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Flexoelectricity is a size-dependent phenomenon which gives an electric response to the inhomogeneous strain in
centrosymmetric as well as non-centrosymmetric crystalline materials. In this novel work, an analytical model
was developed for the elastic shell laminated with flexoelectric graphene-based composite layer based on
Kirchhoff–Love theory considering both piezoelectric and flexoelectric effects to investigate the electric potential
distributions in it. Moreover, finite element (FE) models were developed to validate the analytical results.
Developed models envisage the results for the distribution of electric potentials in graphene-based composite
shell and results predicted by both analytical and FE models are found to be in better agreement. Our results
reveal that the electromechanical behavior of laminated shell is significantly improved due to the incorporation
of flexoelectric effect. The consideration of flexoelectric effect results in the increase in the values of total electric
potential of laminated shell by (i) ~340% for mode (1,1), (ii) ~300% when the thickness of composite layer is
15 nm, (iii) 315% when the radius of base shell is 50 nm and (iv) ~244% when the shell thickness is 40 nm
compared to that of conventional case (i.e., shell laminated with piezoelectric layer). The major advantage of
flexoelectric layer over that of piezoelectric layer is that the former is not influenced by the in-plane strains of
base shell.

1. Introduction
Discovery of a single atomic layer graphene by Novoselov and Geim
[1] in 2004 created tremendous interest among researchers. This is
attributed to graphene’s unique electro-thermo-mechanical properties
such as electrical conductivity (~6000 S/m) [2], thermal conductivity
(~5000 W/mK) [3], elastic modulus (~1 TPa) [4], large surface area
(2630 m2/g) and electron mobility (~250,000 cm2/Vs) [5] at room
temperature and these exceptional properties make it striking wonder
2D nanomaterial for multifarious applications. Some of the potential
applications of graphene consist of electromechanical sensors and ac
tuators, field-effect transistors, hydrogen storage, solar cells, super
capacitors etc. [6]. Most recently, the piezoelectric effect in
non-piezoelectric single graphene layer was observed by Kundalwal
et al. [7] using the concept of flexoelectricity via quantum mechanics
calculations. They determined the axial and normal piezoelectric con
stants of the graphene layer through different loading conditions such as
a graphene layer containing non-centrosymmetric pores under an axial
load and a pristine graphene layer under a bending moment. Due to the

2D-planar structure of graphene with zero-bandgap semi-metal char
acteristics, its exploitation is more critical step in some of the applica
tions [8].
Before proceeding further, first we discuss the flexoelectric phe
nomenon. Flexoelectric phenomenon is an electric response to the
inhomogeneous strain (strain gradient). It is present in centrosymmetric
as well as non-centrosymmetric crystalline materials and is a sizedependent phenomenon. In case of centrosymmetric materials which
do not show piezoelectricity then the strain gradient only contributes to
the total electric polarization. As the structural dimensions reduced from
micron to nanoscale level, the flexoelectricity becomes prominent than
piezoelectricity because of large strain gradients are involved [9–13].
Thus, the flexoelectric effect is a preferred electromechanical coupling
in micro- and nano-electromechanical systems (M/NEMS). In the first,
Kogan in 1964 presented a phenomenological model to define the
coupling between the strain gradient and electric polarization in solid
crystals [14]. A mathematical relation for the total polarization due to
the piezoelectric and flexoelectric effects can be described as follows [4]:
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non-uniformly distributed GPL-reinforced composite shell to study its
free vibration and buckling characteristics. Recently, Habibi et al. [32]
studied the wave propagation behavior of size-dependent GPL-rein
forced composite shell which was coupled with a piezoelectric layer.
Most recently, Karimiasl et al. [33] examined the nonlinear vibration
behavior of a multiscale doubly curved sandwich nanocomposite shell
rested on elastic foundations and exposed to the hygrothermal envi
ronment. Liu et al. [34] proposed the layout design of piezoelectric ac
tuators for active control vibration of thin-walled smart structures.
Distribution of sensing signals on shells with consideration of the
piezoelectric effect has been studied over the years by several re
searchers [35–39].
The literature review clearly indicate that no single study is available
on studying the effect of flexoelectricity on the electromechanical
response of laminated shell. To the current authors’ best of knowledge,
the effect of flexoelectricity on the elastic shell laminated with a flexible
graphene-based composite layer is not studied yet which may find
numerous NEMS applications. This provided the inspiration for the
current work. Specifically, the present novel work mainly deals with the
study of ability of sensing and signal generation properties of flexo
electric graphene-based composite layer attached to the conventional
elastic shell (hereinafter the “laminated shell”) at different modes. The
remainder of this paper is organized as follows. Section 2 represents a
continuum model based on the theory of Kirchhoff–Love for the simply
supported laminated shell. In Section 3, the FE models are derived to
validate the analytical results. In Section 4, the results and discussions,
including the parametric analysis are presented.

(1)

in which Pi denotes the polarization vector, eijk denotes the piezoelectric
tensor, εjk denotes the strain tensor, μijkl indicates the flexoelectric tensor
and

dεjk
dxl

is higher order strain gradient tensor. Moreover, reasonably

large flexoelectric coefficients were measured for most of the dielectric
materials and their values are approximately calculated by using the
ratio of electron volt and lattice parameters. Initially, the flexoelectric
coefficients were found in the range of 10− 12–10− 6 Cm− 1 through the
theoretical and experimental measurements [11,14–18]. Because of
flexoelectricity, the dielectric materials generally get polarized in
response to an inhomogeneous/non-uniform strain. Due to the high
deformability properties of soft materials, they can be considered as
excellent candidates for producing a large non-uniform strain [12,19].
The flexoelectric effect is significant in low-dimensional structures
because of its size-dependent phenomenon that generates larger inho
mogeneous strain when the scale is reduced to nanometers. According to
the investigations performed by Wang and Song [20], the nanoscale
piezoelectric structures such as nanosprings, nanowires, nanorods,
nanorings, etc. have fascinated the intensive interest among researchers.
Graphene layers are usually used as nanofillers to form graphenebased composite materials which find numerous structural applica
tions. The nonlinear bending characteristic of polymer composite
nanobeam reinforced with the non-uniform distribution of layered
graphene nanoplates (GNPs) in its thickness direction studied by Feng
et al. [21]. They revealed that the bending characteristic of polymer
composite beams substantially enhanced by the addition of a small
amount of graphene. Shen et al. [22] and Song et al. [23] investigated
the thermal buckling, free and forced vibrations of multilayer
graphene-based composite plates under the longitudinal and transverse
loadings. They found that the small amount of graphene substantially
increases the critical buckling load of composite plate and decreases its
vibration. Most Recently, Kundalwal and co-authors [4,24,25] studied
the effect of flexoelectricity as well as surface parameters on the static
and dynamic response of graphene-based composite nanobeam and
nanoplate considering the different loadings and boundary conditions.
In addition, they also predicted the effective elastic, piezoelectric and
dielectric properties of graphene-reinforced composite using analytical
and numerical micromechanical models. They found that the incorpo
ration of flexoelectric and surface effects significantly improve the static
and dynamic response of nanostructures. Due to the limitations and
design of zero curvature composite beams and plates in various appli
cations, circular shells attracted a lot of attention in energy harvesting
applications and a very few studies are available on cylindrical shells.
For instance, Kundalwal et al. [26] carried out the 3D FE analysis of
laminated fuzzy fiber-reinforced composite (FFRC) cylindrical shells
attached with two patches of active constrained layer damping treat
ment. They performed the frequency response analysis and studied the
influence of angle of piezoelectric fiber orientation in mutually
perpendicular vertical planes of the piezoelectric composite layer on the
damping of laminated FFRC shells. Subsequently, the influence of
waviness of carbon nanotubes on the active damping behavior of layered
hybrid composite shells investigated by Kundalwal and Meguid [27].
However, these studies [26,27] did not account the effect of flexoelec
tricity and cannot provide the description of distribution of electric
potential for various modes including parametric analysis. The influence
of surface energy effect introduced by Sahmani et al. [28] on the
nonlinear- and post-buckling behavior of nanoscale piezoelectric shells
under a longitudinal compression with electromechanical loading.
Wang and co-authors [29,30] studied the eigenvalue buckling and
torsional analysis of functionally graded (FG) graphene platelets (GPLs)
reinforced composite shells using the FE method and conducted the
parametric analysis to study the effects of distributions, geometry and
weight fraction of GPLs. Liu et al. [31] carried out the 3D analyses of

2. Continuum model of laminated shell
The cylindrical shells are generally used to carry fluid in transport
and industrial applications. Due to the flow of fluid, the mechanical
kinetic energy gets generated in the fluid-flowing shell due to the
structural vibrations and it can be converted to the electrical energy via
the use of distributed piezoelectric/flexoelectric patches attached to it.
Considering the assumptions of theory of Kirchhoff–Love for a thinwalled shell, the strain developed in such a laminated shell can be
divided into four components: axial and circumferential bending strains,
and axial and circumferential membrane strains. In case of semi-static or
dynamic deformation, the influence of four strain components depends
on the vibration modes and location. In this study, it is assumed that
there is a perfect bonding exists between the elastic shell and a flexo
electric graphene-based composite layer i.e., no slippage occurs between
them. The flexoelectric composite layer is divided into several parts
(patches) considering each patch covering the elastic shell, as illustrated
in Fig. 1. The dimensions of patches were measured from x1 to x2 in the
axial (x) direction and Φ1 to Φ2 in the circumferential (Φ) direction
while α3 denote transverse or radial direction. Such composite patches
are made by assuming the piezoelectric graphene sheet as a continuum
medium reinforced into the polyimide (PI) matrix. These patches were
assumed as continuous and elastic. Parameters h, R and L denote the
thickness, radius and length of base shell, respectively; b denotes the
width of composite patch; and hf denotes the thickness of patch. It is
assumed that hf <<< h, therefore, the mass and stiffness of composite
patch can be ignored. The internal strains produced in the flexoelectric
composite layer are considered to be same as that of strains produced on
the outer surface of base shell.
The direct flexoelectric effect was considered to study the modal
analysis of laminated shell. The fundamental relation for the electric flux
density (electric displacement) considering the direct flexoelectric effect
can be written as follows [40–42]:
Di = eijk εjk + μijkl ∇l εjk + ∈ij Ej

(2)

in which Di denotes the components of electric flux density; ∇ used for
gradient; ∈ij represents the permittivity constants; and Ej denotes the
2
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Fig. 1. Schematic of laminated shell (conventional elastic shell laminated with a flexoelectric graphene-based layer/patches).

components of electric field. Here, the patches are assumed to be
attached with electrodes in the transverse direction of shell. The electric
flux density and field in the x and Φ directions are considered as zero,
and can be written as:
{Di } = [ D1

D2

D3 ]T = [ 0

0

D3 ]T

(3a)

{ }
Ej = [ E 1

E2

E 3 ]T = [ 0

0

E 3 ]T

(3b)

The permittivity constant matrix can be written as:
⎡
⎤ ⎡
⎤
∈11 0
0 0 0
0
[ ]
⎣
⎦
⎣
∈ij = 0 ∈22 0 = 0 0 0 ⎦
0
0 ∈33
0 0 ∈33

coefficient.
According to the assumptions of theory of Kirchhoff–Love for the
thin shell, the transverse strains are neglected. Thus, the strain vector
can be written as follows:
{ }
εij = [ εxx εΦΦ εzz εΦz εxz εxΦ ]T = [ εxx εΦΦ 0 0 0 0 ]T (7)
Using Eqs. (2)–(7), the expression for transverse electric flux density
(D3 ) of the flexoelectric layer laminated to the elastic shell can be
written as:
(
)
∂εxx ∂εΦΦ
D3 = μ12
+
(8)
+ ∈33 E3

(4)

∂α3

∂α3

The mechanical strains (εij ) include the bending and membrane
strain components and can be written as:

For the cylindrical shells, the gradient operator in Eq. (2) can be
expressed as:
⎡
⎤
∂
∂
1 ∂
0
0
0
⎢ ∂x
∂α3 R ∂Φ ⎥
⎢
⎥
⎢
⎥
⎢
1 ∂
∂
∂ ⎥
⎢
⎥
(∇) = ⎢ 0
(5)
0
0
∂α3
∂x ⎥
R ∂Φ
⎢
⎥
⎢
⎥
⎣
⎦
∂
1 ∂
∂
0
0
0
∂α3 R ∂Φ ∂x

εij = ε0ij + α3 kij

(9)

in which ε0ij denote the membrane strains and terms α3 kij denote the

bending strains. In case of flexoelectric effect, the membrane strain is
very negligible, therefore, it is neglected. Using Eq. (9) into Eq. (8), the
transverse electric flux density (D3 ) can be obtained as follows:

D3 = μ12 (kxx + kΦΦ ) + ∈33 E3

In case of a centrosymmetric crystal, which is subjected to nonhomogeneous deformation, the polarization is induced due to the
strain gradient; therefore, the flexoelectric effect can be examined
independently. Hence, for a cubic crystal, the nonzero flexoelectric co
efficients are μ1111 , μ1122 andμ1212 , or in the simplified matrix notation,
one can write the respective terms μ11 , μ12 andμ44 in the following matrix
form [43,44]:
⎤
⎡
μ11 μ12 μ12 0
0
0
⎢ μ12 μ11 μ12 0
0
0 ⎥
⎥
⎢
[ ] ⎢ μ12 μ12 μ11 0
0
0 ⎥
⎢
⎥
(6)
μij = ⎢
0
0 μ44 0
0 ⎥
⎥
⎢ 0
⎣ 0
0
0
0 μ44 0 ⎦
0
0
0
0
0 μ44

(10)

The components of bending strains of the laminated shell corre
sponding to the displacements can be expressed as:
kxx = −

kΦΦ =

∂2 U3
∂x2

(
)
1 ∂UΦ ∂2 U3
−
∂Φ2
R2 ∂Φ

(11)
(12)

in which U3 and UΦ are the displacements in the respective 3 and Φ
directions.
By substituting Eqs. (11) and (12) into Eq. (10), the following rela
tion for the electric flux density can be obtained:
[
(
)]
∂2 U3 1 ∂UΦ ∂2 U3
D3 = μ12 −
+ 2
(13)
+ ∈33 E3
−
2
2
∂x
∂Φ ∂Φ
R

The order of direct flexoelectric coefficient tensor is 3× 18 which
satisfies the constitutive Eq. (2). But for sake of simplicity, we used the
direct flexoelectric coefficient of order of 6 × 6 which was earlier
derived by Ma and Cross [44]. According to Eq. (3), in practical appli
cations only the transverse electric field is considered, therefore, we
used only transverse flexoelectric coefficient. Note that the length and
radius of shell are greater than its thickness, therefore, after some
curtailment and manipulation, we require only transverse flexoelectric

Using Maxwell’s equation and in case of open-circuit condition, the
electric flux density is zero (D3 →0); hence, the corresponding electric
field can be obtained as:
[
(
)]
μ
∂2 U3 1 ∂UΦ ∂2 U3
E3 = − 12 −
(14a)
+
−
2
2
∈33
∂x2 R ∂Φ ∂Φ
3
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Fig. 2. (a) Meshing of laminated shell and (b) distribution of electric potential in composite layer.

Based on Maxwell’s relation (ψ = − E3 hf ), the relation for electric
potential (voltage) in the composite layer considering the flexoelec
tricity can be expressed as:
[
(
)]
μ h
∂2 U3 1 ∂UΦ ∂2 U3
ψ = 12 f −
+ 2
−
(14b)
2
2
∈33
∂x
∂Φ ∂Φ
R

(mπx)
sin n(Φ − Φ0 )
UΦmn (x, Φ) = Bmn sin
L
(mπx)
U3mn (x, Φ) = Cmn sin
cos n(Φ − Φ0 )
L

where m and n denote the axial and circumferential mode numbers; Amn ,
Bmn and Cmn denote the amplitude of shape functions. The values of Bmn
of simply supported shells are taken from Ref. [45] and the amplitude of
transverse modes (Cmn ) is taken as unity.
By substituting Eq. (17b) into Eq. (16), one can obtain the following
modal expression for flexoelectric potential distribution:
)
∞ ∑
∞ (
(mπx)
μ12 hf ∑
Cmn m2 π2 Bmn n + Cmn n2
cos nΦ
ψflexo
+
× ηmn sin
mn =
2
2
L
∈33 m=1 n=0
L
R

By considering the natural modal behaviors of laminated shell, the
expression for the signals can be expanded further to the modal signals.
Using the modal expansion technique, the displacements (Ui ) can be
obtained as [45]:
∑∑
Ui (x, Φ, t) =
ηmn (t)Uimn (x, Φ) i = x, Φ, 3
(15)
m=1 n=1

The electric potential can be obtained by substituting Eq. (15) into
Eq. (14b) as follows:
[
(
)]
μ h ∑∑
∂2 U3mn 1 ∂UΦmn ∂2 U3mn
dxdΦ
(16)
ψflexo = 12 f
ηmn −
+
−
∈33 m=1 n=1
∂x2
∂Φ
R2
∂Φ2

(18)

From Eq. (18), it is clear that the electric voltage depends on the
structural dimensions and modal participation factor. Also, it can be
noticed that the electric potential depends on the composite layer
thickness and flexoelectric coefficient. By removing the time-dependent
factors, one can obtain the modal signal for each natural mode as
follows:
(
)
(mπx)
μ12 hf Cmn m2 π2 Bmn n + Cmn n2
cos nΦ
(19)
ψflexo
+
× ηmn sin
mn =
2
2
L
∈33
L
R

in which ηmn (t) and Uimn (x, Φ) indicate the modal participation factor
and mode shape function, respectively.
2.1. Modal analysis of laminated shell
We considered the simply supported laminated shell to investigate its
modal analysis considering piezoelectric as well as flexoelectric effects.
Fig. 1 illustrates a schematic of simply supported conventional elastic
shell laminated with flexoelectric graphene-based composite layer/
patches. We used x, Φ and α3 co-ordinate system for laminated shell in
which x was taken in the axial direction wherein Φ and α3 were taken in
circumferential and radial directions of shell, respectively.Ux , UΦ and U3
are the respective displacements in axial, circumferential and transverse
directions, respectively. Therefore, in case of simply supported lami
nated shell, the following boundary conditions at x = 0 and x = L must
be satisfied.
UΦ = U3 = 0; Nx = Mx = 0 at x = 0, L

(17b)

Hence, an arithmetic average of all voltage signals in the composite
layer provides the total electric potential generated in it and can be
obtained by integrating Eq. (14a) across the patch thickness:

ψ

flexo
mn

1
=−
Ae

∫x2 ∫Φ2
Ax AΦ ψsmn dxdΦ
x1

(20)

Φ1

where Ae denotes the effective electrode area of the flexoelectric com
posite patch on the base shell and can be expressed as:
∫x2 ∫Φ2

(17)

Ae =

in which Nx and Mx denote the axial normal force and bending moment
in shell when it deforms, respectively.
From Eq. (16), it can be observed that the electric potential is
induced due to the axial and circumferential bending. Note that the
displacement components of simply supported cylindrical shell with
length (L) are directly proportional to the products of trigonometric
functions of sine and cosine. In case of simply supported laminated shell,
the axial, circumferential and transverse mode shape functions can be
obtained as:
(mπx)
Uxmn (x, Φ) = Amn cos
cos n(Φ − Φ0 )
L

Ax AΦ dxdΦ
x1

(21a)

Φ1

Ax and AΦ are the respective Lame parameters in the axial and circum
ferential directions; due to the small deformation of shell, these pa
rameters can be taken as Ax = 1 and AΦ = R and hence, the effective
electrode area can be re-expressed as:
∫x2 ∫Φ2
Ae =

RdxdΦ
x1

(21b)

Φ1

According to Eqs. (19–21), the total modal electric potential distri
bution can be deduced as:
4

S.I. Kundalwal and K.B. Shingare

Thin-Walled Structures 157 (2020) 107138

Fig. 3. Flowchart of FE modelling.

(

)

(

flexo
mn
Total

ψ

∫Φ2
×

=

)
∫x2
Bmn n + Cmn n2
+
ηmn ×
R2

μ12 R hf Cmn m2 π2
L2

∈33 Ae

Table 1
Material properties of laminated shell.

x1

(mπx)
cos nΦ dxdΦ
sin
L

(22)

Φ1

This electric potential totally depends on the axial (ψsmn )x,bend and
circumferential (ψsmn )Φ,bend bending components. These bending com
ponents can be obtained as:
(

(

ψflexo
mn

ψflexo
mn

)

(

=
x,bend

μ12 R hf Cmn m2 π2
∈33 Ae

L

)

2

x1

(

)

=
Φ,bend

∫x2 ∫Φ2
×

μ12 R hf Bmn n + Cmn n2
∈33 Ae

R

(mπx)
sin
cos nΦ dxdΦ
L

(23a)

Φ1

)

∫x2 ∫Φ2
sin

×
x1

(mπx)
cos nΦ dxdΦ
L

Elastic Shell
(Steel)

Graphene-based composite
layer/patch

Ref.
Density (ρ = Kg/m3)

[52]
7800

[4]
2200

Young’s modulus (E = GPa)
Poisson’s ratio (ν)

210
0.3

494.01
0.3

Electric permittivity (∈33 = F/m)

–

7.2 × 10−

Flexoelectric coefficient (μ12 =
C/m)

–

1 × 10−

Piezoelectric stress const. (e31 =
e32 = C/m2 )

–

− 2.1 × 10−

11

09

3

small and generally much lesser as compared to the transverse
displacement [35,38,46]; However, we accounted the same determining
the total electric potential which includes the axial, transverse and
circumferential components. Thus, using the mode shape function from
Eq. (17) into Eq. (24), the total electric potential considering the
piezoelectric effect (ψPiezo
total ) (μ12 →0) can be written as:
(
)
(
) ) (
(
− hf e31
L R hf +h mπ L hf +h n
mπx)⃒⃒x2
Φ
cos
ψPiezo
=
C
+
+
⃒ sin(nΦ)|Φ21
mn
total
2mπ R
nmπ
L x1
Ae ∈33
2nL
(25)

Φ1

(23b)
2.2. Piezoelectric effect on electric potential distribution (μ12 →0)
Steps involved in the formulation of continuum model for the dis
tribution of electric potential accounting the piezoelectric effect are
same as that of the continuum model presented in previous section for
flexoelectric effect with a few changes. Therefore, a detailed procedure
for the same is not presented here for the sake of brevity. The electric
potential (ψpiezo ) generated in the piezoelectric composite layer lami
nated to the elastic shell can be obtained as [35–37]:
[
]
)
(
∫∫
h
∂ux
hf + h ∂2 u3
ψpiezo = f
e31
−
2
Ae
∂x
∂x2

Table 2
Geometrical properties of elastic shell and graphene-based composite patch.

ψ x

[ (
) (
)]
)(
1 ∂uΦ
hf + h
1 ∂uΦ 1 ∂2 u3
+ e31
RdxdΦ
+ u3 +
− 2
2
2
R ∂Φ
2
R ∂Φ R ∂Φ

Properties

(24)

Note that the axial and circumferential displacements of shell are
5

Parameters

Geometry

Length (L)
Radius (R)
Shell thickness (h)
Axial (x) and circumferential (Φ) dimensions of patch

400 nm
100 nm
50 nm
2 nm and50

Patch thickness (hf )

0.9 nm
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Fig. 4. Effect of piezoelectricity on the distributions of total electric potential in the laminated shell for mode (1, 1).

Fig. 5. Effect of piezoelectricity on the distributions of total electric potential in the laminated shell for mode (1, 2).

In such a way, we can calculate the electric potential distributions
with and without considering the flexoelectric effect using continuum
modelling.

module which combines both solid mechanics and electrostatics prob
lems was used. In the FE analysis, the material and geometrical prop
erties of shell and composite layer are used same as that of continuum
model. The couplings present in the laminated shell can be categorized
based on the stress (e = C/m2 ) or strain charge (d = C /N), and we have
chosen the stress charge form. Fig. 2 demonstrates the flow diagram of
steps followed in COMSOL multiphysics modelling. FE modelling is
divided into three stages: pre-processor, solver and post-processor. In
pre-processor stage, the modelling was done by selecting suitable ge
ometry with specific multiphysics model such as “piezoelectric and
eigen-frequency”. The material properties, initial boundary and loading
conditions were also assigned in the pre-processing stage. After the
imposition of loading and initial boundary conditions, discretization
(meshing) of a continuum was done followed by optimization.

3. FE modelling of laminated shell
It is important to mention that the continuum models developed in
the preceding sections are based on some assumptions, and numerical or
experimental investigations may be carried out to verify these assump
tions because both the analyses do not require any such approximations.
Therefore, in the current study, FE models were developed to validate
the assumptions used for continuum modelling of laminated shell using
the COMSOL multiphysics version 5.3 software package. Using COM
SOL, FE method for modelling and simulation of MEMS composite

Fig. 6. Effect of piezoelectricity on the distributions of total electric potential in the laminated shell for mode (2, 1).
6
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Fig. 7. Effect of piezoelectricity on the distributions of total electric potential in the laminated shell for mode (2, 2).
Table 3
FE convergence analysis for the distribution of total electric potential in the
laminated shell for mode (1,1).
Mesh level

Number of boundary
elements

Number of edge
elements

(ψpiezo
Total )(V)

Extra Coarse

2986

388

2.703 ×
10− 4

Coarser

4920

508

Coarse

8454

674

Table 4
The comparison of predictions by the continuum and numerical models for
different modes.
Modes

(ψpiezo
Total )
Continuum
Model (Volt)

2.705 ×
10− 4

(1,1)

2.73 × 10−

2.713 ×
10− 4

(1,2)

2.86 × 10

(2,1)

2.85 × 10−

4

2.83 × 10−

4

0.706

(2,2)

3.03 × 10−

4

2.92 × 10−

4

3.767

Normal

15661

888

2.717 ×
10− 4

Fine

36804

1360

2.72 × 10−

4

Finer

97822

2072

2.72 × 10−

4

Extra Fine

519548

4604

2.72 × 10

Extremely
Fine

1219524

6722

2.72 × 10−

4

4

0.367

− 4

0.351

2.72 × 10−

− 4

Error (%) =
Analytical value − Numerical value
Analytical value

(ψpiezo
Total )
Numerical
Model (FE)
(Volt)

2.85 × 10

Table 5
The comparison of predictions by the continuum and numerical models for
different length of shell for mode (1, 1).

− 4
4

Subsequently, the set of algebraic equations were solved, which pro
vided the nodal solutions of continuum laminated shell model. Once the
solutions of problems are obtained, the post-processor allowed us to
study the FE results such as electric potential, modes, displacement, etc.
The meshing of laminated shell was done using “free tetrahedral” type of
elements which resulted into number of vertex elements (24), edge el
ements (1360), boundary elements (36804) and number of elements
(69877). Fig. 3 illustrates the minimum and maximum values of electric
potentials generated in the piezoelectric graphene-based composite shell
as well as deformed and undeformed shapes of laminated shells.

Length
(nm)

(ψpiezo
Total )
Continuum
Model (Volt)

200

2.81 × 10−

4

2.805 × 10−

4

0.177

300

2.76 × 10−

4

2.751 × 10−

4

0.326

400

2.73 × 10−

4

2.720 × 10−

4

0.367

500

2.70 × 10−

4

2.677 × 10−

4

0.851

600

2.68 × 10−

4

2.65 × 10−

Error (%) =
Analytical value − Numerical value
Analytical value

(ψpiezo
Total )
Numerical
Model (FE)
(Volt)

4

1.11

absolute value of electronic charge and lattice parameter, respectively
[14,47,48]. For instance, the experimentally determined values of
flexoelectric coefficients for the polymers, dielectrics and single crystals
are found to be in the range from 10− 10 to 10− 8 C/m [16,49–51]. In our
previous study [4], we considered the different values of flexoelectric
coefficient varied from 10− 7 to 10− 10 C/m to study the static response of
graphene-reinforced nanocomposite plates. We observed that the
flexoelectric effect is more prominent when the value of flexoelectric
coefficient is 10− 9 C/m. Hence, we considered the value of flexoelectric
coefficient as ̃10− 9 C/m for further calculations. Note that the
graphene-based composite layer is made of distributed patches attached
to the elastic shell. Each composite patch offers “nanoscale” distribu
tions of electric potential and its contributions for various modes of the
overall graphene-based composite layer attached to the steel shell. Such
layer is made up of the array of 200 × 72 patches uniformly distributed
on overall cylindrical shell.

4. Result and discussion
In this section, the distribution of electric potentials of piezoelectric
or flexoelectric composite layer laminated to the cylindrical shell at
different modes such as (1, 1), (1, 2), (2, 1) and (2, 2) are studied.
Subsequently, the parametric analysis is carried out. The main objective
of parametric analysis is to obtain the design parameters that can be
used for practical applications and experimental studies. The elastic
shell is considered to be made of mild steel and the graphene-based
composite layer is laminated on it. The material and geometrical prop
erties of the laminated shell are summarized in Tables 1 and 2, respec
tively. In recent experimental investigations, it was reported that the
flexoelectric coefficients for ceramics, crystals, polymers, dielectrics and
elastomers are much greater than the previous estimates. For certain
ceramics, crystals, polymers, dielectrics and elastomers, the experi
mentally estimated value of the flexoelectric coefficient was found to be
in the range of e/a ≈ 10− 12 − 10− 6 C/m; whereas ‘e’ and ‘a’ represent the
7
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Fig. 8. Effect of flexoelectricity on the distributions of total electric potential in the laminated shell for mode (1, 1).

Fig. 9. Effect of flexoelectricity on the distributions of total electric potential in the laminated shell for mode (1, 2).

4.1. Piezoelectric effect on electric potential distributions (e31 ∕
= 0,
μ12 →0)

potentials which combines both the axial and circumferential bending
potentials. Figures (4–7) illustrate that the distribution of total electric
= 0) for the modes (1, 1),
potentials due to the piezoelectric effect (e31 ∕
(1, 2), (2, 1) and (2, 2). Modes are numbered according to the number of
half and full waves (crest and trough) in the vibration of laminated shell.
Note that the flexoelectric effect was not considered for presenting these
results (μ12 →0). In these figures, subplots (a) and (b) represent the re
sults predicted by the analytical and three-dimensional FE models,

Modes are characteristics of any structural system and are a function
of its mass, stiffness and boundary conditions. Each mode can be char
acterized by using mode shape, modal frequency and damping known as
“modal parameters”. For presenting the results for demonstrating the
effect piezoelectricity, we showed the distribution of total electric
8
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Fig. 10. Effect of flexoelectricity on the distributions of total electric potential in the laminated shell for mode (2, 1).

Fig. 11. Effect of flexoelectricity on the distributions of total electric potential in the laminated shell for mode (2, 2).

respectively. In FE analysis, the mesh convergence was performed to
obtain the reliable results and the same are summarized in Table 3. It can
be observed from Table 3 that after certain number of boundary and
edge elements the estimation of mode (1,1) does not change and we
performed such convergence analysis for distribution of electric poten
tial for other modes of shell for determining results. From Figs. (4) and
(5) it can be observed that the distribution of electric potentials at mode
(1, 1) is less as compared to at mode (1, 2). Same is true for another set of

modes (2, 1) and (2, 2). This is attributed to the fact that mode (1, 1) is a
fundamental mode of vibration which is the lowest natural frequency of
the system. Normally, only the first few modes are vital from the prac
tical application point of view, therefore, the results for the higher
modes are not presented here. From Eq. (25) it is clearly seen that the
total electric potential due to the piezoelectric effect strongly depends
on the mode numbers m and n. It also depends on other parameters
which are discussed in detail in Section 4.3. From Figs. (4–7) it can be
9
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electric potentials in the laminated shell at different modes is presented.
The terms (ψf )x,bend , (ψf )Φ,bend and (ψf )Φ,total denote the electric poten
tials under the axial, circumferential and total bending effects, respec
tively, at different modes. For presenting the results, the distribution of
total electric potentials combining both the axial and circumferential
bending potentials is shown. In case of modes (1, 1), (1, 2), (2, 1) and (2,
2), the magnitudes of axial electric potentials are much greater than the
circumferential electric potentials as demonstrated in Figs. 8–11 and
Table 6. Table 6 demonstrates the results for maximum electric poten
tials for the axial and circumferential bending components and their
corresponding ratios considering the flexoelectric effect (μ12 ∕
= 0). It is
attributed to the fact that the cylindrical shell is softer or flexible in the
circumferential direction as compared to the axial direction. The results
demonstrate that the electric potential due to the incorporation of
flexoelectricity mainly dominated by the axial bending component. The
optimum positions of the flexoelectric composite patches or sensors are
indicated by the peaks in signal plots. From these results, it can be
concluded that the flexoelectric composite patches should be attached to
the shell along its axial direction as the larger strain gradients occur due
to the axial bending than the circumferential bending. It can be observed
from Figs. 4–11 that the incorporation of flexoelectric effect significantly
improves the results compared to the piezoelectricity. For example, from
Figs. (4) and (8) it is obvious that the maximum value of total electric
potential due to the incorporation flexoelectric effect enhanced by
~340% as compared to the piezoelectric case for mode (1,1) results.
Results also reveal that the electric potential due to the piezoelectric
effect are sensitive to the bending and membrane vibrations while in
case of flexoelectric effect, results are sensitive to the bending vibrations
only.

Table 6
The maximum axial and circumferential electric potentials and their corre
sponding ratios considering the flexoelectric effect.
Mode

Ratio of Potential
flexo
(ψflexo
mn )x,bend /(ψmn )Φ,bend

Max. Electric
potential(ψflexo
mn )x,bend

Max. Electric
potential
(ψflexo
mn )Φ,bend (V)

(1,1)

0.817 × 10−

3

2.592 × 10−

5

31.52

(1,2)

0.816 × 10−

3

2.315 × 10−

4

3.52

(2,1)

3.311 × 10−

3

2.593 × 10−

5

127.68

(2,2)

3.312 × 10−

3

2.315 × 10−

4

143.06

(V)

noticed that the electric potential increases as the mode number in
creases and one can clearly observe the different electric potentials at
different mode shapes with different frequencies. The comparison and
error data for different modes and lengths of shell are summarized in
Table 4 and Table 5, respectively. It can be observed from Tables 4 and 5
that the electric potential of laminated shell increases as mode number
increases and it decreases as length of shell increases. It is due to the fact
that the electric potential is directly proportional to mode numbers (m,
n) and thickness of patch while it is inversely proportional to radius and
length of shell. The relative error between the results of continuum and
numerical modelling is increasing with the increment in mode numbers
and length of shell. It is attributed to the fact that the FE numerical
analysis do not require any assumptions which were considered in
continuum modelling. The comparison of predictions of both analytical
and numerical (FE) models are found to be in good agreement and the
error is less than 4%, therefore, the analytical model was used to
calculate subsequent results.

4.3. Parametric analysis

4.2. Flexoelectric effect on electric potential distribution (μ 12 ∕
= 0)

The generations of electric potentials in the laminated shell depend
on various parameters such as mode numbers, patch thickness (hf),

In this section, the effect of flexoelectricity on the distribution of

Fig. 12. The maximum values of electric potentials at each mode considering the flexoelectric effect: (a) axial, (b) circumferential and (c) total bending effects.
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Fig. 13. Variation of total electric potentials with respect to composite patch
thickness for mode (1, 1).

Fig. 15. Variation of maximum total electric potentials with respect to the shell
thickness for mode (1, 1).

against the thickness of composite patch with and without considering
the flexoelectric effect for mode (1, 1). The case without the flexoelectric
effect can be considered as conventional case accounting only the
= 0, μ12 = 0). It can be observed from Fig. 13
piezoelectric effect (e31 ∕
that the electric potential due to piezoelectric and flexoelectric effects
increases as the patch thickness increases. It is attributed to the
following reasons: (i) due to consideration of piezoelectric and flexo
electric effects, the bending rigidity/stiffness of shell gets increased
(bending stiffness is directly proportional to thickness of structures), (ii)
according to continuum modelling theory, the electric potential is
directly proportional to patch thickness while inversely proportional to
shell radius and length (see Eqs. 22 and 25) and (iii) the piezoelectric
effect is categorized into two parts such as (a) in-plane actuation (e31)
and (b) out-of-plane actuation (e33) modes. These modes of actuations
also influence the results. According to the definition of electric poten
tial (voltage), it is directly proportional to the thickness of structure
subjected to electric field (Eqs. (14a) and (14b)). Therefore, significant
enhancement observed in electric potential in laminated shell due to the
incorporation of piezoelectric and flexoelectric effects. For instance, the
value of total electric potential increased by ~300% over that of con
ventional case with 15 nm patch thickness when the flexoelectric effect
is considered. Also, from Eq. (23) it can be also seen that the axial as well
as circumferential bending components depend on the thickness of patch
and, hence, the total electric potential depends on the thickness of patch.

Fig. 14. Variation of maximum total electric potentials with respect to the
radius of shell for mode (1, 1).

radius of shell (R) and shell thickness (h). Therefore, parametric analysis
is carried out in this section.

4.3.3. Radius of shell
Fig. 14 illustrates the variation of maximum total electric potentials
with respect to the radius of shell with and without considering the
flexoelectric effect for mode (1, 1). This figure reveals that the electric
potentials steeply decrease as the radius of shell increases in both the
cases but the incorporation of flexoelectric effect shows significant
enhancement. The decreasing trend of total electric potentials is
attributed to the reduced strain gradient of the shell as its radius in
creases. The shell with smaller radius provides larger electric potentials
when the flexoelectric effect is considered. Note that the flexoelectricity
is a size-dependent phenomenon and the large strain gradients present
at the nanoscale level lead to the strong electromechanical coupling. The
maximum value of total electric potential of shell with radius 50 nm
increased by 315% over that of conventional case when the flexoelectric
effect is considered.

4.3.1. Mode numbers {(m = 1–6), (n = 1–6)}
Fig. 12 demonstrates the variation of maximum values of electric
potentials for axial, circumferential and total bending cases, accounting
the flexoelectric effect (μ12 ∕
= 0) at each mode (1–6, 1–6). From this
figure, it is observed that (i) the axial bending electric potential in
creases as the value of m increases but it does not vary with n, and (ii)
the circumferential electric potential increases as the value of n in
creases but it does not vary with m. Therefore, the combined results
showing the total electric potentials with respect to the mode numbers
(m and n) show increment as the mode number increases. It can be
concluded that if the axial mode number is greater than the circumfer
ential mode number (m ≥ n) then the contribution of axial component is
more to the total electric potential and the converse is true in case of m <
n.
4.3.2. Patch thickness (hf)
Fig. 13 shows the variation of maximum total electric potentials
11
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4.3.4. Shell thickness (h)
Fig. 15 illustrates the variation of maximum total electric potential
with respect to the shell thickness with and without considering the
flexoelectric effect for mode (1, 1). It can be noticed that the shell
thickness does not influence the electric potential when the flexoelectric
effect is considered because it is primarily produced due to the strain
gradient generated by bending and is not associated with the membrane
strain. It is important to note that the value of electric potential due to
the consideration of flexoelectric effect is greater as compared to the
piezoelectric effect. In case of piezoelectric effect, the electric potential
increases slightly as the shell thickness increases. The maximum value of
total electric potential of shell with thickness 40 nm increased by 244%
over that of conventional case when the flexoelectric effect is
considered.
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