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Abstract This article is divided into two main

sections. The focus of the first is the determination

of the effective piezoelectric and dielectric properties

of Boron-Nitride (BN) reinforced nanocomposite

(BNRC) and the focus of the second is the electrome-

chanical response of the BNRC beam accounting for

surface and flexoelectric effects. The effective prop-

erties of the BNRC were obtained using microme-

chanics and homogenization techniques that consider

Hill’s average concentration factor, while in the

second the electromechanical response, which

requires the developed effective BNRC properties,

was analytically determined by making use of size-

dependent Euler–Bernoulli (E–B) beam description

and an extended theory of linear piezoelectricity. The

considered beam is subjected to a uniformly dis-

tributed load with three different types of support:

clamped–clamped, simply-supported, and clamped-

free. The outcomes of E–B beam model are also

compared with that of FE results and are found to be in

excellent agreement. Our results reveal that the

electromechanical properties of BNRC are improved

in the transverse direction, which in turn activates

transverse actuation under the applied field. Further-

more, our results show that the size-dependent flex-

oelectric and surface effects must be considered for the

accurate modeling of active nanostructures. We also

observed that the bulk flexoelectric effect stiffens the

nanobeam irrespective of the support type, whereas

the surface effect stiffens or softens the nanobeam

depending on the support type. This foundational

study highlights the scope for the development of

high-performance and efficient BN-based piezoelec-

tric nanostructures, which can be used in nanoelec-

tromechanical systems and structural health

monitoring applications.

Keywords Boron-Nitride nanocomposite �
Flexoelectricity � Piezoelectricity � Surface effect �
Nanocomposites � Micromechanical model

List of symbols

a Lattice parameter

A Cross-sectional area of BNRC

beam

ABN
� �

and BBN
� �

Matrices of average stress

concentration factors

B Boron

BN Boron nitride

BNS Boron nitride sheet
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BNRC Boron nitride reinforced

nanocomposite

CC Clamped-clamped

CF Clamped-free

Cr½ � Effective stiffness matrix of rth

phase

Crc½ � Effective stiffness tensor of

BNRC

Cijkl Fourth-order elastic moduli

tensor

D3 Electric displacement of BNRC

along the thickness direction

Di Electric displacement vector

Ds
c Surface electric displacement

DBN
3 and DPoly

3
Electric displacements vector of

BN layer and polyimide matrix,

respectively

e Electron charge

E–B Euler–Bernoulli

ercf g Effective piezoelectric tensors

of BNRC

eBN31 ; e
BN
32 and eBN33 Piezoelectric constants of BN

layer

E3 Average electric field of BNRC

along the thickness direction

Ei Electric field tensor

Es
c Surface electric field

EBN
3 and EPoly

3
Electric field vector of BN layer

and polyimide matrix,

respectively

FE Finite element

H Thickness of BNRC beam

Iy Second moment of area of

BNRC beam

Is Second moment of area of the

surface layer of BNRC beam

K Curvature of beam

L Length of BNRC beam

MD Molecular dynamics

M Bending moment

Ms Surface bending moment

N Nitrogen

NEMS Nanoelectromechanical system

Pf g Non-vanishing concentration

factors

Q Endpoint load

ROM Rules-of-mixture

RVE Representative volume element

SHM Structural health monitoring

SS Simply-supported

Ts
z Surface lateral loading

UDL Uniformly distributed load

u xð Þ and w xð Þ Horizontal and vertical

deformations of the beam,

respectively

us Surface mechanical

displacement

Ub Internal energy density

Us Surface energy density

vBN and vPoly Volume fraction of BN and

polyimide matrix, respectively

W Width of BNRC beam

dij Kronecker delta

ef g Average composite strain vector

eij Strain tensor

eijk Third-order piezoelectricity

tensor

er1; e
r
2 and er3 Normal strains of rth phase

along 1, 2 and 3 axes,

respectively

er12; e
r
13 ander23 Shear strains of rth phase

esab Surface strain tensor

rf g Average composite stress vector

rij Cauchy stress tensor

frrg Stress vector of rth phase

rr1; r
r
2 and rr3 Normal stresses of rth phase

along 1, 2 and 3 axes,

respectively

rr12; r
r
13 and rr23 Shear stresses of rth phase

roab Residual surface stress tensor

rsab Surface Cauchy stress tensor

�rc33 Effective piezoelectric tensor of

BNRC

gij;k Higher-order strain gradient

tensor

sijk Higher-order stress gradient

tensor

; Electric potential

;s Surface electric potential

lijkl Fourth-order flexoelectricity

tensor

vij Second-order dielectric

permittivity

123

M. Gupta et al.



1 Introduction

The flexoelectric phenomenon is the coupling of

electric polarization with the gradient of mechanical

strain (or vice versa). This phenomenon has attracted

intense attention from the research community, due to

its potential sensing and actuation NEMS applications

being on the order of a nanometer (nm). The breaking

of symmetry at surfaces and interfaces in the polar and

non-polar materials generates a unique electrome-

chanical response, known as flexoelectric effect,

which may exist in both centrosymmetric and non-

centrosymmetric crystals. This effect is more promi-

nent in dielectric materials at the nanoscale. In

contrast, piezoelectricity is the uniform mechanical

strain induced by an electrical polarization (or vice-

versa). It is the inherent property of the dielectric non-

centrosymmetric crystals, due to the absence of an

inversion center.

Size-dependency is one of the most essential and

unique properties of flexoelectricity, which was first

identified by Taganstev (1986). The results of Tan-

ganstev’s study revealed that the flexoelectric coeffi-

cients of a material depend on the dielectric constants.

Ma and Cross (2003) experimentally determined the

flexoelectric coefficients of dielectric materials and

reported that the flexoelectric coefficients are in the

order of magnitude of micron C/m; three orders of

magnitude larger than previous theoretical estima-

tions. Maranganti et al. (2006) developed the theoret-

ical framework according to the linear piezoelectric

theory, while considering the flexoelectric effect, and

provided solutions for the governing equations of

anisotropic centrosymmetric material using Green’s

function. Majdoub et al. (2008) investigated the effect

of piezo- and flexo-electricity in piezoelectric nanos-

tructures. They found that flexoelectricity significantly

influences the electromechanical behavior of nanos-

tructures. Yan and Jiang (2013) examined the flexo-

electric effect on cantilever piezoelectric nanobeams,

using the extended linear piezoelectricity theory.

Wang and Wang (2016) developed an analytical

model to study the flexoelectric effect in micro/-

nano-scale beams. Their results demonstrated that the

piezoelectric properties of cantilever nanobeams sig-

nificantly increase due to flexoelectricity. Kundalwal

et al. (2020b) investigated the size-dependent elec-

tromechanical response of piezoelectric nanowires

while considering the flexoelectric effect. Analytical

structural models based on the theory of flexoelectric-

ity have been developed in previous studies, to

demonstrate the flexoelectric response in certain

nanoscale structures (Zhang et al. 2014b; Yan and

Jiang 2015). These theoretical investigations demon-

strate that the flexoelectric effect becomes more

dominant when the dimension of the structure is

reduced from micron to nanoscale, due to large

polarization gradients (strain gradient). The above-

mentioned literature indicates that the development of

nanoscale beams, wires, plates, and shells constitutes

the fundamental building blocks of the NEMS

applications.

Apart from flexoelectricity, the surface effect also

significantly influences the electromechanical behav-

ior of nanostructures. As the size of the materials

decreases, the surface-area-to-volume ratio increase,

that makes the surface effect more pronounced. For

instance, several researchers have studied the contri-

bution of the surface effect on the static and dynamic

response of piezoelectric nanostructures (Miller and

Shenoy 2000; Huang and Yu 2006). Izumi et al. (2004)

studied the surface stress and elastic constant for thin

films, using molecular dynamics (MD) simulations.

They found that the elastic constant of thin films

depends on both surface elastic constant and thin-film

thickness. Huang and Yu (2006) studied the elec-

tromechanical behavior of piezoelectric nanoring by

considering the surface piezoelectricity and surface

stress. Shen and Hu (2010) developed a theoretical

model to study dielectrics; calculating the surface and

flexoelectric effects via variational principle. Yan and

Jiang (2011) studied the effect of surface elasticity,

residual surface stress, and surface piezoelectricity on

the bending behavior of nanowires, using the E–B

beam theory. Liang et al. (2014) studied the size-

dependent electromechanical coupling behavior of

piezoelectric nanobeams, by incorporating the surface

and flexoelectric effects, using the surface and bulk

Gibbs free-energy equations. They revealed that the

flexoelectric effect mainly depends on the bending

rigidity of the piezoelectric nanostructures. Ebrahimi

and Barati (2017) investigated the vibration charac-

teristics of a flexoelectric nanobeam embedded on a

Winkler–Pasternak elastic foundation. They used the

classical beam theory for the dynamic analysis of

nanobeams, and simultaneously studied the surface

and flexoelectric effects.
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The recent advancement in nanotechnology has led

to a surge in the development of new-generation

nanocomposites with multifunctional properties. In

particular, nanocomposites embedded with two-di-

mensional (2D) nanolayers such as graphene and

boron nitride sheet (BNS) have extensively captured

researchers’ attention; see for example (Golberg et al.

2010; Choyal et al. 2019). BNS is a crystalline mono-

atomic layer of boron (B) and nitrogen (N) atoms, with

a hexagonal structure resembling carbon atoms in a

graphene sheet (Paciĺe et al. 2008). BN possesses a

large band-gap of *5 to 6 eV, making it an insulator

with excellent physical properties, high chemical and

thermal stabilities, and strong resistance to oxidation

at higher temperatures (up to[ 900 �C (Golberg et al.

2010). BN has recently elicited interest because it

possesses a highly stable structure, superior mechan-

ical strength, and functionalization capabilities, which

contribute to its engineering properties for the devel-

opment of NEMS applications (Matsunaga et al.

2002). Honeycomb BN-based nanostructures can be

used in various applications such as nanodevices with

ultra-lightweight and ultra-high mechanical properties

(Khan et al. 2017). Most recently, Kundalwal et al.

(2020a) studied the electromechanical response of

carbon-doped BNS under both tension and shear

loading conditions, using MD simulations. Their

results revealed that the magnitude of the piezoelectric

coefficient increases even as doping increases. BNS

provides ample opportunities for developing energy

harvesters, nanomechanical resonators, and nanogen-

erators for next-generation NEMS applications, which

have recently received significant attention from the

scientific community.

The prediction of the electromechanical response of

polyimide-based organic and inorganic composite

materials has been a dynamic research area in recent

years because its extraordinary and peculiar properties

can meet extreme requirements in some special

situations (Kundalwal et al. 2017). Yan et al. (2014)

examined the mechanical and thermal properties of

BN-based epoxy nanocomposites. They found that the

homogeneous dispersion of BN nanomaterials in the

matrix phase provides a strong filler–matrix interface

interaction. They also demonstrated that the thermal

conductivity and Young’s modulus increased by

around 95% and 57% respectively, by incorporating

only a 1% volume fraction of BN materials. In

accordance with the classical plate theory,

Mohammadimehr et al. (2016) studied the effect of

size-dependent properties on the buckling and vibra-

tion analysis of functionally graded double-layered

BN plates, subjected to electro-thermo-mechanical

loading. They observed that the dimensionless natural

frequency of the piezoelectric plate increases steadily,

along with the growing power-law index. Permal et al.

(2018) experimentally observed the enhanced

mechanical and thermal properties of the polymer-

based hybrid BNS incorporated composite. Using

micromechanical spring-based FE analysis, Spanos

and Anifantis (2018) studied the mechanical behavior

of BN-based nanocomposites.

The literature review clearly indicates that the

electromechanical response of BNRC nanobeams,

which account for both surface and flexoelectric

effects, has not been studied yet. This has motivated

the current work, which may be helpful in developing

next-generation BN-based NEMS applications. In

particular, the current effort deals with the develop-

ment of a micromechanical model, using Hill’s

average concentration factor to evaluate the elec-

tromechanical properties of BNRC. The theoretical

model is developed using the size-dependent Euler–

Bernoulli beam theory to investigate the electrome-

chanical responses of BNRC nanobeams, in conjunc-

tion with the extended theory of linear

piezoelectricity. The effect of surface and flexoelec-

tricity on the bending behavior of the nanobeam is

comprehensively studied for various support types.

We observed that both surface and flexoelectric effects

are sensitive to the thickness of the beam and become

more pronounced as the thickness decreases. We also

observed that size-dependent properties play an

important role in stiffening and softening the beam.

2 Effective properties of BNRC using

micromechanics

In this section, a micromechanics and homogenization

model is formulated by considering Hill’s (Ray 2006)

average concentration factor, in order to predict the

effective electromechanical properties of BNRC.

Figure 1a demonstrates the schematics of the BNRC

lamina, in which BN is reinforced in 1–3 plane. Here,

1–2–3 represents the principal coordinate system,

whereas the problem coordinate system is represented

by x–y–z such that both the coordinate systems exactly
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match with each other. The representative volume

element (RVE) of BNRC is depicted in Fig. 1b. The

RVE comprises BN reinforcement and polyimide

matrix.

Using the generalized Hooke’s law for stresses and

strains in BNRC is given by (Gupta et al. 2021):

rrf g ¼ Cr½ � erf g; r ¼ BN; poly; and rc ð1Þ

where rrf g represents the stress vector, erf g repre-

sents the strain vector, and Cr½ � represents the stiffness
matrix of the rth phase. The superscript r represents the

corresponding constituent phase.

It should be noted that the thickness of the BNRC

lamina is assumed to be very small; therefore, the

constant electric field E3 acts along the thickness

direction. Hence, the constitutive equations for the

electric displacement and stress components of the BN

are as follows:

rBN
� �

¼ CBN
� �

eBN
� �

� eBN
� �

EBN
3 and

DBN
3 ¼ eBN

� �T
eBN

� �
þ 2BN

33

� �
EBN
3

in which

rPoly
� �

¼ CPoly
� �

eBN
� �

and DPoly
3 ¼ 2Poly

33

n o
EPoly
3

eBN
� �

¼ eBN31 eBN32 eBN33 0 0 0
� �T

ð2Þ

The superscript BN represents the BN fiber, Poly

represents the polyimide matrix, and rc represents

BNRC in Eqs. (1)–(2). rr1, rr2, and rr3 represent the

normal stresses; er1, e
r
2, and e

r
3 represent the respective

normal strains;rr12, rr13, and rr23 represent the shear

stresses; er12, e
r
13, and e

r
23 represent the respective shear

strains; Cr
ij represents the elastic constants of the rth

phase; eBN31 , e
BN
32 , and eBN33 represent the piezoelectric

constants of BN; DBN
3 and DPoly

3 represent the electric

displacements vector; and EBN
3 and EPoly

3 represent the

electric fields vector.

It is assumed that BNRC constituents are homo-

geneous and linearly elastic (Kundalwal et al. 2014),

and consequently, the rules of mixture (ROM) and

isofield conditions can be applied. The equations for

ROM and isofield conditions can be written as

follows:

vBN

eBN1
eBN2
rBN3
eBN23
eBN13
eBN12

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

þ vPoly

e
Poly
1

e
Poly
2

r
Poly
3

e
Poly
23

e
Poly
13

e
Poly
12

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

¼

erc1
erc2
rrc3
erc23
erc13
erc12

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;

and

rBN1
rBN2
eBN3
rBN23
rBN13
rBN12

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

¼

r
Poly
1

r
Poly
2

e
Poly
3

r
Poly
23

r
Poly
13

r
Poly
12

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

¼

rrc1
rrc2
erc3
rrc23
rrc13
rrc12

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;

ð3Þ

where vBN and vPoly represent the volume fractions of

BN and polyimide matrix, respectively.

By using Eqs. (1)–(3), the strain and stress vectors

of BNRC with respect to their constituent phases, can

be expressed as (Kundalwal and Ray 2014a):

rrcf g ¼ C1½ � eBN
� �

þ C2½ � ePoly
� �

� e1f gE3 ð4Þ

in which

Fig. 1 a Schematic of a BNRC lamina and b RVE of BNRC
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rrcf g ¼

rrc1

rrc2
rrc3

rrc23
rrc13

rrc12

8
>>>>>>>><

>>>>>>>>:

9
>>>>>>>>=

>>>>>>>>;

; C1½ � ¼

CBN
11 CBN

12 CBN
13 0 0 0

CBN
12 CBN

22 CBN
23 0 0 0

vBNC
BN
13 vBNC

BN
23 vBNC

BN
33 0 0 0

0 0 0 CBN
44 0 0

0 0 0 0 CBN
55 0

0 0 0 0 0 CBN
66

2

666666664

3

777777775

;

C2½ � ¼ vPoly

0 0 0 0 0 0

0 0 0 0 0 0

CPoly
13 CPoly

23 CPoly
33 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2

666666664

3

777777775

and e1f g ¼

eBN31
eBN32

vBNe
BN
33

0
0

0

8
>>>>>>>><

>>>>>>>>:

9
>>>>>>>>=

>>>>>>>>;

ð5Þ

Applying the ROM, the electric fields in the

constituent phases of BNRC are considered equal

(EBN
3 ¼ EPoly

3 ), and the relation for electric displace-

ment D3 of the BNRC lamina along the thickness

direction is given by:

D3 ¼ vBND
BN
3 þ vPolyD

Poly
3 ð6Þ

In order to derive the constitutive relations of

BNRC, which eventually characterizes the converse

piezoelectric effect, the average composite stress

vector rf g of the RVE is to be related with the

average composite strain vector ef g and the average

electric field E3 in the z-direction. This can be

accomplished by determining the local strain fields

in the constituent phases, in terms of the average

composite strain and electric field. According to Hill’s

approach (Hill 1964), the average strain fields in the

phases can be written as:

eBN
� �

¼ ABN
� �

ercf g þ BBN
� �

E3 and

ePoly
� �

¼ APoly
� �

ercf g þ BPoly
� �

E3

ð7Þ

ABN
� �

and BBN
� �

are the ( 6� 6½ � and 6� 1½ �)
matrices of average concentration factors. Therefore, a

total of 84 average concentration factors are to be

determined for the complete resolution of the effective

properties of BNRC. The detailed procedure for

solving this constant is discussed below.

Based on the kinematical condition given by

Eq. (3), isostrain condition is to be satisfied with the

average value of the applied electric field (E3) and

composite strain e3f g; subsequently, the concentration
factor Ar

33 becomes unity and some of its elements

vanish as follows:

Ar
33 ¼ 1;Ar

3i ¼ 0; i ¼ 1; 2; 4; ::; 6 and

Br
33 ¼ 0; r ¼ BN and Poly

ð8Þ

Based on another kinematical condition (ROM)

given by Eq. (3), the following relations can be written

as follows:

vBNA
BN
ij þ vPolyA

Poly
ij ¼ dij; i ¼ 1; 2; 4; 5; 6 and j ¼ 1; 2; 3; . . .; 6.

vBNB
BN
i1 þ vPolyB

Poly
i1 ¼ 0; i ¼ 1; 2; 4; 5; and 6:

ð9Þ

wherein dij is the Kronecker delta:

dij ¼
0; if i 6¼ j
1; if i ¼ j

�

Finally, satisfying the equilibrium condition given

by Eq. (3), we can derive the following relations:

X3

i¼1

CBN
ki A

BN
ij � CPoly

ki A
Poly
ij

� �
¼ 0; j ¼ 1; 2; 3. . .6; k ¼ 1 and 2

X3

i¼1

CBN
ki B

BN
i1 � CPoly

ki B
Poly
i1

� �
¼ eBN3k ; k ¼ 1 and 2

CBN
ii ABN

ik � CPoly
ii A

Poly
ik ¼ 0; i ¼ 4; 5; 6; k ¼ 1; 2; 3; . . .; 6:

CBN
ii BBN

i1 � CPoly
ii B

Poly
i1 ¼ 0; i ¼ 4; 5; 6:

ð10Þ

It can be observed from Eqs. (9) and (10) that, there

are 48 homogeneous equations, yielding trivial solu-

tions for 48 concentration factors. For instance, using

Eqs. (9) and (10), we can obtain the following

expressions:

CBN
11 þ vBN

vPoly
CPoly
11

	 

ABN

14 þ CBN
12 þ vBN

vPoly
CPoly
12

	 

ABN

24 ¼ 0

CBN
12 þ vBN

vPoly
CPoly
12

	 

ABN

14 þ CBN
22 þ vBN

vPoly
CPoly
22

	 

ABN

24 ¼ 0

ð11Þ

It is evident that the determinant of the matrix

formed by the coefficients of the concentration factors

used in Eq. (11) is nonsingular. Therefore, it must be

concluded that only trivial solutions of these factors

are possible, i.e.,

ABN
14 ¼ ABN

24 ¼ 0 ð12Þ

Similarly, the values of the other 46 concentration

factors would be zero, and the final concentration

matrix with non-zero elements is presented in ‘‘Ap-

pendix 1’’ (Eq. 46).

These non-vanishing concentration factors of the

fiber and matrix phases, appearing in Eq. (46), can be

exclusively computed for a specific volume fraction of

BN, by making use of the remaining 11 non-
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homogeneous Eqs. (9) and (10). Finally, non-vanish-

ing concentration factors related to the BN phase Pf g
can be derived from the following relations:

Pf g ¼ K½ ��1 Qf g ð13Þ

where

The matrix [K] and its elements are presented in

‘‘Appendix 1’’ (Eq. 47) and the remaining 3 non-

vanishing concentration factors of BN-layers can be

derived as:

ABN
ii ¼ CPoly

ii

vBNC
Poly
ii þ vPolyC

BN
ii

� � ; i ¼ 4; 5 and 6:

ð14Þ

For the sake of simplicity, by substituting Eqs. (7)

and (46) in Eqs. (4) and (6), the effective constitutive

equations for BNRC can be written as:

rrcf g ¼ Crc½ � ercf g � ercf gE3

D3 ¼ ercf gT ercf gþ 233 E3

ð15Þ

where Crc½ � and ercf g are the effective stiffness and

piezoelectric tensors of BNRC, respectively, and can

be re-written as:

Crc½ � ¼ C1½ � ABN
� �

þ C2½ � APoly
� �

and ercf g
¼ e1f g � C1½ � BBN

� �
� C2½ � BPoly

� �
ð16Þ

in which,

ercf g ¼

erc31
erc32
erc33
0
0

0

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;

where

erc31 ¼ eBN31 � CBN
11 B

BN
11 þ CBN

12 B
BN
21

� �

erc32 ¼ eBN32 � CBN
12 B

BN
11 þ CBN

22 B
BN
21

� �

erc33 ¼ vBNe
BN
33

� �
� vBN CBN

13 B
BN
11 þ CBN

23 B
BN
21

� �

� vPoly CPoly
13 B

Poly
11 þ CPoly

23 B
Poly
21

� �
ð17Þ

Then, the effective dielectric coefficient (2rc
33) of

BNRC can be written as follows (Ray and Pradhan

2006):

2rc
33 ¼vBN 2BN

33 þvPoly

2Poly
33 þeBN31 vBNvPoly=ðvPolyCBN

11 þvBNC
Poly
11 Þ ð18Þ

3 Analytical formulation of BNRC nanobeam

In the present section, the governing equations for the

BNRC nanobeam under UDL with various support

types (CC, SS, and CF) are obtained, considering the

surface and flexoelectric effects. In order to account

for the surface effect, electric Gibbs free energy is

disintegrated into the bulk, and surface part. In case of

the bulk piezoelectric nanostructure, the internal

energy density (Ub) can be written as (Majdoub

et al. 2009):

dUb ¼
1

2
rijdeij þ

1

2
sijkdgij;k �

1

2
DidEi ð19Þ

where rij represents the Cauchy stress tensor, Di

represents the electric displacement vector, gij;k rep-

resents the strain gradient tensor (higher-order), eij
represents the strain tensor and sijk represents the

higher-order stress gradient tensor. The strain compo-

nent and the electric field can be expressed as:

Pf g ¼ ABN
23 ABN

13 ABN
22 ABN

12 ABN
21 ABN

11 BBN
11 BBN

21

� �T
;

Qf g ¼ �vPoly CBN
23 � CPoly

23

� �
�vPoly CBN

13 � CPoly
13

� �
CPoly
22 CPoly

12 CPoly
12 CPoly

11 vPolye
BN
31 vPolye

BN
32

h iT
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eij ¼
1

2
uj;i þ ui;j
� �

gij;k ¼ eij;k ¼
1

2
uj;ik þ ui;jk
� �

Ei ¼ �;;i

ð20Þ

where the ui represents the mechanical displacement

vector and ; represents the electric potential. The

constitutive relation derived from the internal energy

density can be expressed as follows (Liang et al.

2013):

rij ¼
oUb

oeij
¼ Cijklekl � ekijEk

sjkl ¼
oUb

ogjkl
¼ �lijklEi

Di ¼ � oUb

oEi
¼ vijEj þ eijkejk þ lijklgjkl

ð21Þ

where Cijkl, vij, lijkl, and eijk are the material property

tensors. In particular, Cijkl represents the fourth-order

tensor for elastic moduli, vij represents the second-

order dielectric permittivity, lijkl represents the fourth-

order tensor of flexoelectricity, and eijk represents the

third-order tensor of piezoelectricity, and Ei repre-

sents the electric field tensor.

The surface characteristic mainly depends on

surface elasticity and polarization, which are different

from the bulk. The surface energy density may be

written as follows:

dUs ¼
1

2
roabde

s
ab þ

1

2
rsabde

s
ab �

1

2
Ds

cdE
s
c ð22Þ

where roab represents the residual surface stress tensor,

rsab represents the surface Cauchy stress tensor, Ds
c

represents the surface electric displacement, esab rep-

resents the surface strain, andEs
c represents the surface

electric field. They may be expressed as follows

(Liang et al. 2014):

esab ¼ 1

2
usa;b þ usb;a

� �
ð23Þ

Es
c ¼ �;s; c ð24Þ

where us represents the surface mechanical displace-

ment vector and ;s represents the surface electric

potential.

Similarly, the surface constitutive relation under

infinitesimal deformation may be expressed as follows

(Liang et al. 2014):

rsab ¼ sab þ Cs
abcke

s
ck � eskabE

s
k

Ds
c ¼ vsckE

s
k þ esckbe

s
ab

ð25Þ

3.1 Euler–Bernoulli beam model

In the present section, the Euler–Bernoulli beam

theory is used to develop an analytical model of

piezoelectric nanobeam, accounting for the bulk

surface and flexoelectric effects. The displacement

fields in an Euler–Bernoulli beam theory can be

written as follows (Yan and Jiang 2011):

u xð Þ ¼ �z
dw xð Þ
dx

¼ zw0 xð Þ; m ¼ 0; w ¼ w xð Þ

ð26Þ

The horizontal and vertical deformations of the

beam are represented by u xð Þ and w xð Þ, respectively.
Substituting Eq. (26) with Eq. (20), the non-zero

strain and strain gradients can be written as follows:

e11 ¼ �z
d2w

dx2
¼ �z w00; g111 ¼ �z

d3w

dx3

¼ �zw000; g311 ¼ � d2w

dx2
¼ � w00 ð27Þ

Substituting Eqs. (21) and (27) with Eq. (19), the

change in bulk internal energy can be written as

follows:

dUb ¼
Z

v

r11de11 þ s311dg311 þ s111dg111ð ÞdV

¼ �
ZL

0

Mdw00dx�
ZL

0

Mhdw
000dx�

ZL

0

Pdw00dx

ð28Þ

in which,

M ¼
Z

A

r11zdA;P ¼
Z

A

s311dA; andMh

¼
Z

A

s111zdA ð29Þ

Substituting Eqs. (25)–(27) with Eq. (23), the

surface internal energy density may be reformulated

as follows:
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dUs ¼
Z

a

drs11
dx

zdw0da�
Z

z¼H
2

rs11k
� �u

dw da

þ
Z

z¼�H
2

rs11k
� �l

dw da

¼
ZL

0

dMs

dx
dw0dx�

ZL

0

Ts
zdw dx

ð30Þ

where (Ms) represents the surface-bending moment

and (Ts
z) represents the surface-lateral loading. The

relation for the surface-bending moment is as follows:

Ms ¼
Z

c

rs11z dC;Ts
z

¼
Z

z¼H
2

rs11k
� �u

da�
Z

z¼�H
2

rs11k
� �l

da ð31Þ

According to Euler’s beam theory, the k ¼ d
2
w

dx
2 is

the curvature of the beam, C is the cross-section

perimeter of the beam, and superscripts ‘u’ and ‘l’ are

the top and bottom surfaces of the beam, respectively.

If the beam is subjected to UDL q xð Þ, bending
moment ~M and endpoint load Q, then the virtual work

done by the external forces can be obtained as:

dW ¼
ZL

0

q xð Þdvdxþ Qdvþ ~Mdw0 ð32Þ

Based on Eqs. (28) – (32), the virtual displacement

can be expressed as:

dW � dUb þ dUsð Þ

¼
ZL

0

q xð Þdwdxþ Qdwþ ~Mdw0

�
ZL

0

Mdw00dxþ
ZL

0

Mhdw
000dxþ

ZL

0

Pdw00dxþ
ZL

0

dMs

dx
dw0dx�

ZL

0

Ts
zdwdx

0

@

1

A:

ð33Þ

Using integration by parts, Eq. (33) can be re-

written as:

dW � dUb þ dUsð Þ

¼ Mhdw
00 L

0

 þ Qdwþ ~Mdw0

� dM

dx
þ dP

dx
� d2Mh

dx2
þ dMs

dx

	 

dw

L

0



þ
ZL

0

d2M

dx2
þ d2P

dx2
� d3Mh

dx3
þ d2Ms

dx2
þ q xð Þ þ Ts

z

	 

dwdx

þ M þ P� dMh

dx

	 

dw0 L

0



ð34Þ

On account of the arbitrariness of dw, the governing
equation can be naturally derived from Eq. (34) as

follows:

d2M

dx2
þ d2P

dx2
� d3Mh

dx3
þ d2Ms

dx2
þ q xð Þ þ Ts

z ¼ 0

ð35Þ

with the following boundary conditions

Mhor w
00 ¼ d2w xð Þ

dx2

M þ P� dMh

dx
¼ 0orw0 ¼ dw xð Þ

dx

dM

dx
þ dP

dx
� d2Mh

dx2
þ dMs

dx
orw xð Þ

ð36Þ

prescribed at the two ends of a beam (x = 0 and L).

The electric displacement on the surface should be

zero Dy ! 0
� �

in case of an open-circuit condition.

Therefore:

E3 ¼ � e31
v33

e11 �
f 31
v33

g311 ð37Þ

Substituting Eqs. (21), (28) and (37) with Eq. (29),

we obtain:

M ¼ � C11 þ e31
e31
v33

	 

Iyw

00

P ¼ � f 31f 31
v33

	 

w00A

ð38Þ

where A and Iy define the cross-sectional area and

moment of inertia of the BNRC beam, respectively.

Likewise, Eq. (31) can be reformulated as:
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Ms ¼ � Cs
11 þ es31

e31
v33

	 

Isw00 ð39Þ

where Is represents the inertia perimeter moment. In

case of a rectangular cross-section of beamwith height

H and width B, the relation for Is is given by Liu and

Rajapakse (2010):

Is ¼ H3

6
þ BH2

2
ð40Þ

On the upper and lower surfaces of the beam, the

curvatures have the same values but opposite direc-

tions. Therefore, by ignoring the nonlinear of lateral

loading, Eq. (31) can be rewritten as:

Ts
z ¼

Z

z¼H
2

rs11k
� �u

da�
Z

z¼�H
2

rs11k
� �l

da ¼ S�r0
d2w

dx2

ð41Þ

where S� ¼ 2B:

By means of Eq. (36), the governing equation

accounting for the surface and flexoelectric effects can

be rewritten as (Liang et al. 2014):

EIð Þeff d
4w

dx4
¼ S�r0

d2w

dx2
� q xð Þ ð42Þ

in which

EIð Þeff¼ C11 þ
e2311
v33

	 

I þ f 231

v33

	 

A

þ Cs
11 þ

es311e311
v33

	 

Is ð43Þ

3.2 Static loading and type of support

on nanobeams behaviour

The non-dimensional quantities are defined as x ¼
x=L and w ¼ w=L. Subsequently, Eq. (42) is rewritten

as follows:

d4w

dx4
� g

d2w

dx2
þ q xð ÞL3

EIð Þeff
¼ 0 ð44Þ

The homogeneous solution of Eq. (44) is further

normalized for the applied concentrated load (F) and

UDL q0ð Þ, which can be written as:

w ¼ C1e
x
ffiffiffi
g

p
þ C2e

�x
ffiffiffi
g

p
þ C3 þ C4xþ

q0L
3

2g EIð Þeff
x2

ð45Þ

where g ¼ S�r0L
2

EIð Þeff , and C1 to C4 are unknown constants.

It is important to note that the last of Eqs. (44) and (45)

is zero, if the UDL (q0) is equal to zero.

3.3 Clamped–clamped beam

In the case of the CC beam under a UDL q0ð Þ (see

Fig. 2a), the necessary BCs are given by:

w 0ð Þ ¼ w
0
0ð Þ ¼ 0;w 1ð Þ ¼ w0 1ð Þ ¼ 0:

By substituting the BCs with Eq. (45), we can

obtain four constants (C1, C2; C3 and C4), which are

presented in ‘‘Appendix 2’’ (Eq. 48).

3.4 Simply-supported beam

In the case of the SS beam under a UDL q0ð Þ (see

Fig. 2b), the necessary BCs are given by:

w 0ð Þ ¼ w0 1ð Þ ¼ 0;M 0ð Þ ¼ M 1ð Þ ¼ 0:

By substituting the BCs with Eq. (45), we can

obtain four constants (C5, C6; C7 and C8), which are

presented in ‘‘Appendix 2’’ (Eq. 49).

3.5 Clamped-free beam

In case of a CF beam under a UDL q0ð Þ (see Fig. 2c),
the necessary BCs are given by:

w 0ð Þ ¼ w0 0ð Þ ¼ 0;M 1ð Þ ¼ Q 1ð Þ ¼ 0:

By substituting the BCs with Eq. (45), we can

obtain four constants (C9, C10; C11 and C12), which

are presented in ‘‘Appendix 2’’ (Eq. 50).

4 Results and discussions

4.1 Effective piezoelastic and dielectric properties

of BNRC

In this section, we discuss the electromechanical

properties of BNRC evaluated using the two-phase

micromechanical model and compare the results with

the numerical model performed using ANSYS APDL
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21 R2. The material properties of BN, predicted using

MD simulations, by considering 2560 numbers of BN

atoms, are drawn from previous research (Kundalwal

et al. 2020a). The elastic and piezoelectric properties

of the BN and polyimide matrix are presented in

Table 1.

It is to be noted that, the volume fraction of square

fiber in the RVE with square-cross section may range

from 0 to 1, but we consider the volume fraction of BN

vBNð Þ to be in the range of 0.2 to 0.6 (Kundalwal 2018).
Using FE analysis, the discretization of the RVE of

BNRC is performed such that, the vBN in each

simulation is conducted with a specific number of

FE elements. In FE simulations, the governing equa-

tions are solved using linear perturbation for piezo-

electric analysis, and a sparse direct solver is used for

structural analysis. We also performed the FE con-

vergence analysis (Kundalwal and Ray 2014b), and

the results of the convergence are summarized in

Table 2, for the longitudinal elastic coefficient with

vBN ¼ 0:6. The effective piezoelastic, as well as

dielectric properties of BNRC are listed in Table 3

Fig. 2 Schematics of nanobeams under UDL with various BCs: a CC, b SS, and c CF

Table 1 Piezoelastic properties of BNS and polyimide

Material Refs. E(GPa) l(C/m) e31(C/m
2) e33(C/m

2) �33(F/m)

BN Kundalwal et al.

(2020a)

803 0.202 –0.384 0.384 8.8541 9 10–12

Polyimide Odegard et al. (2005) 4.2 0.4 - - 3.009 9 10–11
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for different values of vBN . It can be observed from

Table 3 that the predictions of effective properties of

BNRC using micromechanical and FE models are in

good agreement.

It should be noted that BNRC is a transversely

isotropic material, with the axis of symmetry aligned

along with the 3–direction. Thus, the numerical

estimations of the Crc
11 and Crc

22 of BNRC are similar.

It can be observed from Table 3 that, the outcomes of

FE analysis overpredict the values of Crc
11, when

compared to the micromechanical model. The differ-

ence among values increases with the increase in vBN ,

in the matrix phase. This is due to the fact that the

transverse elastic properties of BNRC are matrix-

dependent. The values of the effective axial elastic

constant (Crc
33) of BNRC, predicted by both the models,

are identical, irrespective of the values of vBN . A

similar trend was also reported in the previous studies

for polymer nanocomposites (Odegard 2004). This

confirms the validity of the ROM and isofield

assumptions used for micromechanical. It may be

noted that Crc
33 is calculated by considering the

isostrain condition and such predictions perfectly fit

with the Voigt-upper bound and experimental data.

The values of Crc
23 predicted by the micromechan-

ical model are slightly lower than those predicted by

the FE model. From this, it may be concluded that

Poisson’s effect in the BNRC is correctly modeled by

the FE simulations. The extension-extension coupling

(i.e., Poisson’s effect) occurs between the dissimilar

normal stress (r33) and normal strains (e11ande22), due

to the applied load along the axis of symmetry (3–

axis). Since BNRC is transversely isotropic with 3-

axis, the values of the Crc
23 of BNRC are found to be

identical to those of Crc
13. It can also be observed from

Table 3 that, the values of Crc
44 are overpredicted by the

FE model, compared to the micromechanical model,

particularly at higher values of vBN . The values of C
rc
44

are purely based on the out-of-plane shear imposed on

the RVE of BNRC. This is attributed to the square-

packing array of RVEs that cause low transverse

isotropy and in-plane behavior. The trends of predic-

tions of values of Crc
44 are found to be similar to the

existing predictions reported by Pettermann and

Suresh (2000). They also reported that the longitudinal

shear modulus of the piezoelectric composite can be

changed significantly, compared to the experimental

estimates.

Table 2 FE convergence

study of longitudinal elastic

coefficient for vBN ¼ 0:6

Element Type Number of elements Number of nodes Crc
11(GPa)

Solid 226 1445 7236 27.72

Solid 226 5000 23,192 27.66

Solid 226 37,500 162,231 27.54

Solid 226 89,780 380,936 27.51

Solid 226 114,048 481,581 27.49

Solid 226 129,375 545,072 27.49

Table 3 Effective material properties of the BNRC lamina

Effective BNRC properties vBN ¼ 0:2 vBN ¼ 0:4 vBN ¼ 0:6

Analytical FEM Analytical FEM Analytical FEM

Crc
11(GPa) 11.21 10.79 14.88 18.24 22.11 27.49

Crc
33(GPa) 168.21 168.21 328.82 328.82 489.29 489.29

Crc
13(GPa) 6.73 6.93 7.95 8.85 10.34 12.13

Crc
44(GPa) 1.87 1.97 2.49 3.79 3.72 5.88

erc31(C/m
2) - 0.00128 - 0.00135 - 0.0034 - 0.0035 - 0.0076 - 0.0078

erc33(C/m
2) 0.107 0.107 0.21 0.21 0.32 0.32

2rc
33(F/m) 4.61e-11 4.61e-11 9.22e-11 9.22e-11 1.38e-10 1.38e-10
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Table 3 shows the comparison between effective

piezoelectric coefficients (erc31 and erc33) and dielectric

properties (2rc
33) of BNRC, using micromechanical and

FE approaches. It can be observed that the magnitude

of erc31 increases as vBN increases. Predictions by both

the models are in excellent agreement and validate the

assumptions used to derive the micromechanical

model (Odegard 2004). Subsequently, the magnitude

of the erc32 of BNRC is also found to be similar to that of

erc31, because BNRC is transversely isotropic material,

having the axis of symmetry aligned along the 3-axis.

Moreover, it can be observed that the comparison of

two sets of outcomes is in good agreement, and also

validates the assumptions used to derive the microme-

chanical model. The value of the eBN33 of BN is higher

than the value of erc33 of BNRC, when its volume

fraction exceeds a particular limit. This phenomenon

is attributed to the effect of transverse stresses exerted

by the matrix phase on BNRC, whereby the actual

average electric field in BN becomes equal to the

applied electric field. It must be noted that the

micromechanical model provides conservative esti-

mations of elastic constants of BNRC. We have used

the analytical predictions by the size-dependent E–B

model in the consequent sections for studying the

electromechanical behavior of BNRC nanobeam.

4.2 Electromechanical response of BNRC

nanobeam

This section deals with the investigation of surface and

flexoelectric effects on the electromechanical behav-

ior of the BNRC nanobeam under UDL. The results

were evaluated considering the material properties of

BNRC for 60% vBN. The surface properties of BNRC

can be predicted using atomistic modeling or exper-

imental investigations, and we have assumed that the

surface layer has a thickness of 1 nm. Hence, surface

elastic modulus ðC11sÞ and surface piezoelectric

coefficient e11sð Þ can be taken as bulk properties of

BNRC times the thickness of the surface layer (Zhang

et al. 2012; Zhang et al. 2014a). It is identified from the

previous experimental data that the flexoelectric

coefficient e=að Þ for different nanomaterials such as

polymers, ceramics, and crystals may vary from

10�10 to 10�6 C/m; where e represents the electron

charge, and a represents the lattice parameter of BN

(Kogan 1964). It is also observed from several

experiments that, the flexoelectric coefficients of

polymers may vary from 10�8 to 10�9 C/m (Kundal-

wal et al. 2020b). In the current investigation, the

magnitude of the flexoelectric coefficient is taken as

l31 � 10�9 C=m. The geometrical configuration of

the BNRC nanobeam is as follows: thickness

(H) = 20 nm, length (L) = 20H, and width

(W) = 0.5H. The normalized deflection of the nano-

beam under UDL can be obtained using the relation

WE
q ¼ w

q0L
. Liu and Rajapakse (2010) and Liu et al.

(2011) studied the surface effect on the static response

of nanobeam using a Galerkin-type FE method based

on Gurtin–Murdoch surface elasticity theory. We

modified their FE model by incorporating the flexo-

electric coefficients in the flexural rigidity formulation

of nanobeam to account the flexoelectric effect. Then,

the results of analytical model are compared with

results obtained by using the modified FE model and

are demonstrated in Figs. 3, 4 and 5.

Figures 3, 4 and 5 illustrate the normalized deflec-

tion of the nanobeam with respect to its length under

the UDL, accounting for the direct flexoelectric and

surface effects. It is to be noted that, the deflection of

the nanobeam is shown for a one-half of its length, in

case of SS and CC support types, by taking advantage

of the symmetry. The individual and combined effects

of flexoelectric and surface effects improve the elastic

performance of the nanobeam, as compared to the

traditional piezoelectric nanobeams (without flexo-

electric and surface effects). This is attributed to the

fact that the flexoelectric effect stiffens the nanobeam.

However, the residual surface stress r0ð Þ may make

the beam stiffer or softer. The positive residual surface

stress ðr0 [ 0Þmakes the beam stiffer, while negative

residual surface stress ðr0\0Þmakes the beam softer.

This conclusion can be drawn from Eq. (22). For the

sake of simplicity, we only consider the effect of

positive residual surface stress ðr0 [ 0Þ in the further

analysis. Figure 3 demonstrates the variations of

bending deflection, with and without considering the

flexoelectric and surface effects. The bending deflec-

tion of the nanobeam at its center x=L ¼ 0:5ð Þ is

reduced by � 28 and 47 %, due to the consideration

of flexoelectric and the combined effect of the

flexoelectric-surface, respectively. Similarly, for the

SS beam, the reduction in the bending deflection at the

center is � 28% and 73 %, due to the incorporation of

flexoelectric and combined flexoelectric-surface
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effects respectively, whereas in the CC case, the

corresponding reductions are � 31% and 63:8 %. It

can be observed from Figs. 3, 4, and 5 that, the

boundary conditions play a vital role in the stiffening

and softening behavior of the nanobeams. Under the

same loading condition, the CF beam shows softer

behavior, whereas SS and CC beams show stiffer

behavior. The surface layer acts as an additional UDL,

and when it acts in the same direction as the applied

mechanical load, larger deflections are observed.

Under the applied UDL (acting downwards), the

deflection of the CF nanobeam is concave downward

with negative curvature. Thus, the combined effect of

additional and applied UDL is observed for the CF

nanobeam. As the deflection of SS and CC beams is

concave upward, the additional distributed load

opposes the externally applied load. The CC beam

exhibits double curvature (upward and downward),

and its deflection is lesser as compared to the SS beam,

due to such curvature. This is the reason why the SS

and CC beams show stiffer behavior, and the CF beam

shows softer behavior.

Fig. 3 Variation of

normalized deflection of the

CF beam under a UDL with

the normalized length of the

beam

Fig. 4 Variation of

normalized deflection of the

SS beam under a UDL with

the normalized length of the

beam
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5 Conclusions

In this highly original contribution and first effort, we

successfully obtained the effective properties of

Boron-Nitride reinforced nanocomposite beam using

micromechanics and Hill’s average concentration

factor and obtained closed-form formulations describ-

ing the electromechanical behavior of the nanobeams

with different support types accounting for surface and

flexoelectric effects. The outcomes of the closed-form

formulation of nanobeam are in excellent agreement

with the FE results. Our results revealed that the size-

dependent flexoelectric and surface effects strongly

influence the bending flexural rigidity of the BNRC

nanobeams. The static deflection of the BNRC

nanobeam is reduced when (1) only the flexoelectric

effect and (2) the combined surface-flexoelectric

effect are considered over that of conventional piezo-

electric nanobeam. The residual surface stress stiffens

or softens the nanobeam depending on the support

type. Flexoelectricity plays an important role in

stiffening the beams having different support types.

However, residual surface stress softens the CF beam

and stiffens the SS and CC beams. We can conclude

that surface and flexoelectric effects should be taken

into account while studying the electromechanical

response of nanostructures subject to bending loads.
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Appendix 1

Ar½ � ¼

ABN
11 ABN

12 ABN
13 0 0 0

ABN
21 ABN

22 ABN
23 0 0 0

0 0 1 0 0 0

0 0 0 ABN
44 0 0

0 0 0 0 ABN
55 0

0 0 0 0 0 ABN
66

2

666666664

3

777777775

;

Brf g ¼

BBN
11

BBN
21

0

0
0

0

8
>>>>>>>><

>>>>>>>>:

9
>>>>>>>>=

>>>>>>>>;

ð46Þ

The matrix [K] and its elements shown in Eq. (13)

are as follows:

Fig. 5 Variation of

normalized deflection of the

CC beam under a UDL with

the normalized length of the

beam
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K½ � ¼

k11 k12 0 0 0 0 0 0

k12 k22 0 0 0 0 0 0

0 0 k11 k12 0 0 0 0

0 0 k12 k22 0 0 0 0

0 0 0 0 k11 k12 0 0

0 0 0 0 k12 k22 0 0

0 0 0 0 0 0 k11 k12

0 0 0 0 0 0 k12 k22

2

66666666666664

3

77777777777775

k11 ¼ vPolyC
BN
22 þ vBNC

Poly
22 ; k12 ¼ vPolyC

BN
12 þ vBNC

Poly
12 ; and

k22 ¼ vPolyC
BN
11 þ vBNC

Poly
11

ð47Þ

Appendix 2

For the clamped–clamped support, the four constants

(C1, C2; C3 and C4) are as follows:

C1 ¼
q0L

3

2 EIð Þeffg3
2 e

ffiffiffi
g

p
� 1

� � ; C2 ¼ � q0L
3e

ffiffiffi
g

p

2 EIð Þeffg3
2 e

ffiffiffi
g

p
� 1

� � ;

C3 ¼
q0L

3 e
ffiffiffi
g

p
þ 1

� �

2 EIð Þeffg3
2 e

ffiffiffi
g

p
� 1

� � ; and C4 ¼ � q0L
3

2 EIð Þeffg
ð48Þ

For the simply supported, the four constants (C5,

C6; C7 and C8) are as follows:

C5 ¼ � q0L
3

EIð Þeffg2
� ex

ffiffiffi
g

p

1þ e
ffiffiffi
g

p ; C6 ¼ � q0L
3

EIð Þeffg2
� e�x

ffiffiffi
g

p

1þ e�
ffiffiffi
g

p ;

C7 ¼
q0L

3

EIð Þeffg2
; and C8 ¼ � q0L

3

2 EIð Þeffg
ð49Þ

For the clamped-free support, the four constants

(C9, C10; C11 and C12) are as follows:

C9 ¼ �
q0L

3 1� e�
ffiffiffi
g

p ffiffiffiffi
g

p� �

EIð Þeffg2 e
ffiffiffi
g

p
þ e�

ffiffiffi
g

p� � ;C10 ¼ �
q0L

3 1þ e
ffiffiffi
g

p ffiffiffiffi
g

p� �

EIð Þeffg3
2 e

ffiffiffi
g

p
þ e�

ffiffiffi
g

p� � ;

C11 ¼
q0L

3 2þ e
ffiffiffi
g

p ffiffiffiffi
g

p � e�
ffiffiffi
g

p ffiffiffiffi
g

p� �

EIð Þeffg2 e
ffiffiffi
g

p
þ e�

ffiffiffi
g

p� � ; and C12 ¼ � q0L
3

EIð Þeffg

ð50Þ
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