysis of
heat sink with phase change
material subjected to cyclic
heating.

Saha et al. [19]

Kalaiselvam et al.
[20]

5.

6.

00

q 0 R2
,
ðT f −T 0 Þ

Dimensionless heat

0

t ¼ t m þ ρLH
q″
Solidification with Conduction in a slab
(Insulation on one side; convection on
the other side)
h ðT −T ∞ Þ
T s ¼ T m − heff feffH−Xm ðtÞgþk
fx−X ðt Þg
s
Tl = Tm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 rn
oﬃ
2h2eff k s ðT m −T ∞ Þðtm −tÞ
2
X ðt Þ ¼ H þ h1eff k s −
þ
k
s
ρLp

″

t−tm Þ
X ðt Þ ¼ q ðρL

Melting with Conduction in a slab
(Heat flux input on side; insulation on the other side)
Ts = Tm
q″
T l ¼ T m − 2k
fx−X ðt Þg
l

generation parameter,
q′ ′ ′ = Volumetric heat generation rate,
R = Radius of cylindrical capsule,
s ¼ Rσ = Dimensionless position of solid-liquid interface,
σ = position of interface in spatial variable

β¼k

(Uniform volumetric heat generation)


θs ðx; F 0 Þ ¼ 4lnlnxs ðβ−4−βs2 Þ þ 1− β4 þ β4 x2
θL ðx; F 0 Þ ¼ − β2 s2 þ β2 x2
Where,

Temperature distribution for solid
liquid interface stage

2

gR
, Dimensionless heat
ðT f −T ∞ Þ
generation parameter,

Where, β ¼ k

ρLp H ð2k s þheff H Þ
t ″ ¼ t ″m þ 2heff k s ðT m −T ∞ Þ
Where X (t) = location of melt front at
time t,
H = Height of PCM layer
Effect of uniform volumetric heat Melting with Conduction in a sphere
generation on melting and
(Uniform volumetric heat generation)
solidification of nano particle θL ðx; F 0 Þ ¼ −β−6sþβs3 þ 6sþβs−βs3 þ βx2
6ð1−sÞ
6ð1−sÞx
6
enhanced PCM in spherical
Solidification with Conduction in a sphere
encapsulation.
(Uniform volumetric heat generation)
2
6þβðs2 −1Þx
ðs−1Þ
θs ðx; F o Þ ¼ 6sþβs
þ βx6
6ðs−1Þ þ
6ð1−sÞ
βðx2 −s2 Þ
θL ðx; F 0 Þ ¼ 6

Problem Adapted

S. Researcher
No

Table 2 (continued)

Quasi-steady
approximation;
valid for Ste. < 0.1

Quasi-steady
approximation;
valid for Bi << 1

Assumptions

Direct integration

Variational
formulation
coupled with
Kantorovich

Method/
Assumption

Yes
(Experimental)

Yes (Numerical)

Validation
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PCM solidification in
rectangular container with
convective boundaries

7.

Mosaffa et al. [21]

Problem Adapted

S. Researcher
No

Table 2 (continued)

g = volumetric heat generation rate
R = Radius of spherical capsule,
s ¼ Rσ = Dimensionless position of solid-liquid
interface, σ = position of interface in
spatial variable
Solidification with Conduction in a plate
(heat transfer fluid on the wall and fin
does not influence solidification process)
∞ β X ðt Þcosðβ X ðt ÞÞ−sinðβ X ðt ÞÞ
hðT m −T ∞ Þ
m
 m
½x þ 2 ∑ m
T s ðx; t Þ ¼
k s þ hX ðt Þ
H s þ β 2m þ H 2s X ðt Þ
m¼1


 2
 exp −αs β2m t sinðβm ðX ðt Þ−xÞ
2

 βm þ H s 
β 2m 

k s T m þ X ðt ÞhT ∞
þ
k s þ hX ðt Þ
Where,
βm cot(βmX(t)) = − Hs
Where, Hs = h/ks, and
X (t) = Distance of solid liquid interface
in x direction

Temperature distribution for solid
liquid interface stage

Method/
Assumption

Isothermal solidification Separation of
variables

Assumptions

Yes (Numerical)

Validation

Heat Mass Transfer
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results is obtained. Present analytical solutions are also able to
predict the melting and solidification time which helps in design
of PCM based cylindrical heat storage system.

2 The physical problem
Figure 1 depicts the schematic diagram of thermal storage unit
considered in this analysis. It consists of a cylindrical container with a centrally located electric heater and PCM surrounding to the electric heater. The heater, represents the electronic
system, generates heat and needs to be maintained in a particular temperature range for effective and safe operation.
Initially, the heat generated by electronic system is absorbed
by the PCM and the temperature of both PCM and electronic
system increases till the melting point of PCM is reached.
After the PCM attains the melting temperature, it absorbs latent heat and the temperature of electronic system and PCM
remains stable during that period. As the time progresses, the
complete melting of PCM take place and the temperature of
electronic system increases due to sensible heating of molten
PCM. On the contrary, PCM solidified during the cooling
period as it losses heat.
The problem depicted in Fig. 2 is categorized as the BStefan
problem^. It consists of cylinder having inner surface of radius
r1 and outer surface of radius r2. Uniform constant heat flux is
applied at the inner surface of the annulus. The length of PCM
cylinder (L) is assumed to be much larger than its thickness
(r2-r1), that is, (L > > r2-r1). The loss of heat from upper and
lower surfaces of cylinder is assumed to be negligible and the
entire heat is assumed to be conducted in radial direction.

Therefore, the problem can be modeled as one dimensional.
Following assumptions have been made for the analysis and
are detailed below.
(i) PCM is assumed to be pure material and its melting is
considered as isothermal.
(ii) Heat transfer in PCM is assumed to be one dimensional
and conduction dominated process.
(iii) An equivalent thermal conductivity for liquid phase is
considered in order to account the melt convection.
(iv) Properties of solid and liquid phases are different but are
assumed to be constant within the operating range of
temperature.
(v) The change of volume of PCM after phase change is
neglected in the analysis.

3 Mathematical formulation
Figure 2 depicts the temperature distribution during the phase
change process of PCM in the cylindrical container. Here, the
problem involves two different parts, namely, melting domain
and solidification domain. Each domain is formulated separately in subsequent sections.

3.1 Melting analysis of PCM
The melting domain is divided into three stages. Stage 1 represents the case where the entire PCM remains in solid state and
heat transfer takes place due to conduction. The supplied heat
energy is absorbed in PCM and the temperature of PCM rises
due to gain in sensible heat. In stage 2, the melting of PCM takes
place with partial solid and partial liquid state of PCM. In this
stage, the melt front propagates from inner layer to the outermost
layer of PCM. After complete melting of PCM (stage 3), the
temperature of molten PCM increases due to sensible heat gain.
The one dimensional transient heat conduction equation
valid for all the three stages and can be written as follows:
Stage 1: PCM is completely solid 0 ≤ t ≤ tm:


1 ∂
∂T s
1 ∂T s
¼
r1 ≤ r ≤ r2
r
∂r
r ∂r
αs ∂t
Stage 2: PCM is partially molten tm ≤ t ≤ t’:


1 ∂
∂T l
1 ∂T l
r 1 ≤ r ≤ R ðt Þ
¼
r
∂r
r ∂r
αl ∂t

Fig. 1 A typical PCM based cylindrical thermal storage system



1 ∂
∂T s
1 ∂T s
¼
r
∂r
r ∂r
αs ∂t

Rðt Þ≤ r ≤ r2

ð1aÞ

ð1bÞ

ð1cÞ
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ð1dÞ

Here R (t) denotes the position of solid/liquid interface at time
t.
The initial and boundary conditions are given by:
T j ðr; t Þ ¼ T ∞

at t ¼ 0

ð2aÞ

∂T j
¼ q′′
∂r

at r ¼ r1

ð2bÞ

−k j

f or t ≤ tm

R ðt Þ ¼ r 1

Stage 3: PCM is completely liquid t ≥ t’:


1 ∂
∂T l
1 ∂T l
¼
r1 ≤ r ≤ r2
r
∂r
r ∂r
αl ∂t

(a) Substage-1(a)

ð2cÞ

∂T s
∂T l
∂Rðt Þ
at r ¼ RðtÞ
−k l
¼ ρLp
∂t
∂r
∂r
T j ðr; tÞ ¼ Tm
at r ¼ RðtÞ

ð2dÞ

ks

ð2eÞ

In this study, the outer surface is subjected to two different
boundary conditions and are given as:
∂T j
¼0
atr ¼ r2
∂r
∂T j
¼ hT j ðr; t Þ−T ∞ at r ¼ r2
−k j
∂r

−k j

(b) Substage-1(b)

ð3Þ
ð4Þ

(c) Stage-2

100

0

Temperature ( C)
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0
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Stage-1

Stage-2

2000
Stage-3 Stage-1

Melting of PCM

3000

4000

Stage-2
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Stage-3

Solidification of PCM

Time (s)

(d) Stage-3

(e) Temperature regimes of melting and solidification
of PCM for all the stages

Fig. 2 Typical phase change curves for melting process for (a) Substage-1(a), (b) Substage1 (b), (c) Stage-2, (d) Stage-3 and (e) Temperature regimes of
melting and solidification of PCM for all the stages

Heat Mass Transfer

where the depth of penetration ε(t) is defined as below:

where,
kj ¼

ks;
kl;

Tj ¼

T s;
T l;

for Solid
for Liquid

ð5Þ

for Solid
for Liquid

ð6Þ

Here, Eqs. (3) and (4) represent the adiabatic and convective boundary conditions at the outer surface of the PCM (r =
r2), respectively.
In addition to the initial and boundary conditions, another
initial condition is required to solve the conduction equation.
The details are elaborated below.
3.1.1 Outer surface subjected to convective environment
Stage 1: (0 ≤ t ≤ tm)
The governing equation, initial condition and boundary
conditions for stage 1 are valid upto the time when melting
starts at the inner surface (tm). Stage 1 is further subdivided
into two distinct time domains as below:
Case 1: Initiation of melting after the penetration of thermal disturbance at the outer layer of PCM, i.e. tm ≥ t0.
Case 2: Initiation of melting before the thermal disturbance penetrates the the outer layer of PCM, i.e. tm ≤ t0.
Case 1: tm ≥ t0
This stage is further divided into the following two
substages:
(a) 0 ≤ t ≤ t0
(b) t0 ≤ t ≤ tm
The solutions of above problem are reported in the form of
infinite series or Laplace transformation. In order to solve the
above mentioned problem, one needs to assume a guess temperature profile and is given as:
T j ðr; t Þ−T ∞ ¼ a þ blnðrÞ

ð7Þ

Here, a simplified variational profile, satisfying the boundary conditions (Eqs. 2a and 2b, for substage a and Eqs. 2b and
4, for substage b) coupled with Kantorovich method [24], is
employed to obtain the solution for both the substages and
expressed below.
8


q′′ r1
ε ðt Þ
>
>
>
ln
>
>
r
< ks
8 n
2
o 93
T s ðr; t Þ−T ∞ ¼
Bis αs ðt−t 0 Þ =
<
′′
−
>
q
r
r
> 1 4ln 2 þ 1
ð1−β Þr2
5
>
2
1−e
>
>
;
r
βBis :
: ks

f or 0≤t ≤ t0

αs t
f or 0≤ t ≤ t0
ð9Þ
r1
It may be noted that the penetration time (t0) for thermal
disturbance to penetrate to the outer surface of PCM can be
obtained by substituting Ts(r2, t) = T∞ in Eq. (8) as follows:
ε ðt Þ ¼ r 1 þ

t0 ¼

βð1−βÞr22
αs

ð10Þ

Depth of penetration ε(t) and penetration time t0 are independent of amount of heat flux applied at the inner surface of
PCM cylinder.
The solutions given by Eq. (8) are valid upto t = tm.
Therefore, it is needed to evaluate the value of tm. By
substituting Ts(r1, t) = Tm at t = tm in Eq. (8), and with ΔT =
Tm − T∞, we can obtain:
8
β h βrφs i
>
>
tm ≤ t0
e 2 −1
<
tm
ð1−β Þ


ð11Þ
¼
1
φs
>
t0
>
ln 1−Bis
þ βlnðβÞ
tm ≥ t0
: 1−
r2
βBis
It may be noted from Eq. (11) that the melting analysis of
PCM consist of two parts, one with melting time less than
penetration time and other with melting time longer than penetration time. For the above case tm ≥ t0 (Eq. 11), one can
k s ΔT
.
obtain the condition for the heat flux q′′ ≤ βr
2 lnβ
Stage 2: (tm ≤ t ≤ t’)
The solution for this stage is obtained by employing an
approximate analytical method, termed as quasi steady method.
This method assumes that during melting of PCM, temperature
variation with time is small. Although the temperature may vary
with time, one can assume the temperature gradient both in
solid and liquid phases to be constant. By using governing
equation (Eqs. 1b and 1c) and employing the initial and boundary conditions (Eqs. 2b, 2c and 2e, for liquid state and Eqs. 2c,
2e and 4, for solid state), the temperature distribution for both
solid and liquid phases can be expressed as follows:
8
>
>
< Tm þ

Bis ΔT
Rðt Þ
ln
f1 þ Bis lnðγ Þg  r
T j ðr; t Þ ¼
βr2 ΔT
Rðt Þ
>
>
: Tm þ
ln
φl
r

for solid tm ≤t ≤t

ð8Þ

0

for liquid tm ≤ t ≤ t

ð12Þ

The melt interface location R (t) can be found by substituting Eq. (12) into Eq. (2d).
αl βl Stel r2 ðt−t m Þ fRðt Þg2
¼
2
φl


 
2
1
−2φ
1 þ 2ef Bis s g E1 2ln γ−φs þ
Bis

f or t0 ≤ t ≤ tm

0

for interphase tm ≤ t≤t

0

ð13Þ
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3.1.2 Outer surface of cylinder is insulated

where,
e−v
dv
v


1
v ¼ 2 ln γ−φs þ
Bis

E 1 ¼ −∫

ð14aÞ

Stage 1: (0 ≤ t ≤ tm)

ð14bÞ

It may be noted that the solution of this model is similar to the
one reported in the earlier section (3.1.1). Here, the governing
equations (Eqs. 1a-1d), boundary and initial conditions (Eqs. 2a2e and 3) are used to obtain the solution. In addition, different
cases for melting (stage 1) as applicable for earlier section (3.1.1)
are same for this model and also, the solution for substage (a) is
similar to the earlier section (3.1.1) as there is no effect of outside
boundary condition of cylinder in this stage of melting and hence
not presented here for the sake of brevity.
Temperature distribution for substage (b) applicable
in the time domain t 0 ≤ t ≤ t m , is obtained by using
governing Eq. (1a) and initial and boundary conditions
(Eqs. 2b and 3) and is expressed below.

For thin PCM layer coupled with air convection Bis < < 1,
thus Eq. (13) can be rewritten as:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2αl βl Stel r2 ðt−t m Þ
0
for inteface tm ≤ t ≤ t
Rðt Þ ¼ r21 þ
φl
ð15Þ
Now, the temperature distribution in solid and liquid phases
can be obtained by substituting Eq. (15) in Eq. (12),
respectively.
The time duration at which melt front reaches the outer
surface of PCM can be obtained by substituting R (t) = r2
and t = t’ in Eq. (15):



1−β 2 φl r2
t ¼ tm þ
2αl βStel
′

ð16Þ

The difference between time t’ and tm gives the duration of
time in which latent heat is absorbed by the PCM and temperature of the inner surface of PCM, at which heat flux is applied, can be made stable. It may be noted that similar closed
form expressions for the temperature distribution of PCM
melting as reported in stages 1 and 2 by Lu [14]. This study
was concerned with Cartesian geometry accounting constant
heat flux at bottom surface and convective air environment at
top surface of PCM.
Stage 3: (t ≥ t’)
In this stage, melt interface R (t) reaches at the outermost layer of the PCM which is completely in the
liquid state. The initial condition for this stage is t = t’.
Using earlier method described in section (3.1.1, stage
1), using governing equation (Eq. 1d) and employing
the initial and boundary conditions (Eqs. 2b and 4),
the temperature distribution in the molten PCM for t ≥
t’ can be obtained as:
2
n
0 o3
αl Bil ðt−t Þ
−
βr2 ΔT h r2
1 4
ð1−β Þr2
5
2
T l ðr; t Þ ¼ T m þ
1−e
ln
þ
φl
βBil
r

T s ðr; t Þ−T ∞ ¼

q″ r 1 h r 2
αs ðt−t 0 Þ
þ
ln
ks
r
β ð1−βÞr22

for t0 ≤ t ≤ tm

ð18Þ

The solution given by Eq. (18) is valid upto t = tm .
Therefore, it is needed to evaluate the value of tm. By
substituting Ts(r1, t) = Tm at t = tm in Eq. (18), and with ΔT =
Tm − T∞, one can obtain:


tm
φ
βr2
¼ 1 þ s 1−
lnβ ; tm ≥ t0
ð19Þ
t0
βr2
φs
For the above case (Eq. 19), one can obtain the condition
k s ΔT
for the heat flux q′′ ≤ βr
while for tm ≤ t0, the expression
2 lnβ
remains same as reported in earlier section (3.1.1, stage 2).
Stage 2: (tm ≤ t ≤ t’)
The solution for this stage is obtained by employing similar
method as described in section (3.1.1). Using governing Eqs.
(1b) and (1c), and employing the initial and boundary conditions (Eqs. 2b, 2c and 2e, for liquid state and Eqs. 2c, 2e and 3,
for solid state), the temperature distribution for both solid and
liquid phases can be obtained. It may be noted that the solution
for liquid phase is similar to that of the earlier section (3.1.1,
stage 2) and temperature distribution for solid phase is
expressed as follows:
T s ðr; t Þ ¼ T m

for solid t m ≤ t ≤ t

0

ð20Þ

0

for t ≥ t

Stage 3: (t ≥ t’)

ð17Þ
Temperature distribution profile obtained in Eq. (17) is
similar to the one reported by Saha and Dutta [19] using
Cartesian geometry.

In this stage, melt interface R (t) reaches at the outermost
layer of the PCM which is completely in the liquid state. The
initial condition for this stage is t = t’. Using earlier method
described in Sec. (3.1.2, stage 1) and by using governing Eq.
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(1d) and employing the initial and boundary conditions (Eq.
2b and 3), the temperature distribution in the molten PCM for
t ≥ t’ can be obtained as:


βr2 ΔT
r2
αl ðt−t″ Þ
þ
T l ðr; t Þ ¼ T m þ
ln
r
φl
β ð1−β Þr22

for t ≥t

0

ts denotes the time at which solidification at the outer surface
of PCM starts.
Stage 2: (ts ≤ t ≤ t^)

ð21Þ

The existing study by Saha and Dutta [19] using Cartesian
geometry with constant heat flux at bottom surface and insulated top surface of PCM also found similar closed form expressions for temperature distribution of PCM melting reported this section.

After the start of solidification, solid-liquid interface
moves from outer surface to inner surface of PCM layer
(frozen front) and PCM dissipates latent heat. The temperature distribution for both solid and liquid phases can
be expressed as:
T j ðr; t Þ ¼

3.2 Solidification analysis of PCM

∂T j
¼0
∂r

ð22Þ

at r ¼ r1

Here, different stages of solidification of PCM are same as
discussed in the melting problem. However, these stages occur
in the reverse order compared to the melting problem.
Different stages are elaborated below.
Stage 1: (t’ ≤ t ≤ ts)
The temperature distribution in the liquid PCM after the
start of solidification (t ≥ t’) can be expressed as:
T l ðr; t Þ−T ∞ ¼ τ 2 1 þ Bil ln

r2
f or t
r

≤ t ≤ ts

ð23aÞ

where,
 

 
τ 2 ¼ T l r; t ′ −T ∞ exp −αl m t−t ′
and;
Bil
m¼ 2
r2 ½1−β þ Bil 1 þ βðlnβ−1Þ

ð23bÞ

The solution given by Eq. (23a) is valid upto t = t s.
Therefore, it is needed to evaluate the value of ts. By substituting Tl(r2, t) = Tm at t = ts in Eq. (23a), and with ΔT = Tm − T∞,
one can obtain:


1
T ðr2 ; t ′ Þ−T ∞
ts ¼ t þ
ln
ΔT
αs m
′

:

Tm þ

Bis ΔT
RðtÞ
ln
r
f1 þ Bis lnðγ Þg

Tm

00

for solid ts ≤t ≤ t

for liquid ts ≤ t ≤t

00

ð25Þ

It is considered that the solidification of PCM begins when zero
heat flux applied at the inner wall of cylindrical annulus during
cooling. This occurs in the case of cyclic or periodic heat loading situation. The governing Eqs. (1a)-(1d), boundary and initial conditions (Eqs. 2a, 2c-2e and 4) are same as in the case of
melting problem discussed earlier. In addition to this, following
boundary conditions are used to obtain the solution.
The initial and boundary conditions are given by:
−k j

8
<

ð24Þ

The frozen front location R (t) can be found by substituting
Eq. (25) in Eq. (2e).
4αs Stes ¼ fRðt Þg2 1 þ 2lnðγ Þ þ

2
Bis

for interphase ts ≤ t ≤ t} ð26Þ

For thin PCM layer coupled with air convection Bis < < 1,
thus Eq. (26) can be rewritten as:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðt Þ ¼ r22 −2αs Bis Stes ðt−t s Þ for interphase ts ≤ t ≤ t} ð27Þ
The time duration at which frozen front reaches the inner
surface of PCM can be obtained by substituting R (t) = r1 and
t = t^ in Eq. (27):


r22 1−β 2
′′
ð28Þ
t ¼ ts þ
2αs Bis Stes
The difference between time t^ and ts gives the duration of
time in which latent heat is dissipated by the PCM.
Stage 3: (t ≥ t^)
This stage begins when the frozen front {R (t)} reaches at
the innermost layer of the PCM. The initial condition for this
stage is t = t^. The temperature distribution in the solid PCM
can be expressed as:
n
r2 o
T s ðr; t Þ−T ∞ ¼ τ 3 1 þ Bis ln
for t ≥ t}
ð29aÞ
r
Where,





τ 2 ¼ T l r; t ′′ −T ∞ exp −αs m t−t ′′
and;
Bis
m¼
½1−β þ Bis 1−β þ Bis ðlnβ−1Þ

ð29bÞ

Once again, we found the profiles of temperature distribution of PCM solidification in this section same as that of obtained by Saha and Dutta [19]. In their study, zero heat flux at
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Solidification: t ≥ t”)
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Stage-2
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Solidification: ts ≤ t ≤ t”)
[Fig. 2(c)]

Sub
stage-1(b)
(t0 ≤ t ≤ tm)
[Fig. 2(b)]

Sub
stage-1(a)
(0 ≤ t ≤ t0)
[Fig. 2(a)]
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>
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þ
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Þg
f1 þ Bis lnðγ
T p ðr; t Þ ¼
q″ r1
Rðt Þ
>
>
: Tm þ
ln
r
kl
Where Tp = Ts,Tl for solid and liquid phase respectively.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
″ ðt−t Þ
1
m
Rðt Þ ¼ r21 þ 2q rρL
p

t0 ¼

βr22 ð1−βÞ
αs

Where, εðt Þ ¼ r1 þ αrs1t

n o
″
T s ðr; t Þ−T ∞ ¼ qkrs 1 ln εðrtÞ

Outer surface of cylinder is subjected to convective
environment

Melting of PCM

Temperature distributions obtained in various stages

Stage-1
(Melting:
0 ≤ t ≤ tm,
Solidification:
t’ ≤ t ≤ ts)
[Fig. 2(a), 2(b)]

Stages

Table 3
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Where Tp = Ts,Tl for solid and liquid phase
respectively.
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o
T s ðr; t Þ−T ∞ ¼ τ 3 1−Bis ln rr2
 



τ 2 ¼ T s r; t ″ −T ∞ exp −αs m t−t ″
Bis
where; m ¼ 2
r2 ½1−β þ Bis f1 þ β ðlnβ−1Þg

Tl(r, t) = Tm
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Solidification of PCM
(Inner surface is insulated and outer surface of
cylinder is subjected to convective
environment)
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Heat Mass Transfer
Table 4 Thermophysical
properties of wax

Property

Magnitude (unit)

ks

0.29 W/m-K

kl

0.21 W/m-K

ρs

910 kg/m3

ρl

822 kg/m3

cs

1.77 kJ/kg-K

cl

1.77 kJ/kg-K

Lp

195 kJ/kg

Ti

21 °C

Tm

56 °C

r2

0.004 m

r1

0.002 m

L

0.4 m

annulus filled with PCM having respective inner or outer diameters 4 mm and 8 mm is considered for the analysis. The
inner cylinder is assumed to be electric vehicle battery module. The dimensions of this annular geometry are summarized
in Table 4. The length of PCM cylinder (L) is chosen as
400 mm.
Initially, an effort has been made to compare the present
predictions with the test data of Duan et al. (2010) and Liu et
al. (2005) as shown in Figs. 3, 4, and 5. Here, the temperature
distribution during melting is obtained at r = r1 (shown in
k s ΔT
Fig. 3) for the condition q′′ ¼ βr
. The solid region includes
2 lnβ
two sub stages: (i) heat is not reached to the outer surface (0 ≤
t ≤ t0) and (ii) heat is reached to the outer surface with PCM in
the solid state condition (t0 ≤ t ≤ tm).
Duan and Naterer [5] carried out experiments to simulate
the battery cell by installing an electric heater at the center of a
cylindrical container filled with RPCM as PCM. The container was made of aluminium with a thickness of 0.2 mm, diameter of 52 mm and height of 125 mm. The phase change
temperature, specific heat, latent heat, density and thermal
conductivity of RPCM was reported as 18 °C, 2.1 kJ/kg-K,
195 kJ/kg, 840 kg/m3 and 0.55 W/m-K, respectively [5]. The
electric heater is 101 mm long and 6.35 mm in diameter. The
heater has a heating rate of 1.36 W with a power supply of
14 V. Present predictions (Eqs. 8, 12, 17) exhibit good agreement with the test data of Duan et al. [5] and are shown in Fig.
3. The temperature distribution (Fig. 3) depicts the melting of
PCM involving various stages such as solid, partially molten
and completely molten condition. It may be noted that the
present prediction exhibits excellent agreement with the test
data during solid state (0–232.49 s). While, there is some

the bottom surface and convective air environment at the top
surface of PCM were applied in Cartesian geometry.
Temperature distributions for all domains, stages and substages are summarized in Table 3.

4 Results and discussions
In this section an effort has been made to investigate the influence of heat flux, heat transfer coefficient, thermophysical
properties of PCM, thermal conductivity enhancers and physical dimension of storage system on the temperature distribution of PCM. Here, wax has been considered as the phase
change material and its properties are given in Table 4. An
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Fig. 3 Comparison of present
prediction with the test data of
Duan and Naterer [5] during
melting of RPCM with constant
heat flux at inner surface and
convective heat transfer at outer
surface
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Fig. 4 Comparison of present
prediction with the test data of Liu
et al. [12] during melting of PCM
with constant heat flux at inner
surface and insulation at outer
surface
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deviation between present prediction and test data during partial melting. This is attributed to the fact that the present analysis considers a quasi-steady assumption during the partial
molten condition. The mean error is found to be less than
9.36% between both sets of results.
Here, efforts have also been made to compare present
predictions during melting of PCM for insulated outer
surface with the test data of Liu et al. [12] as shown in
Fig. 4. In their experiments, electric heater of diameter
20 mm is placed concentrically with PCM tube made of
stainless steel with inner diameter of 46 mm and length

of 550 mm. The outside surface of cylindrical tube was
well insulated with a porous polythene insulator. Stearic
acid with melting temperature of 67.7 °C was used as
PCM. The initial temperature of PCM is kept at 26 °C
and heat flux of 1558 W/m2 was considered during the
tests. The properties of stearic acid are taken from Zalba
et al. [1]. Figure 4 depicts temperature distribution at
the heater surface (r = r1) obtained via both theoretical
model and experiments. Present predictions exhibit good
agreement with the test data. The error between both
sets of results is found to be less than 7.86%.
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Fig. 5 Comparison of present
prediction with the test data of Liu
et al. [13] during solidification of
PCM with insulated inner surface
and convective heat transfer at
outer surface
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Fig. 6 PCM inner surface
temperature distribution for
different values of heat flux (a)
Melting and solidification with
convection at outer surface of
cylinder (b) Melting with
insulation at outer surface of
cylinder
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The theoretical predictions obtained from the present analysis during solidification of PCM with the outer surface subjected to convective air environment are compared with the
test data of Liu et al. [13] as shown in Fig. 5. In their experiments, electric heater with diameter 19.9 mm and 550 mm
long is placed concentrically with heat exchanger made of two
concentric cylindrical pipes of stainless steel. The external
tube was 600 mm long with inner diameter of 91 mm, while
internal PCM tube was 550 mm long having 46 mm inner

diameter and 2.5 mm wall thickness. The outside surface of
external cylindrical tube was well insulated with a porous
polythene insulator. Stearic acid with melting temperature of
67.7 °C is used as PCM and was filled between electric heater
and internal cylindrical tube. Cooling water was circulated in
the space between internal and external cylindrical tubes. The
initial temperature of PCM was maintained at 26 °C and heat
flux of 1558 W/m2 was used during the experiment. Figure 5
depicts the temperature distribution at the outer PCM surface
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Fig. 7 PCM inner surface
temperature distribution for
different values of heat transfer
coefficient (a) Melting with
insulation and convection at outer
surface of cylinder. (b) Melting
and solidification with convection
at outer surface of cylinder
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(r = r2) surrounded by pure stearic acid obtained through both
theoretical model and experiments. The properties of stearic
acid are taken from Zalba et al. [1]. The heat transfer coefficient is assumed to be 26.42 W/m2-K for all the stages of
solidification process. The agreement between the present theoretical prediction and test data is found to be good and the
maximum error is around 10.2%.
Figure 6a and b depict the distribution of temperature with
time for various heat flux values. Figure 6a illustrates the
temperature distribution for different heat flux values for

convective boundary condition at outer surface of cylinder
containing PCM. The values of r1 and r2 are taken as 2 mm
and 4 mm, respectively. The melting process completes when
the temperature at the inside surface of PCM reaches a set
point temperature of 100 °C. The heat transfer coefficient at
the outer surface of the PCM is assumed to be 5 W/m2-K. The
heat flux values are varied between 250 W/m2 to 2000 W/m2.
In earlier studies, heat flux values were found to be in this
range for electric vehicle module [5–7]. It can be noticed that
at lower heat flux values, the temperature of the inside surface
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Fig. 8 Dimensionless time (t0/tm)
for melting and heat penetration
with radial distance for various
PCM with T∞ = 18 °C, r1 =
0.002 m and h = 5 W/m2-K. (a)
q^ = 500 W/m2 (b) q^ = 2000 W/
m2
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of the PCM cylinder is stabilized for significant duration by
absorbing the latent heat, while at higher heat flux values, the
temperature rises very fast with short duration. Sensible heat
storage is found to be significant for higher heat flux values
compared to latent heat storage. Solidification of PCM initiates when heat flux at the inner surface becomes zero and
outer surface of PCM is subjected to convective air environment. Therefore, it can be noticed from Fig. 6a that the heat

flux values have no effect on the solidification process of
PCM. Figure 6b shows the distribution of temperature with
time during melting of PCM for various heat flux values for
adiabatic condition at the outer surface of PCM cylinder.
The effect of heat transfer coefficient on inner surface temperature of PCM during melting with insulated outer surface
(h = 0 W/m2-K) and convective outer surface (h = 5 W/m2-K
and 10 W/m2-K) is illustrated in Fig. 7a. The melting process
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Table 5

Thermophysical Properties of various PCMs

PCM

Tm
(°C)

Lp
(kJ/kg)

kl
(W/m-K)

ρl
(kg/m3)

cl
(kJ/kg-K)

Paraffin
Paraffin wax
Erythritol
Eicosane
Stearic acid
KF.4H2O
Ga

28
56
120
35
69
18.4
29.8

244
195
340
241
202.5
246
80.1

0.15
0.21
0.326
0.27
0.172
0.48
33.7

774
822
1330
790
848
1450
6093

2.16
1770
2.63
2.05
2.30
2.59
0.40

is assumed to be over when the temperature at the inside
surface of PCM reaches a set point temperature of 100 °C.
Initially, the temperature remains same for different values of
heat transfer coefficient. However, the start of melting of PCM
is delayed by certain time period with the increase in the value
of h. After certain time, as the melt front progresses, the temperature difference between insulated outer surface (h = 0 W/
m2-K) and convective outer surface (h = 5 W/m2-K, 10 W/m2K) increases as shown in Fig. 7a. This occurs because inner
surface temperature of molten PCM depends on the heat transfer coefficient.
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Also, here an effort has been made to study the effect of
heat transfer coefficient on the inner surface temperature during melting and solidification of PCM with convective outer
surface (h = 5 W/m2-K and 10 W/m2-K) as shown in Fig. 7b.
It can be noticed from this figure that increase in the heat
transfer coefficient variation does not have significant effect
on melting duration. However, start of melting of PCM is
delayed by certain time period with the increase in the value
of h. Therefore, the time duration required by PCM to reach at
the set point temperature has been increased. The

solidification of PCM starts for q^ = 0 at the inner surface.
Different values of heat transfer coefficient have significant
effect on solidification of PCM. As the value of heat transfer
coefficient increases at the outside surface of PCM, the time
duration for inner surface to reach at ambient temperature is
decreased significantly.
In general, the analysis of melting of PCM in a cylindrical
annulus of finite radii consists of two cases, one with t0 less
than tm and other with t0 greater than tm. The former case is
considered here. Figure 8a and b depict the variation of (t0/tm)

Heat Mass Transfer

with radial distance for various PCMs and heat flux values.
Here, four different categories of PCMs; namely, organic (paraffin, erythritol, eicosane, paraffin wax), fatty acid (stearic
acid), salt hydrate (KF.4H2O) and metal (Gallium) are considered for analysis. The thermophysical properties of PCM are
reported by Zalba et al. [1] and Shamberger [22], are summarized in Table 5. It may be noted that for outer PCM layer of
0.5 mm and q^ = 500 W/m2, among various PCM materials,
only KF.4H2O starts to melt, when t = t0 as shown in Fig. 8a.
On the contrary, with the increase of heat flux values to
2000 W/m2, in addition to KF.4H2O, paraffin wax starts to
melt, when t = t0 as shown in Fig. 8b.
The variation of transient interface location with time for
various heat flux values in case of melting of PCM and heat
transfer coefficient in case of solidification of PCM is shown
in Fig. 9a and b, respectively. For analyzing the effect of heat
flux on transient solid/liquid interface position, the PCM is
assumed to be initially at its melting temperature. It is observed that with the increase in heat flux values the melt front
speed increases and melt front reaches the outside surface of
PCM cylinder in short duration as shown in Fig. 9a. This
indicates that with the increase of heat flux, PCM will melt
quickly and results in reducing the temperature stabilization
duration. It is observed that with the increase in the heat transfer coefficient, the time duration required to reach the frozen
front at inside surface of PCM cylinder decreases. This indicates that with the increase of heat transfer coefficient, PCM
will solidify quickly and can be considered as an important
parameter for design.
Melt fraction is defined as the ratio amount of PCM melted
to the total volume of PCM. While, the frozen fraction denotes

100

Fig. 11 Effect of radius ratio (β)
on melting of PCM

Table 6 Properties of
TCE (Aluminium)

Property

Magnitude (unit)

k

202.4 W/m-K

ρ

2719 Kg/m3

c

0.87 kJ/kg-K

Tm

660.4 °C

the ratio of amount of PCM solidified to the total volume of
PCM. Here, the PCM is assumed to be initially at its melting
temperature. The variation of melt fraction with time for various heat flux values and variation of frozen fraction with time
for various heat transfer coefficient is shown in Fig. 10a and b,
respectively. With the higher value of heat flux, the melting
occurs quickly and the rate of melting is higher compared to
lower heat flux values. It is observed that the solidification of
PCM occurs quickly at faster rate with the increase in heat
transfer coefficient as shown in Fig. 10b.
Figure 10a shows the effect of heat flux on the melt fraction
of PCM, whereas Fig. 10b shows the effect of heat transfer
coefficient on the frozen fraction of PCM. It can be noticed
from the Fig. 10a that PCM gets melted quickly and melt
fraction increases rapidly with higher heat flux. Similarly,
PCM gets solidified quickly with higher heat transfer coefficient and frozen fraction rapidly approaches unity.
Figure 11 depicts the effect of radius ratio (β) on melting of
PCM. The melt duration for β = 0.5 and β = 0.33 was found to
be 1238 s and 3046 s, respectively. This indicates that melt
duration can be increased by increasing the thickness of PCM
over the heated battery module.
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Fig. 12 Effect of TCE on melting
and solidification of PCM
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Here, an attempt has been made to analyze the effect of
thermal conductivity enhancers (TCE) on the phase change
process. For such investigation, aluminum is used as TCE
and various volumetric percentage of aluminum (2 to 20%)
is uniformly dispersed in PCM stored in the annulus of
400 mm long. Thermophysical properties of aluminum are
summarized in Table 6. The TCE has been assumed to be
equally dispersed throughout the length of PCM cylinder.
The effective thermophysical properties of PCM and TCE
are determined as follows [19].
k e f f ¼ δk T CE þ ð1−δÞk PCM

ð30aÞ

ρe f f ¼ δρT CE þ ð1−δÞρPCM

ð30bÞ

ðρcÞe f f ¼ δðρcÞTCE þ ð1−δÞðρcÞPCM
 
 
ρLp e f f ¼ ð1−δÞ ρLp PCM

ð30cÞ
ð30dÞ

It may be noted that linear variation with volumetric fraction of TCE is considered to evaluate the thermophysical
properties (Eqs. 30a–30d). Although the variation in effective
thermal conductivity with volume fraction of TCE is complex,
the linear approximation is valid for various properties of
PCM such as density, specific heat and latent heat. Similar
approximations have been made by earlier researchers in their
investigations [19]. It is observed that with 2% TCE the time
duration to reach at the set point temperature of 100 °C increases. However, with further increase of TCE volume fraction, the time duration to reach at set point temperature decreases as shown in Fig. 12. Also, the melt duration decreases
due to the decrease in the amount of PCM in the thermal
storage unit. Therefore, the volume fraction of TCE needs to
be chosen wisely as there exists a particular percentage of
TCE for each configuration at which the melt duration for
thermal storage unit is maximum. It is observed that TCE have
no effect on the solidification duration of PCM.

5 Conclusion
In this study, an analytical model has been developed for PCM
based cylindrical thermal storage system. In this model, the
entire phase change process is divided into three stages:
completely solid PCM, partially molten PCM and completely
liquid PCM. A simplified Variational profile, satisfying the
boundary conditions coupled with Kantorovich method, is
employed to obtain the solution for temperature distribution
of completely solid and liquid PCMs. Quasi steady approximation method is employed for partially molten PCM. The
key findings obtained from the present analysis are elaborated
below.
1. In all the cases, closed form expressions are obtained for
temperature distribution as a function of various modelling parameters such as boundary heat flux, heat transfer
coefficient, thermophysical properties of PCM and physical dimension of thermal storage unit.
2. Present model exhibits good agreement with the test data of
Duan and Naterer [5] during melting of RPCM and Liu et al.
[12, 13] during melting and solidification of stearic acid.
3. It is observed that increase in heat transfer coefficient have
no significant effect on the melting of PCM. However,
heat transfer coefficient is an important tool for controlling the solidification time of PCM and is also found to be
a predominant factor for analyzing the transient interface
position and frozen fraction during solidification of PCM.
4. Decreasing the radius ratio of annulus from β = 0.5 to β =
0.33 increases the melt duration from 1238 s to 3046 s.
This indicates that melt duration can be increased by increasing the thickness of PCM over the heated battery
module.
5. Presence of a high-conductivity material has a significant
effect on PCM temperature. It is observed that for any
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thermal storage unit there exists a particular percentage of
TCE- PCM distribution through which maximum melt
duration can be achieved.
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